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PREFACE

Ezxterior Ballistics, 1935 has been prepared to serve principally as a textbook
for the instruction of midshipmen at the United States Naval Academy, and its
scope is confined to material which is appropriate for the training of naval officers
in the problems of naval gunnery. Although a number of chapters deal with funda-
mentals that are general in their application to the problems of exterior ballistics,
complete development of practical methods is confined to those which are, at the
time of this writing, considered standard in the United States Navy. The nota-
tion, likewise, is in accordance with usage in the United States Navy. These foa-
tures limit the usefulness of this volume as a general reference book, and it is not
intended that it should be regarded as such.

In the preparation of this volume, close attention has been given to the
limitations imposed upon it by its special purpose. These limitations apply both
to the time allotted to the subject in the curriculum of the United States Naval
Academy and to the mathematical equipment of the students for whom the book
is designed. In view of the limited time available to midshipmen for the prepara-
tion of lessons, an effort has been made to include in the text thorough explana-
tions of features which, in the past, have proved troublesome and have resulted
in a drain on recitation periods. In general, the formulas given in the text are
preceded by complete derivations, in order that the student may have full proof
of the methods employed without being obliged to consult reference books. In a
few cases, however, this would lead to digressions of greater length than justified
by the ends to be gained; in such eases reference is made to sources in which de-
tails omitted from the text may be found.

Although its prineipal purpose is to serve as a textbook for undergraduate
study, this volume has been designed to serve also as a reference book for those
who desire to extend their studies of exterior ballistics beyond the scope of the
undergraduate course. Treatments of certain special features are outlined in foot-
notes for this purpose. Also, reference is made to numerous sources which are
appropriate for collateral study. It is not intended, however, that consultation
of these sources should constitute a part of the undergraduate course.

The various tables that are required in connection with this textbook are
published as a separate volume, entitled Range and Ballistic T'ables, 1935, The
contents of the latter volume are stated in its introductory pages.

Lizterior Ballistics, 1935 is the successor to Exlerior Ballistics, 1930 and Ez-
terior Ballistics, 1926, which were prepared by the author of the present volume.
Although much of the material appearing in the 1926 and 1930 editions has been
retained in the present volume, the latter has been completely rewritten and is
essentially a new textbook. The 1926 and 1930 editions covered in detail the
computation of range tables by both the Ingalls-Siacei Method and the numerical-
integration method. Siacei’'s Method, with its various outgrowths, was the pri-
mary method for the computation of the U.S. Navy range tables from about 1890
until about 1920; sinee about 1920, Siacei’s Method has been restricted to the
computation of range-table values for trajectories having angles of departure not
exceeding 15° and the numerical-integration method has been used in connection
with trajectories having angles of departure greater than 15°, Tt is anticipated that
the numerical-integration method will, in the near future, replace Siacei’s Method
altogether. Accordingly, the latter is treated in the present volume as an obso-

v
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leseent method, and the practical features involved in the computation of modern
range tables are dealt with primarily according to the numerical-integration
method. The scope of the book has been extended to include practical methods for
dealing with the effects of variations in the assumed standard air structure and of
non-uniform winds, as determined by aloft soundings, and with the effects of the
earth’s rotation. Advantage has been taken of the extensive revision outlined
above to modernize the subject matter throughout and to condense and simplify
the presentation.

A complete statement of those to whom acknowledgment for contributions
to this textbook is due would involve the naming of individuals who, during a
period of almost fifty years, have been the authors of and contributors to the
United States Naval Academy textbook on exterior ballisties. The first of these
textbooks was Exterior Ballistics, 1887, by Lieutenant J. F. Meigs, U.8. Navy,
and Lieutenant R. R. Ingersoll, U.S. Navy, and it was suceeeded, in turn, by the
following: Kaxterior Ballistics, 1893 and FEaxterior Ballistics, 1901, by Licutenant
Commander R. R. Ingersoll, U.S. Navy; Exterior Ballistics, 190/ and Eaxterior
Ballistics, 1906, by Professor P. R. Alger, U.S. Navy; The Groundwork of Prac-
tical Naval Gunnery, or Exterior Ballistics, 1915, by Professor P. R. Alger, U.S.
Navy; and Exterior Ballistics, 1926 and Fxterior Ballistics, 1930, by the author
of the present volume. Although the 1915 book appeared as a revision of Professor
Alger’s previous works, it represented, in fact, a very considerable extension be-
yond the scope of the latter, and was actually prepared by Captain L. H. Chand-
ler, U.8. Navy. Captain Chandler’s book, in many respects, was used as a model
by the present author. Acknowledgments are due, and are gratefully made, to
all of the above mentioned sources and to the contributors mentioned by their
respective authors, as well as to numerous other sources to which reference is
made at appropriate points in the text.

Fiaterior Ballistics, 1926 was prepared under the immediate direction of Cap-
tain Walter 8. Anderson, U.S, Navy, then Head of Department of Ordnance and
Gunnery, U.S. Naval Academy. The author owes the accomplishment of his tasks
in connection with the 1926, 1930, and 1935 editions of this textbook in large
measure to the continued confidence and encouragement of Captain Anderson.

The author is indebted also to the following for immediate assistance in the
preparation of the present volume: Captain . L. Schuyler, U.S. Navy, Bureau of
Ordnance, U.S. Navy Department, for helpful eriticism of the 1926 and 1930
editions; Mr. .J. W. Webb, Bureau of Ordnanece, U.S. Navy Department, and Mr.
S. Feltman, Technical Staff, Ordnance Department, U.S. Army, for adviee on
certain technical details. The author has sought to embody in this work the sug-
gestions of all instructors in the Department of Ordnance and Gunnery, U.S.
Naval Academy, principally as to the manner of presenting features which have
in the past given difficulty to the student, and is, to this extent, indebted to all
officers who have served with him in this Department.

ERNEST . HERRMANN
Lieutenant Commander, U.S. Navy,
1 September 1935. Department of Ordnance and Gunnery,
U.S. Naval Academy.



CHAPTER 1
INTRODUCTION

101. The science of exterior ballistics has for centuries engaged some of the
world’s best mathematical genius. A treatise on the flight of projectiles was pub-
lished by Nicholas Tartaglia in 1537, and this may be regarded as the beginning of
what has since become a very extensive literature on this subject, Galileo con-
tributed to the investigations of the trajectory in vacuum, and Newton con-
sidered the effects of air resistance on the trajectory. As carly as 1753, Euler gave
an approximate solution of the trajectory in air that is of particular interest be-
cause of its close approach to the only recently adopted methods of our own day.
These early treatments of the problem, and the almost innumerable ones that
have followed them and have lead to the methods now in use, form a classical
background well worth study by students so inelined.

The aim of this textbook is to treat the science of exterior ballisties from the
viewpoint of its practical applications to the problems of modern naval gunnery.
Oceasionally it is useful, in this connection, to trace historically the development
of some features, in order that the line of progress may be indicated. The time
available for the study of this course at the Naval Aeademy is not sufficient to
permit extensive consideration of alternative methods. The methods explained
in this text are limited, in general, to those employed in the U.S. Navy. However,
reference is made frequently to sourees in which unlimited treatments may be
found.

— 102. The ultimate purpose of this textbook is to teach naval officers how to
direct the fire from the guns of a ship in the most effective manner. In order to
accomplish this purpose, the problem is treated in three stages, as follows:

A. First to be considered is the problem of solving the trajectory in air. In
this stage we find ocecasion to deal extensively with theory. Two distinet
problems are met in this portion of our study, namely, (1) investigation
and measurement of the forces which operate on a projectile in flight,
and (2) the establishment of methods by means of which all of these
forces may be acecounted for in a solution of the trajectory, with a degree
of accuracy commensurate with the requirements of practice. This stage
embraces also the development of tables by means of which the solution
of a trajectory may be facilitated; such tables are ealled ballistic iables.
T'his stage is not confined to any particular branch of gunnery, but deals
with fundamental applications of the theories of exterior ballisties to the
solution of the trajectory.

B. Next to be congidered is the problem of reducing the general information
contained in ballistic tables to the specific information required for any
given gun for all eircumstances attending its use. This problem is handled
by preparing for each gun a range {able in which all data required for the
control of that gun are tabulated in eonvenient form. In this stage we
shall limit ourselves to the problems involved in construeting range tables
in the form in which the latter are used in the U.S. Navy. The range

1



2 EXTERIOR BALLISTICS 1935

tables used by other services may differ materially, in form, from our
own.

(. Finally we shall deal with the problem of using range tables for the
determination of firing data, and with the application of the laws of errors
to the analysis of results. In this final stage we shall deal with the imme-
diate, practical applications of the science of exterior ballisties to the
problems involved in the control of gunfire from ships.

In actual practice it is ordinarily not necessary to deal specifically with mat-
ters outlined in the first two stages; each ship is provided with range tables for
its guns, and the ordinary shipboard problem is one of using these tables. It is
to be expected, however, that a more intelligent use of range tables will result
from prior consideration of the problems entering into their construction. Also,
the possibility of having to use a ship’s guns in a manner not provided for by
available range tables should not be overlooked. Such instances have occurred
in the past. Complete mastery of a ship’s armament, under any circumstances
that may arise, demands the ability to prepare firing data from the ground up,
if necessary.

103. The methods of exterior ballistics may be called semi-empirical. No
exact solution of a trajectory in air exists, and it is not probable that one will
ever be devised. The factors governing the flight of a projectile are numerous and,
even under the best of conditions, some of these factors are of an uncertain nature.
We refer to accurate solutions and to approximafe solutions, but these terms are
only relative. The accuracy of any solution is limited ultimately by the precision
with which the physical values entering into it can be measured; some of these
will probably always remain indeterminable to a certain degree. In vacuum, the
trajectory is a true parabola and its exact solution offers no difficulty. The pres-
ence of an air medium introduces many complications; some of these can be
handled effectively only by deducing from the results of actual firing empirieal
constants which may be used in conneetion with mathematical solutions.

104. Numerical exercises in connection with the first two stages outlined
in article 102 (embracing Chapters 2 to 11) are introdueed in order to ensure
familiarity with the sources of data for making trajectory solutions, as well as
to promote that degree of understanding of processes which ecan come only from
actually using them. The problem of assigning appropriate standards of computa-
tional accuracy in connection with such exercises has always been a troublesome
one. But despite the various considerations that may be advanced in support of
greater latitude in the matter, adherenece to uniform methods and standards is
required in the solutions submitted by midshipmen in order that errors in the
solutions may be traced readily. In the strictly practical exercises of the third
stage outlined in article 102, the considerations diseussed above apply equally
well, and, in addition, correctness of the result is of itself an important end, for
these exercises are to be regarded as training for similar work to be done in actual
service. The real significance of accuracy in a strietly practical problem in gun-
nery often depends largely upon the immediate cirecumstances of the case in-
volved. 1t is well known that in actual practice unaccountable errors often oceur.
But the fact that a target is often missed on the first salvo despite the best of ef-
forts to determine the ballistic corrections accurately, does not render such efforts
futile, any more than the fact that unknown ocean eurrents often carry a ship
from her designed course renders accurate navigational methods futile. Actual
experience is the only safe guide as to the degree of aceuracy that is appropriate
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undersa given set of conditions. The midshipman, in working the exercises given
in this book, is expected to adhere to the standards of accuraey that are used in

the solutions illustrated in the text.

LETTERS OF THE GREEK ALPHABET USED AS SYMBOLS.

Letter. Pronunciation. Letter. Pronunciation.
a....Alpha. 8. ... Theta.
B....Beta. Mh....Lambda.
v....Gamma, RS L by

Aor §....Delta, ;PP LA

e....Epsilon. iz

Rho.

Letter. Pronunciation.
Zore....Sigma.

L SRR o o B
¢I++IPEi+
2 or w....Omega.



CHAPTER 2

DEFINITIONS AND INTRODUCTORY EXPLANATIONS.
PRELIMINARY ASSUMPTIONS.

Symbols Introduced

X ....Horizontal range.

X’....Inclined range.

Z.....Abscissa of any point in the Lrajectory.
Ty.....Abscissa of the summit.

M e Ordinate of any point in the trajectory.

Wi Ordinate of the summit, or maximum ordinate.
B s DS,

Do Angle of position.

i Angle of departure. o

¢'. .. .Angle of elevation. '

p R Angle of jump.

w.....Angle of fall.

" S Angle of inclination at any point in the trajectory.
B Remaining velocity at any point in the trajectory.
V. ....Initial velocity (Also 1.V.).

B Striking velocity.

oo Summital veloeity.

T Horizontal velocity at any point in the trajectory.
Moo Vertical velocity at any point in the trajectory.
bl Time of flight to any point in the trajectory.

{ L Time of flight to point of fall.

fy.....Time of flight to the summit.

201. Ballistics is the science of the motion of projectiles. It is divided into two
branches, namely, interior ballistics and exterior ballisties. Interior ballistics is
that branch of the science which treats of the motion of the projectile while in the
gun and of the phenomena which eause and attend this motion. Exterior ballisties
treats of the motion of the projectile after it leaves the gun, The subject of interior
ballistics is covered in the current edition of Naval Ordnance and will not be dealt
with further here.

The path deseribed by a projectile in flight is called the {rajectory. Although
the term trajectory is sometimes also applied to the path of a projectile through a
medium other than air (for example, we speak of the under-water trajectory in
dealing with the projectile’s path through the water after impact on the surface
of the sea), the term is commonly confined to the path of the pro-
jeetile from the muzzle of the gun to the first point of impact, and we
shall deal with it here in that sense, The following definitions pertain to elements
of the trajectory. All of the angles defined are to be considered as measured in the
vertical plane,

Definitions
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202. The line of position is the straight line joining the gun and target (OP,
Figure 1).

The angle of position (p) is the angle between the horizontal plane and the
line of position; it is positive when the target is higher than the gun, and negative
when the target is lower than the gun.

203. The point of fall, unless otherwise qualified, is the point at which the
descending branch of the trajectory intersects the horizontal plane through the
origin. For a target not in the latter plane, the point of fall may be taken as the
point beyond the origin at which the trajectory intersects the line of position.

204. The distance in a straight line from the origin to a point of fall in the
horizontal plane through the origin, is called the horizontal range (OH, Figure 1)
it is denoted by the symbol X.

The distance in a straight line from the origin to a point of fall not in the hori-
zontal plane through the origin, is called the inclined range (OF, Figure 1); it is
denoted by the symbol X',

As we shall ordinarily deal with the case of a point of fall in the horizontal
plane through the origin, the term range will be used for convenience to denote
horizontal range as defined above; the distinetion provided for above will be made
only when necessary.

The abscissa of any point in the trajectory (other than the point of fall in the
horizontal plane through the origin) is denoted by the symbol z; for the summit
it is denoted by x,.

X =Horizontal range y =Ordinate of point M
X' =Inclined range s = Maximum ordinate
z = Abscissa of point M

Figure 1

205. The summit, or vertex, of the trajectory is the point at which the pro-
jectile ceases to ascend and commences to descend. If an actual trajectory should
terminate in the ascending branch (as may occur in antiaireraft fire), the summit,
in the sense here intended, will lie on an imaginary extension forward of the real
trajectory. Similarly, if a gun should be fired downward so that the trajectory has
only a descending branch, the summit will lie on an imaginary extension backward
of the real trajectory.

The ordinate at the summit of the trajectory is called the maximum ordinate;
it is denoted by the symbol y,.

The ordinate at any other point in the trajectory is denoted by the symbol y.

206. The line of departure is the line in which the projectile is moving at
the instant of projection; it is tangent to the trajectory at the origin,
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The angle of departure (¢) is the angle between the horizontal plane and the
line of departure (BOH, Figure 2).

The angle of elevation (¢’) is the angle between the line of position and the
line of departure ( BOP, Figure 2).

The angle of jump (j) is the angle described by the axis of the bore, under the
shock of firing, during the interval from the ignition of the charge to the ejection
of the projectile from the muzzle (BOA, Figure 2); it is positive when the muzzle
of the gun jumps upward, and negative when the muzzle of the gun jumps down-
ward. In well-designed, modern guns the angle of jump amounts only to a few
minutes of arc and remains reasonably constant, for a given gun, for all angles of
departure; it is generally positive, but not invariably so.

E F
e i
J
M 0 F
N
!
X [T
xﬁ , P y
/ ¢ "
I:I i,
2 i
.. 5 ' u
0
p=Angle of position w=Angle of fall
¢ = Angle of departure j=Angle of jump
¢’ =Angle of elevation # = Angle of inelination

Frogure 2

It is well to note here the relation between angle of departure and angle of
elevation. When establishment of the true horizontal is impracticable, as is gen-
erally the case on board ship, some other plane of reference must be chosen. The
line of sight to the target, which can be established by sighting on the target,
affords such a plane. If the line of sight is not horizontal, the angle to be set with
respect to the line of sight must be adjusted accordingly, The line of sight is
evidently identical with the line of position as already defined above, and hence
the angle of position measures the inclination between the line of sight and the
horizontal. The same result will be obtained with the gun elevated the angle
¢’ =¢—p above the line of sight as will be obtained with gun elevated the angle ¢
above the horizontal. The angle ¢’, as here defined, is then the angle at which the
gun-sight telescopes must be set with respect to the bore, in order to give the gun
the desired angle of elevation above the line of position (or sight). Strictly speak-
ing, the angle to be set on the sights, and hence the angle of elevation, differs
from the angle at which projection will actually oceur, by the amount of the angle
of Jump. Or, in other words, the angle of elevation,in the sense that it measures the
elevation of the bore above the line of sight just before firing, is really ¢’ —j. How-
ever, the angle of jump is sufficiently small and uniform to allow it to be handled
as an inherent part of the angle of elevation, and no distinction need be made be-
tween the angle of elevation and the angle of projection. This will be further
clarified in article 804.

207. The angle of fall (w) is the angle between the horizontal plane and the
tangent to the trajectory at the point of fall (FHO, Figure 2). It is to be noted
that the angle of fall is always measured with respect to the horizontal plane,
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even when the point of fall is not in the horizontal plane through the origin. Thus
at the clevated target, P, in Figure 2, the angle of fall is o’ =F'PP’,

The angle of inclination (6) at any point in the trajectory is the angle between
the horizontal plane and the tangent to the trajectory at the given point. The
angle of departure (¢) and angle of fall (w) are, of course, special values of the
angle of inclination applying, respectively, to the origin and point of fall.

208. The initial velocily (V') is the velocity with which the projectile is sup-
posed to leave the muzzle of the gun (the abbreviation 1.V. is frequently used).
The term muzzle velocity (abbreviated M.V.) is synonymous with initial velocity,
but the latter term is generally used in exterior ballisties.

Since it is impracticable, for reasons that are readily apparent, to obtain a
direct measure of the velocity of a projectile at the instant it leaves the muzzle,
it is the practice to measure the velocity at as short a distance from the muzzle
as practicable and to deduce therefrom the initial velocity. The process by which
this is accomplished will be gone into later (arts. 806-808). It may be noted
here, however, that the process employed assumes that the projectile has suffered
normal retardation during its flight from the muzzle to the point of measurement.
Actually, immediately after leaving the muzzle, the projectile is surrounded by a
blast of gases moving more rapidly than the projectile, and experiments have
shown that the projectile is accelerated during a travel of as much as fifty yards
from the muzzle. Thus the value of initial velocity deduced in the manner just
outlined is in faet a fictitious value; it is more accurately defined as the equivalent
initial veloecity, assuming projection into still air, that would produce the remain-
ing velocity actually measured at a short distance from the muzzle.

209. The remaining velocity (v) at any point in the trajectory is the velocity
at that point measured in the tangent to the trajectory at that point.

The striking velocity (v.) is the remaining velocity at the point of fall.

The summital velocity (v,) is the remaining velocity at the summit, or vertex,
of the trajectory.

The horizontal velocity (vs) at any point in the trajectory is the horizontal
component of the remaining velocity at that point.

The vertical velocity (v,) at any point in the trajectory is the vertical compon-
ent of the remaining velocity at that point.

210. The time of flight, when denoted by the symbol 7', is the total time that
elapses in the flight of the projectile from the gun to the point of fall. The time of
flight to any other point in the trajectory is denoted by the symbol L.

211. The drift (D) is the perpendicular distance of the point of fall from the
vertical plane containing the line of departure (HH’, Figure 3).

0 ' Gl H
!
D

Drift =D

HF

Ficure 3

212. The units in which values of the various elements of the trajectory
are expressed must be given careful consideration in numerieal problems, since
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current practice as to the use of units is by no means uniform. In the range tables
of the U.S. Navy the following is standard practice:

(a) Velocities are expressed in foot-seconds.

(b) Horizontal distances are expressed in yards.

(e) Vertical distances are expressed in feet.

(d) Angles are expressed in sexagesimal units.

Iixercises in this book ordinarily will develop solutions in these units.

It is to be noted, however, that many of the sources of ballistic data used by
us have originated outside of our own serviee, and usually are in metric units. In
these sources all distances are commonly expressed in meters, and velocities in
meter-seconds. In order to avoid the multiplicity of symbols that would result
from adopting separate symbols for the several elements to denote the different
unifs in which they may be expressed, no distinetion as to units will be attached to
symbols. Due caution must be exercised, therefore, to state the units applicable
whenever numerical values are involved.

Preliminary 213. Before proceeding with the problem of solving the tra-
assumptions  jeotory the following preliminary assumptions will be made:

1. The dimensions of the gun are negligible in comparison with the trajec-

tory; for convenience we shall assume the origin of the trajectory to be
at the intersection of the bore with the trunnion axis of the gun, and the

Units

'. trunnion axis to be horizontal and loecated at the surface of the earth.

2. All positions will be referred to a system of rectangular axes, with the
origin coinciding with the origin of the trajectory as defined above; and
with the X-axis horizontal, perpendicular to the trunnion axis, and posi-
tive in the direction of fire; the Y-axis vertical and positive upward; and
the Z-axis horizontal, perpendicular to the X-axis, and positive to the
right with respeet to the direction of fire. This results in the establishment
of a datum plane tangent to the earth at the origin, and this system of
coordinates in exterior ballistics is therefore referred to as the tangent-
plane system. The fact that the surface of the earth departs from this tan-
gent plane may be accounted for by very simple corrections whenever
necessary, as will be brought out later.*

3. The force of gravity acts always in a direction perpendicular to the
datum plane established above.*

4. The earth and its atmosphere and the gun itself all are motionless. These

assumptions are made only for the purpose of obtaining a first approxima-

tion of the motion of the projectile. Later we shall take into account
separately the effects of the earth’s motion, and of wind and motion of the
gun,

The axis of the projectile remains at all points coincident with the tangent

to the trajectory. Under this assumption, since both the initial force im-

parted by the gun, and the force of gravity, are exerted in the vertical plane

containing the line of departure, the force of air resistance is confined to
this plane, and the trajectory is therefore a plane curve confined entirely
to the vertical plane containing the line of departure. This assumption
is made only while dealing with a first approximation of the motion of the

=

* In some works on exterior ballistics positions are referred to a curved system which
may be thought of as the usual Cartesian grid bent to conform to the surface of the earth.
This system has no material advantages over the tangent-plane system, and, as will appear
later (article 813), the latter system actually is the one more applicable to problems in naval
gunnery.
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| projectile. Later we shall take into account separately the effects of forces
not satisfying this assumption.

The above assumptions are general in their application and serve principally
to strip the problem of certain complications which ean more readily be dealt
with after the principal effects have been accounted for. Additional assumptions
will be introduced at appropriate points later in the text.

EXERCISES

1. For the following angles of elevation and position, what are the cor-
responding angles of departure?

DATA ANSWERS
Problem
Angle of elevation Angle of position Angle of departure

B e i + A 2° 00’ +15° 00’ +17° 00’
S e 3 0o +12 15 +15 15
VR 3 ) — 10 30 et | 30
4., 2 00 —12 07 —10 07
b.. 3 00 +11 15 +14 15
6. . b 00 +10 16 +15 16
B s 4 00 -9 37 — D a7
B s 4] 00 —0 22 -0 22

2. A target is at a horizontal distance of 3000 yards from the gun, and is

750 feet higher than the gun above the water. Compute the angle of position.
Answer. p=4° 45’ 49",

3. A target is at a horizontal distance of 10,000 yards from the gun, and
18 on the water 1500 feet below the level of the gun, the latter being in a battery
on a hill. Compute the angle of position. Answer. p=(—)2° 51’ 45",

4. A target is at a horizontal distance of 1924 yards from the gun, and is
1123 feet higher above the water than the gun. Find the angle of position and the
distance in a straight line from the gun to the target in yards,

Answers. p=11° 00’ 35", X’'=1960 yards.

9. A target is at a horizontal distance of 1860 yards from the gun, and it is
on the water 1238 feet below the level of the gun, the latter being in a battery
on a hill. Find the angle of position and the distance in a straight line from the gun
to the target in yards, Answers. p=(—)12° 30" 33", X'=1905 yards.



CHAPTER 3

THE EQUATION OF THE TRAJECTORY IN VACUUM.
THE THEORY OF RIGIDITY OF THE TRAJECTORY.

301. Although the resistance of the atmosphere to the motion of projectiles
traveling at high velocities is sufficiently great to render any ealeulations which
neglect such resistance worthless for giving information for actual firing, certain
similarities exist between the trajectory in vacuum and the trajectory in air; these
similarities pertain rather to general characteristies of the trajectory than to any
quantitative values of the elements. Since the solution of the trajectory in vacuum
is very simple, while the solution under conditions of air resistance becomes very
complex, it is desirable to make a preliminary study of the general characteristics
of the trajectory from a study of the curve in vacuum. From this study it will
also be possible to make some deductions that will have an important application
to practical problems dealing with the trajectory in air.

________ A
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Ficure 4

302. In IMigure 4, the curve OSIH represents the trajectory in vacuum, with
origin at O and point of fall at H in the horizontal plane through O. The line
marked V is the line of departure, its length representing the initial velocity V;
the horizontal and vertical components of the latter, V cos ¢ and V sin ¢, respec-
tively, are also shown.

Since the force of gravity is exerted only in the vertical plane, the horizontal
distance (x) covered by the projectile in any interval of time () is the horizontal
component, of the initial veloeity multiplied by the interval of time, or

z =1V cos . (301)

In the vertical plane the projectile’s travel is influenced by gravity as well as by
the vertical component of its velocity. The vertical distance () covered
by the projectile in any interval of time () is then the vertical compo-
nent of the initial veloeity multiplied by the interval of time, less the
distance the projectile falls due to the force of gravity in the same interval of time,
or

Primary
equations

y =tV sin ¢ — 3gi2 (302)

The above equations are called the primary equations, as from them all other de-
duetions are made.

10
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Elements at any point
303. Substituting for ¢ in (302) its value as found from (301) we have

Equation of ga*
the trajectory y = x tan ¢ — : (303)
in vacuum 2V* cos® ¢

This is the equation of the trajectory in vacuum, and its form indicates that the
trajectory is a parabola with vertical axis.

1
304. Since .08 tan 8, we have, by differentiating (303),

dz
Angle of g
inclination tan § = tan ¢ — (304)
at any point V? ecos? ¢

which gives an expression for the angle of inclination at any point in the trajec-
tory.

305. By differentiating equations (301) and (302) with respect to time we
obtain, respectively, the horizontal and vertieal components of the remaining
velocity at any time ().

dzx dy

— = V co8 ¢; — = V gin ¢ — gl.
& e f

By combining these components we get the remaining velocity at any point in
the trajectory.

dy \* dz \*
g = (-—EE-)—I—(E) = (V2gin2 ¢ — 2¢t V sin ¢ + ¢g%2) 4+ V? cos® ¢
(.

and since sin? ¢ + cos? ¢ =1, the above reduces to

rr:n.'-
2 = V2 — 2¢l V sin ¢ + g%* = VE—Ey(tVasiuc;- —-%)

The expression in the bracket being the value of ¥ from (302), we have finally

Remaining AL Y e
velocity at 2 =V — 2. (305)
any point
Equation (305) shows that the remaining velocity is equal to the initial velocity
when =0, which occurs both at the origin and at the point of fall. Also, the re-
maining velocity hag its smallest value where y has its greatest value, or at the
summit; it follows that the velocity must decrease up to the summit and then
increase until at the point of fall it has again reached its initial value.

306. T'he horizontal and vertical velocities at any point in the trajectory are,
e s ivotial by definition, the horizontal and vertical components, respectively,

and vertical Of the remaining velocity at that point, whence
velocities at

any point Uy = ¥ cos b, v, = v 8in 0, (306)

It is to be observed, however, that in a vacuum no foree operates to diminish the
initial value of the horizontal velocity, since the only force operating on the pro-
jectile, other than that initially imparted by the gun, is gravity, and the latter acts
only in the vertieal plane. Hence the horizontal velocity at any point in the tra-
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jectory must be equal to the horizontal component of the initial velocity, or
vy=V cos ¢.

307. The time of flight to any point in the trajectory is obtained directly
from (301), and is

Time of x
flight to | = : (307)
any point V cos ¢

Elements at the point of fall

308. The value of = at the point where the trajectory again cuts the hori-
zontal plane through the origin is the horizontal range. Since at this point y =0,
we may obtain an expression for the horizontal range by substituting y=0 in
(303). Factoring the resulting expression, we find

{j.r
:‘E(i}ﬂtl ¢ — ) = (),
2V? cos® ¢

This gives for one value z =0, which is evidently the origin. For the other we may
now use the appropriate symbol for the horizontal range.

gX
2V7? cos? ¢
2V? cos® & tan ¢

X = (308A)
{

= fan ¢

which simplifies as follows

v 2V? cos® ¢ sin ¢ V3(2 sin ¢ cos ¢)

all

g Ccos ¢ 1]
: V2 gin 2¢
Horizontal €
range X = " - (308)

Equation (308) shows that the horizontal range increases with the angle of
departure until the latter reaches 45° while for further increases in the angle of
departure the range decreases; the same range is given by either of two angles of
departure, one as much greater than 45° as the other is less than 45° (for ex-
ample, the same range is given by ¢ =060° as by ¢=30°). Also, for a given angle
of departure the range varies as the square of the initial velocity.

Fquation (308) may also be re-written

sin 2¢ = % (308B)
in which form it provides an expression for the angle of deparfure required to ob-
tain a given range. If the right-hand member is greater than unity it indieates that
the given range is not obtainable with the given initial velocity.

309. By putting for z in (304) its value X for the point of fall, we may find
the angle of inclination at that point, or the angle of fall. For convenience the ex-
pression for X from (308A) may be taken; using in place of # the symbol » for
angle of fall, we now have

2V? cos? ¢ tan ¢ g
tan w = tan ¢ — = tan ¢ — 2 tan ¢
V2costog
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whence

ﬂf“ alfl tan @ = — tan ¢. (309)

This shows that the angle of fall is numerically equal to the angle of departure.
310. By substituting y =0 in (305) we obtain values of the remaining velocity

for both origin and point of fall. The former is, of course, the initial velocity; the

latter is the striking velocity, and (305) shows that the striking velocity equals the

initial velocity.

Striki 8

valu:li?fzf v, = V. (310)

311. The time of flight to the point of fall is obtained by putting X for z in
(307).

Time of X

flight T = - (311)
to point V cos ¢

of fall

Elements at the summit

312. By definition, the summit of the trajectory is the point at which the
projectile ceases to ascend and commences to descend. At this point the projectile
must then momentarily be in horizontal flight, and the angle of inclination (9)
of the curve at this point must be zero. Substituting #=0 in (304), and denoting
the abseissa of this point by its special symbol z,, we have

z
0 =tan ¢ — i
V? cos® ¢
whence
V? cos® ¢ tan ¢
L, = .
q

Simplifying this expression in the manner already shown for (308A), and com-
paring the result with (308), we have

Horizontal Visin2¢ X
isance WA 312)
to summit 29 B

This indicates that the summit is at mid-range.

313. By substituting in (303) the value of z, just found, we find the ordinate
for the summit, or mazximum ordinate (y,).

V2eos? ¢ tan® ¢ gV* cos' ¢ tan® ¢
q 2¢*V? cos® ¢

Ya =

which simplifies directly to

'[,?2 521y B
PO (313A)
29

The above may further be simplified by multiplying both numerator and de-

nominator of the right-hand term by cos ¢, after which this term becomes divisi-
ble by the expression for X from (308) and finally reduces to

Maximum . X tan '*f’*
ordinate y. <5 4

(313B)
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A very convenient expression for the maximum ordinate in terms of time of
flight is arrived at from the considerafion that the height of the summit equals
the height from which the projectile would fall in one-half the time of flight (7').*
This results direetly in the expression

TN" ol
Ys = e‘m(?) = — (313C)

314. The time of flight to the summit is obtained by substituting the value

of z, for x in (307); it is, however, equally convenient to note that since x#=%

Time of T
flight to t, = = (314)

summit

315. By putting for y in (305) the value of the maximum ordinate (y,), an
expression for the remaining velocity at the summit may be obtained.

f&iﬁ;iztﬁ However, as has already been noted in article 312, the projectile is
summit momentarily in exaetly horizontal flight at the summit, hence the re-
maining velocity at the summit equals the horizontal velocity at that

point. And since, as noted in article 306, the horizontal velocity at any point

equals the horizontal component of the initial velocity, we have directly
v, = V cos ¢. (315)

316. The deductions made above may now be summarized as follows: They
all pertain to the trajectory in vacuum, but in some instances they remain ap-
proximately true also for the trajectory in air, as noted herein.

1. The trajectory is a parabola with vertical axis; this is ap-

iea?':ﬁ:sris- proximately true also in air.
tics of the 2. At the origin the angle of inclination is identical with the angle

};ﬂiﬁﬂfm of departure; at the summit it is zero; at the point of fall it is identical

with the angle of fall and equal numerieally to the angle of departure.
For the origin and summit these conclusions are equally true for the trajectory
in air; the angle of fall in air is, however, materially greater than the angle of de-
parture.

3. The remaining velocity decreases from its initial value until the summit is
reached, and then increases until at the point of fall it becomes again equal to the
initial velocity, i.e., the striking velocity equals the initial velocity. In air the
remaining veloeity also decreases in the ascending branch and inerease in the
descending branch, but the increase starts at a point beyond the summit; in air
the striking velocity is always very materially less than the initial velocity.

4. The horizontal velocity remains constant throughout the trajectory, while
the vertical velocity decreases in the asecending branch and becomes zero at the
vertex and in the descending branch increases until at the point of fall it is equal
(but opposite in direction) to its value at the origin. In air the horizontal velocity
is constantly reduced; the vertical velocity vanishes at the summit and increases
in the deseending branch, as in vacuum, but does not again attain its initial value.

* This deduction may be verified by equating the values of y, given by (313A) and
(313C) and solving for T. The resulting value of 7" may then be equated to the value of T
from (311), and this equation in furn solved for X. The final result is an expression for X

identical with (308).
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5, The range increases with increase of angle of departure up to a maximum
value of 45° for the latter, but for further increase in the angle of departure the
range decreases. Also, the same range is given by two angles of departure, one
of which is as much greater than 45° as the other is less than 45°. The first of these
conclusions is approximately true also in air although, for reasons to be brought
out later, with modern guns, projectiles, and velocities, the limiting angle is some-
what greater than 45° (about 50° for large guns). The second eoneclusion is true in
air to the extent that for angles of departure greater than the limiting value (for
air), the range is decreased, but the relation that has been stated for vacuum
conditions holds only very approximately in air,

6. F'or a given angle of departure, the range varies as the square of the initial
velocity, This is approximately true in air; actually, in air, range increases some-
what less than in proportion to the square of the initial velocity.

7. The summit, or vertex, of the trajectory is loeated at mid-range, and the
time of flight to the summit is one-half the time of flight to the point of fall. These
relations remain approximately true in air. For large guns the range to the sum-
mif, in air, varies from about .51 to about .53 of the total range, while for small
guns the range to the summit may become almost .60 of the total range. The time
of flight to the summit, in air, is generally between .46 and .49 of the total time
of flight, and usually nearer the latter figure.

The theory of rigidity of the trajectory

317. Since in actual practice it usually oceurs that the target is not in the
horizontal plane through the gun, it is of interest to extend our study of the
trajectory in vacuum to a comparison between a trajectory referred to an inclined
plane and one referred to the horizontal plane. To do this we will seek a relation
between the inclined range X' resulting from an angle of elevation ¢’ and angle of
position p, and the horizontal range X resulting from an angle of departure ¢
equal to ¢’.

In Figure 4 let z, y represent the codrdinates of the point P on the trajectory
OPH, and X' the inclined range to that point. The angle of elevation with re-
spect to the line of position OP is ¢’ =¢—p, and the angle of position is defined

) ; :
by tan = Iiquation (303) may be written

7
oo tan ¢ — ’
x 2V cos? ¢
whence
f tan ¢ i
an p = tan ¢ —
P 21?2 cos? ¢
and
2§72
x = — cos? ¢(tan ¢ — tan p).
aq

The right-hand term of this expression may be expanded to

sindcosp —cospsinp  sin (¢ — p)
tan ¢ — tan p = - =

Cco8 ¢ Cco8 p C0S ¢ COS P
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whence,

2V*sin (¢ — p)cos¢  2V?sin ¢’ cos (¢" + p)
i g cos p 3 g cos p |
Since X’'=uz see p, we have finally

2V? sin ¢’ cos (¢” + p)
3 g cost p 5

£

Xf

(316)

Equation (316) is an expression for the inclined range X’ resulting from an angle
of elevation ¢ with respect to a line of position making the angle » with the
horizontal. Equation (308) is an expression for the horizontal range X resulting
from an angle of departure ¢. In order to compare the horizontal range with the
inclined range for the condition ¢ =¢’, let us rewrite (308) with ¢’ in place of
¢, and expand fhe term sin 2¢,

2V?sin ¢’ cos ¢’
i

Dividing (316) by the above we have
X’  cos (¢’ + p)

X  cos ¢ cos?p

After expanding cos (¢'4p)= cos ¢’ cos p—sin ¢’ sin p, the above reduces to

!

=l sec p(1 — tan ¢’ tan p). (317)

318. The right-hand term of (317) becomes equal to unity when p =0, which
i to be expected since in that case X’ and X are identical. If p is positive, the
right-hand term has a value less than unity, which means that X’ is less than X;
this is also to be expected since this situation represents the case of firing up an
incline. Similarly, for the case of firing down an incline, X’ becomes greater than
D e

But as long as p remains very small sec p does not vary much from unity and
tan p does not vary much from zero; under these conditions the entire right-hand
term of (317) does not vary much from unity. In naval gunnery we have ordi-
narily to deal only with very small angles of position, except in the ease of antiair-
eraft fire. In surface fire it would be most unusual to encounter an angle of posi-
tion greater than about 35, and a value as great as this occurs only at extremely
short ranges, in which. case ¢’ is also small. For example, for a 3’ gun mounted 50
feet above the water line and firing at the water line of a target 1600 yards distant,
the angle of position is about (—)35" and the angle of elevation 48, The ratio

!

-i—_{. in this case is 1.0001 and the variation quite negligible. For the same gun, at
5000 yards with p now reduced to (—)11" and ¢’ increased to 5°17’, the ratio be-
comes 1.0003; at 8500 yards, with p=(—)7" and ¢'=15°35", the ratio becomes
1.0006. These examples represent rather extreme situations for fire from ships
against surface targets. Under ordinary conditions the ratio will not vary appre-
ciably from unity.

* These coneclusions are also generally true in air as long as the angle of position does
not become large. With large angles of position the reverse may become true. Ref. 8§38,
Handbook of Ballistics, Vol. I, by Cranz and Becker.
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319. We may conclude from this investigation that with very small angles of
position the range is not affected appreciably by the angle of position. This means -
that we may use the same angle of elevation whether the target is on the same level
as the gun or on a different level, provided that we limit ourselves to such cases as
are encountered in ordinary practice, excluding aniiaircraft firve.

The assumption just made is known as the assumplion of the rigidity of the
trajectory. It means, in effect, that a given trajectory may be swung through a
small vertical angle, as illustrated in Figure 5, without appreciably altering its
form. It is important to note, however, that in any comparison of elements of tra-
jectories under the terms of the above assumption, the elements must be referred

P,

P,

FIGURE 5

to their respective lines of position. For example, the maximum ordinates of the
three eurves in Figure 5 may be considered equal only if each is measured per-
pendicularly from the mid-range point of its own line of position; according to the
usual definition of maximum ordinate, the values of this element are, of course,
affected appreciably even by small angles of position. This applies to any ele-
ments which ordinarily are measured with respect to the horizontal plane. The im-
mediate application of the assumption of rigidity of the trajectory, in actual serv-
ice, is the use of the same sight-bar graduations for firing at targets which may be
either slightly elevated or slightly depressed with respeet to the gun, such as a
gun on a high deck firing at a submarine, or a submarine’s gun firing at the super-
structure of a ship.

Although the foregoing assumption has here been based only on an investiga-
tion of conditions in vacuum, it is equally applicable in air, for the effects of air
resistance on the quantities X and X’ are so nearly equal as to cause no ap-
preciable alteration in the ratio between these quantities.



CHAPTER 4

THE RETARDATION OF THE PROJECTILE DUE TO RESISTANCE
OF THE ATMOSPHERE. THE COEFFICIENT OF FORM.
THE BALLISTIC COEFFICIENT.

New Symbols Introduced

Ry .. ..Resistance of the air against the flight of a projectile (in Ibs.).

R.....A general notation for the retardation of a projectile due to air resist-
ance (in f.s.8.).
R NI A constant used in Mayevski’s retardation functions (art. 409).
" a.....An exponent used in Mayevski’s retardation functions (art. 409).
(.. ... The retardation of a standard projectile, in air of standard surface

density, according to the G-function (in f.s.8.) (art. 411).

H,....The standard relation assumed for the variation of air density with
altitude, based on standard air density at the surface (art. 420).

Il .....The retardation of a given projectile in the standard atmosphere (in
f.s.8.) (art. 429).

w. . ... Weight of projectile (in 1bs.).

d.....Diameter of projectile (in inches).

] . Coefficient of form of a projectile (arts. 413-417).

B s The assumed standard for density of air at the earth’s surface
(1.2034 kg/m?).

5.....The actual density of air at the earth’s surface, under given condi-

tions.

B The surface density factor, representing the ratio 6./6,.

05 The ballistic density factor, or ballistic density, for a given trajectory
(art. 421).

A The ballistic coefficient (art. 428).

i The acceleration due to gravity (to be taken as 32.16 f.s.s. unless

otherwise indicated).

401. Although the effect of air resistance was not altogether dismissed by
earlier investigators, Newton appears to have been the first to deal quantitatively
with this factor. From purely theoretical considerations he determined that the
retardation due to the air resistance must vary in proportion to the
square of the velocity, provided that the effects of pressure diminution
behind the projeetile and of the air stream set up by friction might be
neglected. He tested this prineiple by dropping spheres of various densitics from
the dome of 8t. Paul’s Cathedral, and found it to hold approximately true for the
comparatively low velocities thus attained. But subsequent experiments soon
showed that the effects of air resistance on the flight of projectiles cannot be
accounted for by anything so simple as Newton’s quadratic law.

402. Robins was the first to measure the velocity of projectiles with tolerable
aceuracy. In 1742 he published his famous New Principles of Gunnery, where-
in he deseribed his invention, the ballistic pendulum, and stated the results

13

Early
theories
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The obtained therewith. The ballistic pendulum consisted of a heavy bob
ballistic  gyspended from a tripod, arranged so as to receive the impact of a pro-
PERCEu jectile and measure the resulting swing; from the velocity imparted
to the bob, the striking velocity of the projectile was determined. With this de-
vice Robins measured velocities up to about 1700 f.s., and determined approxi-
mately the loss of veloeity during flights up to about 250 feet from the gun. The
regults thus obtained were approximately in agreement with Newton's quadratie
law for velocities up to about 900 f.s., but revealed great discrepancies between
this law and observed results for higher velocities. Robins also suggested using the
gun itself as a pendulum for determining the initial veloeity, and Rumford soon
thereafter experimented with such a deviee.

Hutton made extensive experiments in ngland from 1775 to 1791, using
both the gun pendulum and the ballistic pendulum. In France, in 1839-40, the
Commission de Melz condueted further extensive experiments with the ballistic
pendulum, and from the results obtained established empirical formulas for the
calculation of range and time of flight for various angles of departure.

403. Experiments with the ballistic pendulum ceased when, in 1840, Wheat-
stone suggested measuring the velocity of a projectile by causing it to cut succes-
sive wire screens, each of which formed part of an eleetrie cireuit contain-
Elﬂ'?}ﬂﬁ- ing an element for measuring time. The Commassion de Metz in 1856-57
graph  undertook new experiments, using a chronograph designed by Navesz,
but the results did not have lasting significance. The experimentsof an Eng-
lish clergyman, Bashforth, in 1866-70, using a chronograph designed by himself,
were notable as being the first to lead to a fairly accurate analysis of the effects of
air resistance. Bashforth not only measured air resistance with fair accuracy, but
also showed how the resistance varied with different types of projectile head;
among other things, he concluded that the resistance is proportional to the
projectile’s cross-sectional area. NMany experimental programs followed soon after
the development of the chronograph. The most important were: in France, the
C'ommission de Gdvre, 1856-61, 1873, and 1888; in Iingland, Bashforth, 1866-70,
and 1878-80: in Russia, Mayevski, 1868-069; in Germany, Krupp, 1875-81;
in Holland, Hojel, 1884. A most notable contribution in this period was the analy-
sis made by Mayevski, and later extended by Zaboudski, of the results of the
English, Russian, and German experiments.

Wheatstone’s proposal that velocity might be measured by causing the pro-
jectile to interrupt eleetrieal circuits, initiated the first real progress in the science
of ballisties, and this principle has continued up to the present day to be an es-
sential factor in the advancement of the science. The Boulengé chronograph be-
came the most suceessiul of instruments of its type and was used extensively until
recently. The prineiple of interrupting circuits by causing the projectile to cut
wire screens was later used with oscillographs. At the present time a variation of
this principle is used, in the form of the so-called solenoid type of oscillograph,
which depends upon electrical impulses generated as a magnetized projectile
passes through wire loops placed in its path.*

404. As an illustration of a method by means of which the retardation of a
projectile may be measured with the aid of a chronograph (or its equivalent),
the following elementary description and example will suffice,

The gun is fired practically horizontally through screens located at such dis-

* For complete descriptions of the instruments here mentioned, see Naval Ordnance.
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tances from the muzzle that the portion of the trajectory inter-
dE;‘tP;l;Tnﬁa’ﬂﬂ cepted by them is very nearly a horizontal, straight line. We may
of retardation  then consider, with negligible error, that the length of the tra-

jectory between the points of measurement is equal to the horizon-
tal distance between these points, and that the retardation measured between
these points is not affected by the force of gravity and hence is due only to air
resistance. Two pairs of screens and two chronographs are required; the distance
between each pair, and the distance between the midpoints of the two pairs,
must be known accurately. A chronograph is placed in circuit with each pair
of screens, and as the projectile passes through them the time of flight between
the screens of each pair is measured. The average velocity between each pair of
screens is then determined by dividing the distance between the screens by the
measured time of flight; for each pair this velocity may be considered to apply
to the midpoint of that pair, We shall denote the velocity at the first pair by v
and at the second pair by vy, and the loss of velocity between the two pairs (i.e.,
between their midpoints) by »—wv.. The average retardation for the flight be-
tween the two midpoints is found by dividing the loss of velocity by the time
elapsed between these points; the latter may be determined (without appreciable
error for the short distance involved) by dividing the distance I between the

" +vs

two midpoints by the average velocity between these points. Then we have

finally,
nally (01 — v3) (01 + v3)

By =
21

(401)

The retardation thus determined applies to a velocity which is approximately the

v1+v, *
mean of the two measured, or Sl :

2
In order to determine the total air resistance against the projectile at the

same average velocity, we may apply the law of physics, F'= 2 &. We shall let
d
Ry denote the force of air resistance (in Ibs.). R, as already determined is the ac-

celeration (or deceleration in this ecase); w is the weight of the projectile. Then

w
R‘f e Iﬂu- {4{}2)
J

An application of the above formulas is given in the f ollowing example.

Giiven: A 6" projectile weighing 105 Ibs. was fired practically horizontally through
two pairs of screens. The distance from the gun to the midpoint of the first
pair was 400 feet, and to the midpoint of the second pair 915 feet. The
velocity, as measured by chronograph, was 2221 f.s. between the first
pair and 2173 f.s. between the second pair.

* By firing through several pairs of sereens the rate of change of retardation may be
determined and the correspondence between retardation and velocity more accurately de-
fined. A complete treatment of this problem is given on pp. 51-59, New Methods in Exterior
Ballistics, by F. R. Moulton.
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The sharply pointed wave front shown in these pictures may be accounted
for as follows. In Figure 6 let the line A £ represent the line of flight of a pro-
jectile, and £ be the position of the tip of the projectile at the instant depicted.
At E the tip of the projectile is just impacting on the air at that point, and the
resulting disturbance will travel as a spherieal wave of condensation centered at E
(as a stone thrown into water sets up a circular ripple). The same thing has al-
ready happened at earlier points in the flight of the projectile, as at A, B, €, and
D, and we therefore find each of these points now the center of a wave spreading

Figure 6

outward. The waves are receding from their respective initial points of disturbance
at the velocity of sound, and the radii at the several points are proportional to
the intervals of time elapsed since the projectile passed them. Under the as-
sumed construction, a line drawn from £ tangent to any one of these spheres is
tangent to all of them, as shown by EW and EW’. Considering an infinitely
great number of successive positions of the projectile between A and K, the
peripheries of the resulting waves evidently form solid lines EW and EW’, and
these lines then form the wave front shown in the photographs. In the upper
photograph of Plate I the wave front of the tail wave is seen to be an envelope for
such cireular waves. A particularly vivid demonstration of this feature is shown
in Plate 1I. This is a photograph of the air disturbance attending the flicht of a
bullet (approximately ".30 cal., at 2900 f.s., as in Plate 1) through a perforated
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Find: What was the average retardation between the points of measurement,
and to what veloeity does it apply (approximately)? What was the total
resistance encountered by the projectile at this velocity?

For substitution in (401), I=915—400=515 feet, v;+v.=4394 f.s., and v;—v,
=48 {.s.
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With formula (402) we find,
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The retardation of 204.76 {.s.s. and resistance of 668.54 1bs. apply to the mean
velocity 2197 f.s. (approximately).

405. The nature of the results obtained in the various experiments to measure
the retardation due to air resistance soon indicated that the factors entering
into this retardation are exceedingly complex. Practically all of the earlier at-
tempts to reconcile the observed results with theory clung to the quadratic law
as a general basis and sought to bring about agreement, under the terms of a
quadratic law, by supplying the latter with coefficients varying for different
velocity bands. Even this expedient failed to yield satisfaetory agreement and it
eventually was accepted that retardation varies according to a variable power
of the velocity. An examination of the phenomena attending the flight of a pro-
jectile will serve to explain some general features of the laws that eventually were
developed.

406. Photography of projectiles in flight has been an invaluable aid in re-
vealing some of the most important of these phenomena. With suitable lighting

arrangements photography can be made to show very clearly the
Nature of  npature of the disturbances of the air medium surrounding a pro-
resistance : Fosrl ;
phenomena Jectile in flight. Plate I* shows three photographs of an 8 mm, bullet

(approximately ”. 30 cal.) in flight through air at about 2900 f.s.
The conditions for all three of these photographs were the same, the differences
in the appearance of the air disturbance being eaused by differences in lighting.
The remarkably clear revealment of the waves issuing from the head and tail, and
of the turbulence to the rear of the projectile, is brought about by refraction of
light through the condensations and rarefactions of the air at these points.

* Plates I, II, and ITI, have been reproduced from Handbook of Ballistics, Volume I,
Cranz and Becker, by courtesy of tht publisher (Julius Springer, Berlin). For additional
photographic records, and description of details of making the records, see the above refer-
ence; also, Spark Photography and Iis Application to Problems in Ballistics, by Philip P. Quayle
(Secientific Papers of the Bureau of Standards, No. 508); also, A Camera for Studying Projec-
tiles in Flight, by H. L. Curtis, W, H. Wadleigh, and A. H. Sellman (Technological Papers of
the Bureau of Standards, No. 255); also Lehrbuch der Ballistik, Volume III, Cranz (5th Edi-
tion).
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tube. The purpose of this arrangement was
to separate the waves, by permitting only
a portion to escape through the holes in the
tube. By suitable lighting effects these
escaping waves were then shown, as they
emerged from the tube, combining to form
the wave front as before.

407. The shape of the wave fronts
shown in Plates I and II and in Iigure 6
depends, of course, on the fact that the
veloeity of the projectile is greater than the
veloeity of sound (i.e., greater than the
velocity at which the waves of disturbance
travel in air). The greater the excess of the
projectile’s veloeity over the velocity of

Prate IT sound, the greater will be the ratio between

the projectile’s forward motion and the

waves’ outward motion, and hence the more acute will be the angle of the wave

front. The slope of the wave front is, indeed, a measure of the projectile’s velocity

compared to the velocity of sound, but irregularities of the latter under the ab-

normal conditions in the immediate vicinity of the projectile prevent it from being

used as an accurate measure in this con-
nection,

Let us consider now what should hap-
pen if the projectile’s velocity is less than
the velocity of sound. In Figure 7 let AE
again represent the line of flight of a pro-
jectile, but in this case a projectile travel-
ling at a velocity less than that of sound.

By the time the projectile has
E&ﬁgt;'fnf reached ?nint E,‘the wave initi-
sound ated by it at point A will have

preceded it to 4.4, and simi-
larly the waves initiated at B, C, and D
will have preceded it as shown. Plate IT1
also illustrates this ecase; it is a photograph
of a bullet travelling at about 1115 f.s.,
which, under the atfending econditions,
was somewhat less than the velocity of
sound. Here the wave front has disap-
peared and we see, instead, a detached
wave of condensation in advance of the
projectile.

408. From theoretical considerations,
as well as from the indications obfained
photographically, it appears that the loss Prate 111
of energy of a projectile in flight is due to
the following effects. No attempt is made here, however, to evaluate the propor-
fionate amounts of these effects.
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1. Energy is dissipated in the creation of air waves, The amount of this effect
evidently is influenced by the form of the projectile, as well as by the
area ol its eross section.

2. Fnergy is dissipated in the creation of suetion and eddy currents; the
marked turbulence in the wake of the projectile (Plates I, IT, and III)
gives some evidence as to the degree of this effect. This effect evidently is
influenced chiefly by the form of the projectile, and particularly by the
form of its after-body.

3. Energy is dissipated in the form of heat generated by frietional resistance.
This effect evidently is influenced by the form of the projectile, as well as
by the area and character of its surface.

Figure 7

Although sufficient knowledge to permit separate evaluation of these several
effects is not at hand, the indications are that the first two enumerated probably
account, for most of the total loss of energy suffered by the projectile. The loss of
energy due to the ereation of waves is minimized by giving the projeectile a smooth
contour, for points of sharp change in contour are sources of additional wave
disturbanees. Plates I and I1I show that the rotating band and the rear face of the
projectile, as well as its tip, are sources of wave disturbances. The suetion and
eddy effects are influenced materially by the shape of the projectile’s after-body.
Considering only the problem of minimizing air resistance, the shape of the
projectile should be very much like that of an airship. However, other considera-
tions prevent anything more than an approximation of such a shape; the need
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for rotating bands and for uniform passage through the bore calls for a eylindrical
body and prevents use of the streamline shape.®

409. Consideration of the wave phenomena revealed by photographie
records, and of their explanations as outlined above, must lead at once to the
conclusion that the relation between veloeity of projectile and veloeity of sound
has a most important bearing on the resistance offered by the air to a projectile’s

~ flight. Furthermore, considering the very marked change in the
Retardation " i & 5. ey § POt
functions  condition of affairs according to whether the projectile’s velocity is
above or below the velocity of sound, it is very reasonable to suppose
that any law which might be set up to account for observed results must be
capable of showing a very marked, perhaps even abrupt, echange at the velocity of
sound. Indeed, one might even suspeet that perhaps one law should be sought for
velocities less than the veloeity of sound and a totally different one for velocities
greater than the veloeity of sound.

In the search for an adequate and yet reasonably simple expression of a re-
tardation law, quadratie, cubie, and bi-quadratic laws, and combinations of
these, were tried, but none of these remained long in favor. Mayevski appears
to have been the first to introduce the idea of establishing zones of velocities, with
different exponents for each zone. On the basis of the IEnglish and Russian ex-
periments of 1866-70 he established three zones, viz., 0-280 m.s., 280-360 m.s.,
and 360-510 m.s.; for the first of these zones he assumed resistance to vary ac-
cording to a combination of square and fourth power of velocity, for the second
according to the sixth power, and for the third according to the square. Hojel,
from his own experiments of 1884, established five zones, viz., 140-300 m.s.,
300-350 m.s., 350-400 m.s., 400-500 m.s., and 500-700 m.s., and for these zones
he assumed, respectively, the exponents 2.5, 5, 3.83, 1.77, and 1.91.

The most widely accepted series of laws, or functions, was that given by
Mayevski in 1881, and extended later by Zaboudski; this series of functions was
based on the Krupp firings of 1875-81, as well as on Mayevski’s own experiments
of 1868-69 and Bashforth’s of 1866-70, Mayevski’s functions have until quite
recently been accepted as standard for ballistic computations in our own services,
and they are even at present used by us to a limited extent. They are represented
by the general expression
A

Ra = — 1 403
C (403)

in which R. denotes the retardation corresponding to the velocity », and the
coefficient A and exponent a vary from zone to zone but remain constant within
a given zone, The ballistic coeflicient, €, combines factors pertaining to the weight,
cross-section, and form of the projectile, and to the atmospheric density, all of
which will be discussed presently. However, it is appropriate to note here that
the standard of form assumed by Mayevski was that of a projectile about three
calibers long with an ogival head rounded to a two-caliber radius. Mayevski’s
funetions, as translated into IEnglish units by Col. Ingalls (U. 8. Army), are given
below.

* A slight tapering at the rear end of the projectile, known as “boat-tailing,”” has been
applied successfully to projectiles up to about 6" caliber.
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v between 3600 f.s. and 2600 f.s.

A
B E] p1-58 log A; = 7.60905 — 10
v between 2600 f.s. and 1800 {.s.
As
R = Fﬂ” log 4, = 7.09620 — 10
v between 1800 f.s. and 1370 f.s.
As
R, = 7 v? log Az = 6.11926 — 10
¢ between 1370 f.s. and 1230 {.s.
Majr?ivsl_{i’s 4
Mncticar R, = —é’zﬂ log A, = 2.98090 — 10
v between 1230 f.s. and 970 f.s,
As
R o= 7 pt log A5 = 6.80187 — 20
v between 970 f.s. and 790 {.s.
A
B, = il p® log A¢ = 2.77344 — 10
v between 790 f.s8. and 0 f.s.
Ay
R, = T v* log 4; = 5.66989 — 10

410, In recent years it has become the practice to abandon all formal ex-
pressions of a velocity-retardation relation, or series of such expressions, and to
resort to explicit use of a tabulated relation. The latter practice minimizes com-
promise between experiment and theory, insofar as the velocity-retardation rela-
(ion is coneerned, for it makes practically direct use of observed data. Reduc-
tion of observed results to a convenient system of standard conditions repre-
sents, of course, the application of theory to some degree. Any tabulated funetion
may be expressed also by a single analytieal equation, by making the latter as
complicated as necessary. In the case of the velocity-retardation funetion, such
an expression becomes exceedingly complicated and totally worthless for any
purposes of direct application to solutions of the trajectory. Such expressions have
been developed, but their application is confined to extrapolation beyond the
limits of observed values, in tabulating the function.*

The results obtained by the Commission de Gdvre in its experimental pro-
gram of 1888 were reduced to a tabular velocity-retardation funetion that came
to be known as the Gdvre function and to be accepted extensively in the United

* A single analytical expression closely approximating Mayevski’s functions was set
up by Siacci, but it contained some 17 factors in complicated arrangement; this expression is
given on page IV of Ariillery Circular M (1917), U. 8. Army. The single expression represent-
ing the Gévre function is of similar complexity; it may be found on page VI of Ezterior
Ballistic T'ables Based on Numerical Integration, Volume I (U, 8. Army, 1924). The latter

reference states also the sources of the original Givre funetion and of its modifications to the
form now in use.
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e States as well as abroad. In the United States a slightly modified
G-function  version of the Gavre function, referred to generally as the G-funclion,

is used in connection with present-day computations of trajectories,
and the numerical illustrations and exercises presented in this text will be con-
fined to the use of the latter.

411, The G-function may be thought of as a tabular expression of the rela-
tion between retardation and velocity, that is, as a table from which may be
e el found directly the retardation corresponding to any given velocity.
or Table I | LDenoting retardation (according to the G-function) by ., and

velocity by ¢, this amounts then simply to a tabulation of G, against

the argument ». We will refer to this tabulation as the (-table* (Table I, Kange
and Ballistic Tables, 1935).

1{HK) = L
B = /
GO0
Graph of the /
) Givre function
)
&=
= 400
E /
A
%
o
200 /

M) LiMM) 15(K) 2000 2500 3000
Veloeity (f.s.)
Figure 8

The graph of the G-function is shown in Figure 8. It is of particular interest
to note the marked change in the character of the eurve as it approaches the
velocity of sound (about 1100 f.8.), and also the peculiar inflexions between about

* Since in many methods actually in use for computing trajectories the expressions

Gy Gy . ;
— ur# oceur frequently, tables of the G-funetion usually are in terms of these expres-
v

sions rather than in terms of G, directly (as here defined). Also the entering argument is

v? g . . T
usually T for a similar reason. In all discussions and exercises in this text, however, the

term ', is meant to denotle retardation directly, and in the G-table employed it is tabulated
against v directly.
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1000 f.s. and about 1500 f.s. (compare this with the behavior of the exponent of
Mayevski’s funetions in the same region). This curve then bears out what al-
ready has been suspected from an investigation of the photographic records of
Plates I, II, and III. The graph of Mayevski’s functions, although somewhat
less continuous, agrees closely with the G-curve; the greatest discrepancy occurs
around 2500 f.s., where it is slightly greater than 3% (in terms of the retardation
argument). Recent experiments (1926-33) conducted by the U. S, Army, using
several types of projectile varying materially among each other as well as from
the type used in the GAvre experiments, show even more remarkable results.

G0 ETE

Ciraph of the

J-funection

400 /

-~

Retardation ([.5.5.)
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S LY 1N AL 2500 S
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Figure 9

The graph of the velocity-retardation funetion obtained with one of these types
is shown in Figure 9 (labeled J-funection, this being the term used by the U. S.
Army for the recently determined functions). It is to be noted that the latter
shows an abrupt change practically at the velocity of sound, and that the branches
of the eurve lying on either side of this velocity are very dissimilar. These features
are characteristic of all of the recenfly determined funections.

412. In addition to being a function of velocity, retardation evidently must
depend also on certain properties of the projectile and of the resisting medium,
o We shall now examine these in turn.

ect of e : : L
weight It is a well-known physical law that, other things remaining
z?*;rgijﬂeﬁ‘iff equal, the retardation suffered by a moving body in a resisting

medium is inversely proportional to the body’s weight; we may
state, then, that the projectile’s retardation varies inversely as its weight w.
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It is generally assumed that, other things remaining equal, retardation is
directly proportional to the eross-sectional area of the moving body (taken nor-
mal to the direction of its motion). Since the area of the projectile’s cross-section
is directly proportional to the square of the projectile’s diameter d, we may state
that the projectile’s retardation varies dirvectly as the square of its diameler, or d*.*
- 413. We know also that the retardation of a projectile depends upon its

form, and to account for this we adopt a factor which is called the coefficient of

form and denoted by the symbol 7. For reasons already outlined above (art. 408)

we cannot expect to assign to the coefficient of form a value based entirely on

a direct measure of dimensions of the projectile. Certain measurable

Enlzﬁmcimt features of a projectile are found to constitute a basis of comparison

of form  among projectiles of closely similar shape, but for reasons that will

| appear presently the coefficient of form is treated wholly empirically
and its measure is obtained wholly from actual performance.

The coefficient of form is so chosen as to express directly the proportion be-
tween the retardation of a given projectile and that of an arbitrarily chosen
standard projectile (other things remaining equal), so that the projectile's retarda-
tion varies directly as its coefficient of form 7. 1t is to be noted that this coefficient
is entirely relative, and that a projectile may have any number of coefficients of
form, a different one for each different standard projectile to which it may be
compared. When the (-function is used, as will be the case in this text, the co-
efficient of form represents a comparison with respect to the standard projectile
assumed for that function, viz., a projectile about three calibers long and with an
ogival head rounded to a two-caliber radius (the Gévre standard did not differ
appreciably from that assumed by Mayevski).

414, Congidering the manner in which the coeflicient of form is to be de-
termined, it follows that the value obtained for this coeflicient must represent
not only influences depending purely on the shape of the projectile, but also any
other influences that have not been accounted for separately. For example, let
us assume that by an experimental firing we have actually observed that at 2500
f.s. a certain projectile having a weight of one pound and a diameter of one inch
suffers a retardation of 362 f.s.s. Also that the G-table (art. 411) states that at

w
2500 f.s. the retardation of the standard projectile is 724 f.s.s. Since Ty equals

unity for the projeetile fired, it is necessary to assign to it the value 7=.500 in
order to account for the fact that its observed retardation is only one-half that of
the standard. It should be clear, however, that any false agsumptions in the

* Some authorities disagree with this assumption and cite experimental results which
indicate that for projectiles of large eross section the resistance per unit of area is less than the
resistance per unit of area for projectiles of small cross section. (Ref. pp. 36-38, Handbook of
Ballistics, Cranz and Becker). The assumption given above is, however, commonly adopted
both here and abroad. Any discrepancies that may result from it are, of course, reflected in
the coefficient of form.

t According to the Trench ballistician, Hélie, the coefficient of form of an ogival pointed
projectile varies in direct proportion to the sine of the semi-ogival angle of the head, i.e., the
angle between the projectile’s axis and the tangent to the ogive where it intersects this axis.
In French methods this relation is used, and the coefficient of form is u function of the semi-
ogival angle, viz., sin 4. In this country, however, the coeflicient of form merely expresses a
ratio of comparison between a given projectile and a standard projectile, and this ratio is

not derived from any single feature of the projectile but from the actual performance of the
projectile as a whole.
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entire scheme of arriving at the coneeption of a coefficient of form, as well as all
inaceuracies involved in the determination, will be reflected in the value obtained.
The significance of this will beecome more evident as we proceed to the practical
methods of computing trajectories.

415, The artificiality of the coefficient of form is readily seen if we seek to
evaluate it, for the same projectile, according to more than one velocity-retarda-
tion function. Continuing with the above example we find, according to Mayev-
ski’s functions, that at 2500 f.s. the retardation of the standard projectile is 746
f.s.8. Since the observed retardation of the given projectile is actually 362 f.s.s.
at 2500 f.s., we must, in order to secure agreement with Mayevski’s

Nature 362
E{Eé}}iient funetions, assign to this projectile a coefficient of form equal to '.'r'flﬂ’
of form :

or ¢ =.485. The difference between ¢ =,500 as obtained according to the
(I-function, and 7= .485 as obtained according to Mayevski's functions, evident-
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ly eannot be due to the projectile itself (since the same projectile at the same
velocity has been considered in both cases); it is due entirely to disagreement be-
tween the Gavre and Mayevski funetions at 2500 f.s.

In order further to illustrate this important feature of the coefficient of
form, let us examine the difference, in terms of coeflicient of form, between
the (-funetion and J-funection; for this purpose we will refer to the graphs of
these funetions, which already have been shown in Figures 8 and 9, respectively,
and in Figure 10 are shown drawn to the same scale. Curve A4 in Figure 10 is the
eraph of the G-funetion unmodified, i.e., it represents the performance of the
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Gévre standard projectile as defined by the G-function. Curve B similarly repre-
sents the performance, as defined by the more recent J-function, of a different
standard projectile which we will eall the ./-projectile.

The very great diserepancy between the two curves is due first of all to the
fact that they represent different projectiles. The J-projectile is about 5 calibers
long, with a conical head about 2 calibers long and tapering almost to a point,
and with the rear end “boat tailed” for a length of about one-half ealiber from the
rear face of the projectile; the resistance suffered by it therefore is materially less
than that suffered by the comparatively blunt, square-tailed Gévre projectile.
Let us see now whether by means of a single coefficient of form we can make the
(iAvre funetion account for the actual performance of the J-projectile. Assuming
that the J-projectile has a coefficient of form 7= .50 (as compared to the Gavre
projectile), and on this basis determining its retardation from the Géavre function,
we can plot a graph showing what the retardation of the J-projectile should be
according to the G-function, and compare it with the graph of the J-function
which represents the actually measured retardations of the projectile. This new
graph is labeled C in Figure 10.

The value ¢=.50 evidently is exactly correct for a velocity somewhere be-
tween 2200 f.s. and 2300 f.s. For greater velocities than this we find that ¢=.50
is somewhat too great, and at 3000 f.s. the value 7= .48 is required to bring about
the desired agreement. I'rom about 2200 f.s. to about 1120 f.s. the necessary value
of 7 increases, becoming .60 at about 1500 f.s., and almost unity at about 1120
f.s. Below about 1120 f.s. the value decreases to about z=.75 at about 900 f.s.,
and for still lower velocities it increases again, becoming equal to unity at about
500 f.s. and remaining at about unity for very low velocities.

416. The above investigation amounts practically to a comparison be-
tween the actually observed retardations of two different projectiles (each reduced

w
to the common basis of yrn 1), and it shows that the relation between the two

cannot be represented by a constant, and hence that the coefficient of form
which we have chosen to represent this relation is not a constant. 1t 18 important
that this be borne in mind in econneetion with the methods of solution of trajec-
tories that will be developed presently. The above investigation represents
greater extremes than are met ordinarily in our own immediate problem, since the
projectiles used by our Navy do not differ as much from the Gévre projectile as
does the J-projectile on which the above eomparison is based.

417. A significant feature of the above investigation is the fact that the
coeflicient of form, as a factor of comparison between projectiles, may vary ma-
terially according to the velocity. In the illustration offered above the variations
of ¢ with veloeity are heightened beeause of the relatively great dissimilarity
between the projectiles considered, but variations of like nature, although of less
amount, are found even when more nearly similar projectiles are considered. The
reason for this is to be found in the existenece of numerous influences attending the
flight of a projectile, which are not fully expressible in terms of the factors chosen

to make up the ballistic coefficient, nor, indeed, in terms of any
E:;;ifﬁh 3; factors which might be added thereto without greatly complicating
in i matters. Let us consider, for example, the position (or attitude) of a
projectile in flight. It is known that the axis of a projectile fired from a
rifled gun oscillates about the tangent to the trajectory.* For a well-designed pro-

* The motion of the projectile with respect to the tangent will be studied further in
Chapter 9.
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jectile these oscillations are of small amplitude and the axis remains always close
to the tangent, but nevertheless the projectile is always somewhat oblique to the
direction of its flight, rather than exactly head-on. This situation invalidates to
some degree our assumption that the cross-sectional area opposed to the resist-
ing medium, and the retardation resulting therefrom, are proportional to d.
The effective area evidently depends also on the obliquity of the projectile with
respect to its direetion of flight.

The obliquity of a projeetile to its direction of flicht at any point in its
trajectory depends, in general, upon its stability at that point and hence is in-
fluenced by all of the factors affecting stability. These, in addition to constant
physical features of the projectile, include its rate of spin and its velocity. For a
given stability the obliquity depends also on the rate of change of eurvature of the
trajectory at the point in question. Since no other factor separately accounts for
any of these influences, the coefficient of form evidently must include all of them.
The dependence of the coefficient of form on velocity is readily apparent from the
above. Also, for the same projectile and same initial veloeity we may expect the
coefficient of form to vary with angle of departure, sinece both the curvature and
the limits of velocity included within a given trajectory are influenced by the
angle of departure,

The effect of obliquity to the direction of flight is not confined to an altera-
tion of the effective cross-sectional area of the projectile. Unequal pressures on
the sides of the projectile cause variations in flight. This is well evidenced by the
drift, which is the result of lateral components due to obliquity; obliquity may
equally well give rise to vertical components, and affect the range in this manner
as well as through its influence on the retardation. It is to be appreciated, there-
fore, that the coefficient of form is influenced by many characteristics of the en-
tire trajectory, and that its evaluation ultimately must depend upon measurements
applied to entire lrajeclories.

418. Nex{ to be considered are variations in the resisting medium itself,
i.e., in the atmosphere; these may be classified as follows:

(a) Variations in the density of the atmosphere near the surface of
the earth, as determined by the air temperature and barometric
pressure near the surface,

(b) Variations in the density of the atmosphere with altitude, due to

;ﬂgﬂf‘ms the variations in temperature and pressure which are incident to
atmosphere changes in altitude.

(c) Variations in the density of the atmosphere due to variations in
its saturation with moisture (i.e., in its relative humidity), which
depend both on surface conditions and on altitude.

(d) Variations in the elasticity of the atmosphere, due to variations
in its temperature alone, which depend both on surface condi-
tions and on altitude.

[t will be noted that the variations enumerated under (a), (b), and (¢) above
are of the same kind, i.e., they are all variations in the density of the atmosphere,
although they result from different causes, A difference in the cause of a given
density variation oceasions no difference in ifs effeet upon retardation; that is to
say, a given percentage variation in air density has a like effeet on retardation
whether the variation be due to one or another of the above causes. The above
distinetion is made, however, in view of differences in procedure of taking into ac-
count the density variations due to the different causes enumerated. On the
other hand, it is to be noted that the elasticity effect mentioned under (d), which
depends upon the air temperature just as do the density effeets (a), (b), and (),
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is nevertheless entirely independent of the latter; i.e., the air temperature affects
density and elasticity both simultaneously but each independently. The effects
on the retardation due to these several variations in the atmosphere, and the
methods by which they are taken into aceount, will now be examined in turn.

419. It is generally supposed that the retardation of a projectile varies
directly in proportion to the density of the air; this theory never has been sub-
stantiated by experimental proof, but it is, nevertheless, commonly accepted by
ballisticians. Under this assumption it is possible to express the ratio between
retardations under different conditions of air density, by means of a factor which
expresses the ratio between the densities themselves. In other words, a given
percentage variation in air density is assumed to cause a like percentage varia-
tion in retardation, ‘

For tabulated retardation functions, a standard surface air density is as-
sumed. Practice varies somewhat as to the choice of this standard density, but

for tables used in the United States the standard is defined by the
S;:;‘i“&fd density of air at a temperature of 15°C. (59°F.), at a barometric pressure
density  of 750 mm. (approximately 29.53 in.) of mereury, and 78 per cent satu-
rated with moisture. The actual weight of air under these conditions is
1.2034 kilograms per cubic meter (approximately .075 pounds per cubic foot).*
We will denote by the symbol §, this standard surface density, by &, the actual
surface density under any given set of conditions, and by & the ratio of actual
surface density under any given set of conditions to the standard surface density,
i.e.,
L (404)
'ﬁi

This surface densitly faclor, 8, therefore states the percentage of the standard surface
density that is represented by the actual surface density under any given set of con-
ditions. 1t follows that if §>1, the actual density is greater than
E‘:ﬂiﬁt‘;’f‘“ the assumed standard, and the retardation under the given con-
factor & ditions is greater than under standard conditions, i.e., greater than
the tabulated value. We may state, then, that retardation varies di-

rectly as 8.1

Values of the ratio § are tabulated in Table I11,1 Range and Ballistic Tables,
1935, against the arguments temperature (F.°) and barometer (inches of mercury),
Table III and for a constant saturation of 789, Examination of this table will

show that the value §=1 corresponds to a great variety of combina-
tions of temperature and pressure, as well as to the ecombination 59° and 29.53
inches. This is due to the fact that the density of air varies independently accord-
ing to both temperature and pressure; hence the effect on density of a change in
temperature may be balanced exactly by an accompanying change in pressure,
On the other hand, variations of considerable magnitude may result from com-
binations of low temperature and high pressure, or vice versa, and may have a
marked effect on the trajectory.

* A discussion of the various standards that are, and have been, assumed both here
and abroad, is given on pp. 15-18, 7.8. No. 148, April, 1921, (U. S. Army).

{ In the 1920 and 1930 editions of this book, the density factor 5 was chosen to represent
the ratio 4,/84, i.e., the reciprocal of the above, in ¢conformity with tables which were used in
connection with those editions. The present practice, both in the U. S. Army and in the U. 8.
Navy, is to use tables which give the ratio of actual density to standard density, or the value
of & as defined above, The only difference occasioned by this change of procedure is that
now appears in the denominator of the ballistie coeflicient (400), instead of in the numerator
as heretofore.
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420. The density of the atmosphere at a level above the earth’s surface de-
pends both upon the density at the surface and upon the altitude of the given
level, since both temperature and pressure decrease with altitude. However, it
1s not a simple matter to define the density for a level aloft in terms

Variation ; ; ; G : :
of density of surface density and altitude, since it is known that Auctuations in
:;ti?ude the surface air density often are caused by local influences which

do not extend very far aloft. Similarly, aloft currents may ecause
changes at aloft levels that are not felt at the surface. It is generally true, however,
that density fluctuations deerease with altitude; in other words, that a given per-
centage variation of surface density with respect to the surface standard is greater
than the accompanying percentage variations of aloft densities with respect to
the standards assumed for aloft levels.

Accurate determination of aloft densities requires actual measurement of
temperature and barometrie pressure aloft. However, the general scheme fol-
lowed in ballisties is to assume a standard altitude-density relation for the com-

putation of basic tables, and to make adjustments for suech varia-
5ﬁiuﬂégf§:;gﬂy !;iﬂl]ﬁ from the ufnsumecl ?tﬂndard relation as may be Db.‘?..ﬂl".'ﬂd
relation in connection with serviece problems. The standard altitude-

density relation used in ballisties is based on the standard sur-
face density d, previously defined, and is assumed to have the form

H, = 1000001372y (405)
or

log H, = — .00001372y

in which y represents the altitude in feet and H, the ratio of air density at any
altitude y to air density at the surface. It follows from the above that retardation

varies directly as Il,. The values of log I, are tabulated in Table I1,
ﬁﬁuncﬂun- Range and Ballistic Tables, 1935, against y as argument. This table
Table II s often referred to as the H-table, and H, as the I7-function.

It may be considered that 6, and I, together define a sort of
standard atmosphere on which ballistic tables are based.* It is important to re-
member that this standard atmosphere implies not only the standard altitude-
density relation I7,, but also the standard surface density §,; in other words,
that 77,, as defined by (405), is not applicable directly to other than standard

surface density. This follows naturally from the conclusion al-
Ett;fuiff;fd ready stated, viz., that density variations at the surface generally

are greater than their accompanying variations aloft. This situation
evidently implies that the entire altitude-density relation varies according to the
surface density. It is possible, however, to make an adjustment in the observed
non-standard surface density itself, so that this adjusted density, when used
with the standard altitude-density relation I, may produce the equivalent of
the observed density used with an altitude-density relation especially applica-

* This varies somewhat from the standard atmosphere as accepted by the Bureau of
Standards, Weather Bureau, and some other activities, (for which see Table 695, Smithsonian
Physieal Tables, 8th Edition). The form assumed for H, is particularly advantageous in con-
nection with certain operations that are applied in the preparation and use of ballistic tables,
as will be noted in article 630. The altitude-density relation defined by H,, as given above,
is applieable to the limits of altitude ordinarily reached by trajectories, but not beyond the
limits of the troposphere (about 40,000 feet). For a more complete discussion of the altitude-
density relation in connection with ballistics; including its application to levels within the
stratosphere, see pp. 172-176, Infroduction to Ballistics (U. S, Army, 1921), also pp. XVI-
XVIIIL, Exterior Ballistic T'ables Based on Numerical Integration, Volume I (U. S. Army, 1924)



36 EXTERIOR BALLISTICS 1935

ble to the latter. This course is much the simpler; among other things, it permits
the adjustment both for non-standard surface density and for the non-standard
altitude-density relation incident thereto, to be made by means of a change in
the surface density factor 4 alone, rather than by changes both in the latter and
in H,. The manner in which this is done requires a brief digression on methods of
solution of the trajectory which are to be taken up in detail in Chapters 6 and 8.

421. The modern method of computing a trajectory is a step-by-step process
which determines points in the trajectory in succession from the origin. The com-
putation for each point is baged on the correct physical data applicable to that
point, including the air density. Since computations for tables are always based
on standard conditions, this means that the density at each point is determined
on the basis of standard surface density (6=1) and of the value of /1, for the
ordinate of the given point, that is, on § //,, with 4 equal to unity. Now if a tra-
jectory were to be computed for other than standard conditions by a similar
process, we would use at each point the non-standard é multiplied by an ap-
propriate, non-gtandard H,. We can, however, just as well consider /1, to remain
at standard and the necessary change in the produet 4 H, to be absorbed by é
alone. This results in an artificial density factor which is, in fact, a percentage of
the standard eombination of é i ,, and which varies from point to point. Let us
suppose now that a mean is taken of these varying density factors, and substi-
tuted in place of the actual surface density factor assumed for our computation.
This mean value of & is then a purely fictitious density factor, artificially set up
to produce the equivalent, over the trajectory as a whole, of the use of the actual
non-standard surface density and of the actual non-standard altitude-density

relation applicable to the latter. The density factor determined accord-
E:l?istic ing to the principles just outlined, is called the ballistic density factor,
density and we shall denote it by the symbol &; it is commonly referred to
simply as the ballistic density.*

422. Since direct application of the above process obviously is impracticable
for serviee problems, the following steps have been taken to reduce the process
to a practical basis for the determination of ballistie density. For a wide variety
of trajectories, the effects of given variations in density considered to apply only

within restricted limitg of the trajectory, have been compared to

Er?::iﬁis of the effects of like variations considered to apply to the entire tra-
practical jectory. From these comparisons air-density weighting factors have

gg‘ﬂﬁ‘:&"““ been deduced for portions of the trajectory lying within various
density zones of altitude, so that the effects of the several density factors
which pertain to the several zones of the trajectory may be duly

weighted and combined to give a weighted mean density factor, or ballistic densuty,
for the entire trajectory. For example, the air-density weighting factors for a tra-
jeetory having a maximum ordinate of 3000 feet are .20 for the zone

ﬁﬁgﬁ?ﬁ? 0-600 feet, .28 for the zone 600-1500 feet, and .52 for the zone 1500~
factors 3000 feet. Now if 8;, 6y, and 8, respectively, are the density factors
for these zones, then .208,+.285.+4-.524; is the ballistic density for

the trajectory. It is to be understood that the ballistic density accounts for

variations from the assumed standard surface density (3,) and from the assumed

-—

* More properly, the ballistic dengity is the actual density (i.e., weight per unit volume)
to which the ballistic density factor corresponds. However, since it is always the density fac-
tor, and not the density itself, that is used in practical applications, it is common practice
to use the terms “density,” “surfance density,’” “ballistic density,” ete. when referring, in
fact, to the corresponding factors.
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standard altitude-density relation (I7,); in other words, it states the percentage
variation of the actual atmosphere in a given case from the standard atmosphere,
within the limits of the given trajeetory.

423. The ballistic density for a given case may be found by either of two
methods, viz.,

(a) By actually measuring the densities in various zones aloft, and applying
the air-density weighting factors to the ratios of these observed densities
to the gtandard densities for their respective zones.

(b) By assuming densities for various zones aloft, on the basis only of the
measured surface density, and using these, as in (a) above, in place of
values actually observed aloft.

Ny The first of the above methods is the only one which ac-
SEpoimmation  sounts for conditions as they actually exist, and which allows for
density from  unpredietable variations in the atmosphere. It is used when aloft
i oDSeT™  ghservations are available* Such observations can be obtained

only by specially equipped airplanes, and hence often are not
available.

The second of the above methods is designed to provide for an approximate
determination of the ballistic density when facilities for obtaining aloft observa-
tions are not at hand, or when conditions are such as to render aerological flights

S impracticable. It depends upon an assumption of aloft densities
ﬂeﬁiﬂ";{i‘:tm“ under various conditions of surface density, based on a study of a
density from  great many observations taken in the past.{ In this method only the
ﬁ‘ﬁgf:ﬁatims surface density is determined by actual observation, and the aloft

densities corresponding thereto are assumed to follow the aver-
age relation based on past experience, as noted above. In order to simplify matters,
tables have been prepared which embody these average relations, and from which
the ballistic density corresponding to any surface density and maximum ordinate
may be found directly. Extracts from these tables are given in Table 1V, Range
and Ballistic Tables, 1935.

424. The ballistic density for a given trajectory is found from Table IV by

entering the latter with the surface density factor as horizontal argument and
the maximum ordinate of the trajectory as vertical argument. This
gifﬂfw requires that the surface density factor, i.e., 8, first be found from Table
ITT, with the surface temperature and pressure as arguments. An illus-
tration will malke this clear.

(riven: Surface temperature, 84°I".; surface barometric pressure, 29.90 inches.
Find: The ballistic density for a trajectory having a maximum ordinate of 18,000

%rhnhrln Table 111, with the arguments 84° and 29.90 inches, we find
d = .960.

From Table IV, with the arguments § =.960 and y, = 18,000 feet, we find
os = .993.

* At the present time the observed ballistic density for various maximum ordinates is
determined by aerological units attached to force flagships, and transmitted to vessels in the
vicinity of the latter. A complete deseription of the details involved in this determination is
given in Technical Regulations Nv. 1236-1 (U. 8. War Department, 1934).

f Ref. Aeronaulical Meleorology, Gregg; also Monthly Weather Review, S upplement
No. 20 (U. 8. Weather Bureau publication no. 768, May, 1922).
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This example shows that although in this case the variation from standard
density is 4.0% at the surface, the weighted mean variation for the entire tra-
jectory is only 0.7%, or about one-sixth of that indicated at the surface. Inspee-
tion of other values in the table indicates that the range of variations in aloft
densities is materially less than that in the corresponding surface densities, which
is in accord with the conclusions previously stated. For example, for values of &
which vary from .900 to 1.100, the corresponding values of &, for a trajectory hav-
ing 2 maximum ordinate of 18,000 fect, vary only from .967 to 1.054.%

425, Tt seems appropriate at this point to make a general appraisal of what
may reasonably be expected, in the way of aceuracy, from the whole scheme for
taking into account variations in air density, as outlined in the foregoing articles.
First of all, even when aloft densities actually are measured, they are combined
into a weighted mean by the application of weighting factors which are designed
to serve for a wide variety of trajectories and which must, therefore, constitute a
rather broad average. Considering, however, the degree of approximation that
must be accepted in the basie density observations themselves, under practical
serviee conditions, the use of anything more elaborate than the average weighting
factors hardly is justifiable. Table IV involves not only the average weighting
factors, but also a broad average of observations designed to apply without re-
gard to time of day, loeality, climate, season, or numerous other factors that may
influence the altitude-density relation. Table IV therefore can be regarded only as
a substitute for the better determinations which are based on actual observations.

It may be accepted that any errors ineident to the approximations entering
into the determination of a ballistic density from actual aloft observations, as out-
lined above, will be of a small order in comparison with other errors of gunfire.
The order of error involved in the use of Table IV, although it may materially
exceed that of the observational method, nevertheless has every likelihood of
being much smaller than that incident to the use only of the surface density fac-
tor.T

426, Atmospheric density varies only slightly with humidity, and the effect
of such variations from the standard humidity as are likely to occur in practice
may be disregarded altogether. Variations in atmospheric density
Ef;::i::a due to variations in humidity, within the probable extremes of the
in humidity latter over sea areas, are limited to about (+) 0.3%,1 with a cor-
responding, limiting effect of only about 0.19% on the range of a

trajectory.

427. The temperature of the air, entirely apart from its effect on atmos-
pheric density, affects the elasticity of the air. The latter, in turn, affects the

* Under the assumptions made in arriving at the conception of a ballistic density, the
latter, ns determined from these tables, would be expected to be equal to unity at all altitucdes
when the surface density is at standard (i.e., 5=1). That it does not actually fulfill these
conditions is due to the fact that the standard altitude-density relation (H,) assumed to apply
to standard surface density (§=1), does not agree exactly with the corresponding observed
relation which is embodied in Table IV. The slight variation of I, as assumed for ballistic
tables, from the observed average altitude-density relation for §=1, can be accounted for
by employing the ballistic density corresponding to é=1 in connection with values from the
ballistic tables.

t See also art. 1013.

t A table showing the effect on atmospheric density of variations in humidity, is given
in Table VIII, Technical Regulations No. 1236-1 (U. 8. War Department, 1934).
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s velocity of wave propagation in air (i.e., the velocity of sound).
temperature- Lhe dependence of the retardation function on the velocity of
:i;::;“‘? sound already has been noted in articles 409 and 411. A change in

the velocity of sound causes a change in the retardation function
throughout its entire length, but the effect of this change is much greater in the
critical portion in the vicinity of the velocity of sound than elsewhere. This may
be seen by examining the graph of the J-function (Figure 9). There is every reason
to believe that the abrupt change in this curve is closely associated with the
velocity of sound, and hence that the point where this abrupt change oceurs will
shift as the velocity of sound shifts. At the steep portion of the curve just preced-
ing the velocity of sound, even a small shift has an appreciable effect on the rela-
tion between retardation and velocity, although elsewhere the effect of a similar
ghift is much less.

It will be apparent that a correction for the effect of a variation in elasticity
due to a change in temperature, must be treated as a correetion to the retardation
function itself, and hence it takes on all the eomplications of the latter. Fortu-
nately the effeet of variations in elasticity, within the limits of such variations and
of the velocities normally encountered in practice, is small, and no serious error
results from negleceting it.* I'or high-velocity guns the amount of this effect on the
entire trajectory, measured in terms of the percentage variation in total range
resulting therefrom, does not exceed about .029} per degree (F.) of variation from
the standard temperature (59°). Through its operation on the air density, the
effect of the same one degree of variation in temperature may be as great as about
seven times the above,

428. I'or convenience in notation we will now combine the surface density
factor and the several factors pertaining to the projectile as follows.

The W
ballistic G e {4[]5:}
coefficient C Sid?

C is called the ballistic coefficient, and it is a meagure of comparison between the
retardation of a given projectile in air of a given surface density, and the retarda-
tion of the standard projectile in air of standard surface density. According to the
relation stated above, retardation varies inversely as the ballistic coefficient, C.

We may now consider the values of &, in the G-table to express retardation
for the conditions under which C'=1, and for any given set of conditions the re-
tardation, according to the G-function, is defined by

o o (407)
.

For example, to find the retardation at 3000 f.s. for a 5" projectile whose weight
18 50 Ibs. and coefficient of form .600, in air for which §=.900, we have

* Consideration of the temperature-elasticity effect has entered the field of exterior
ballistics only comparatively recently, and subsequently to the determination of the G-fune-
tion. The latter therefore takes no account of this effect and retardations tabulated in the
(i-table necessarily represent an average elastieity corresponding to the range of tem peratures
under which the Gévre firings were conducted. As the normal average of temperatures en-
countered in practice probably varies but little from the Gévre average, any error resulting
from omission of a temperature-elasticity correction for variation of surface temperature from
the assumed standard (59°F.) should remain small. For trajectories which ascend to great
altitudes and hence encounter materially lower temperatures aloft, such a correction becomes
of greater significance, and the most recent hallistic tables include it.
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50
( =
900 X .600 X 25

In Table I, at 3000 f.s., we find G,=973.0 f.s.5., whence the retardation for the as-
sumed case is

= 3.7037.

973.0

f#d —
3.7037

= 262.71 f.8.5.

429. Range tables are always based on standard air density at the surface
(i.e., 6=1) and on the standard altitude-density relation defined by H,. The
special symbol 7 is used to define retardation under these conditions; that is,
E denotes the retardation of a given projectile due lo the resistance of air of standard
densily at the surface but correcled for variation of density with altitude, whence

G, X H
E = 5 : (408)

in which C is always based on §=1. For example, in making a range-table compu-
tation for a 5” gun whose projectile weighs 50 lbs. and has a coefficient of form
D ] equal to .600, the retardation at a point in the trajectory where
etermination ! . : g :
of retardation  the remaining velocity is 2000 f.s. (v=2000) and the altitude is
i?}‘;nf;;ﬁi‘;‘;lﬂ 1000 feet (= 1000), is found as follows. From Table I we find
G,=510.5 f.s.s. From Table 11 we find log H,=9.98628-10, With

§ =1 we compute C'=3.3333.

=Bl D R R A e s e e e G log 2.70800
I e ey B e e s R b e B e log 9.98628-10
G T BRE i R e e S R e e R colog 9.47712-10

b oFg L T et Y N SRR SR e L log 2.17140

430. The following is an elementary example of the process of finding the
coefficient of form.

Given: A 6" projectile weighing 105 Ibs. was fired practically hori-

zontally through two pairs of sereens. The distance from the
gun to the midpoint of the first pair was 400 feet, and to

Elementary the midpoint of the second pair 915 feet. The mean of ten
ﬂfetprminatiun shots gave as the mean velocity between the first pair 2211.7
ol 1

f.s. and between the second pair 2182.3 f.s. The temperature
of the air was 57°F. and the barometer 29.75 inches.

Find: The coefficient of form of this projectile according to the
(/-function.

We may proceed to determine the retardation from the experimental data exactly
as was done in arficle 404.

(r—02) =20 4. .. covie i e log 1.46835

(i 0a) mABBE . . o hs s sactie s e e e log 3.64286
3 B 1 N A R P e log 3.01284. .. .colog 6.98716-10
I L b B E R R e log 2.09837

The actual retardation was therefore 125.42 f.8.5. at the veloeity 2197 f.s. (ap-
proximately). According to the G-function the retardation of the standard pro-
jectile at 2197 f.9.is G, =591.7 f.5.s. The disagreement between the experimentally
measured value and the tabular value must be aceounted for by the ballistic co-
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efficient, and since in the latter we can direetly evaluate §, w, and 4%, any remain-
ing disagreement must be assigned to 7. We will therefore expand (407) and then
rewrite it in terms of 7, as follows
did?
Ra — (;;_r >< L
w

R W

el

—

(409)

We may now solve (409) to find the value of 7 that is required to establish the
required agreement between the measured retardation and the G-funetion. From
Table III we find 6=1.012.

B L o o B s Lo e e o log 2.09837
= LD, (s s s s s s JOE 0L 00818 L soeolog 9, 9048210
1 I e S Ll e o S log 2.02119

b= T o e s i e A R e log 2.77210. .. .colog 7.22790-10
e 5 o o L log 1.556630. .. .colog 8.44370-10
B BIEES ol i B  E E E E  S A log 9.78598-10

The coeflicient of form we have thus found, practically .61, has only a limited
application. For other trajectories than the one here involved it may differ some-
what, for reasons that have already been gone into at length (arts. 413-416). But
even a very elementary determination of this type may be useful for a first ap-
proximation of the coeflicient of form of a projectile.

tXERCISES
1. Compute the values of log C for the cases listed in the following table.

DATA ANSWERS
Problsm Projectile Atmosphere (surface) log €
d n . Temp. Bar. :
(in.) (Ihs.) 4 (°I".) (in.)
R e 3 13 .00 61 29 .80 0.15710
T 4 30 0.67 6.5 29.60 0.49268
R I 5] al) 0.59 ¥ 30.20 0.51734
e S T £ 105 0.6l 70 30 . a0 0.67524
R e S 260 0 .61 R85 20.75 0.84437
R 12 s70 0.61 93 30.20 1.01811
I R Nt 14 1400 0.70 G4 29 .80 1.01401
Sl 16 2100 0.61 32 30.15 1.00482

2. Find the surface density factor 6 (Table III), and the ballistic density
iy (Table 1V), for the following cases.

DATA | ANSWERS
Problem Atmosphere (surface) Maximum
ordinate ] by
Temp. (°F.) | DBar. (in.) (feet)
e 35 29.60 1000 . 990 .991
2 T e 85 29.75 18000 953 001
e PR s 57 30.25 S000 1.030 1.026
4. . 69 29.80 13000 . 088 1.003
5 e e 32 30.15 15000 1.081 1.050
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3. Given the measured velocities of a projectile at two points, as determined
by firing horizontally through screens, compute the retardation and resistance
due to the atmosphere, and state the velocity (approximately) to which the results
apply (g=32.16).

DATA ANSWERS
Eiatan e L*i[msur&d o
elbween velocities at ply
Problem w points of R. R, Izn
(1bg.) measure- | First Second ([.8.8.) (1bs.) velocity
ment point point (f.s.)
(ft.) (f.s.) (f.5.)
R R L 13 o010 2680 2572 HhG67T .20 229 .28 2626
e a0 H00) 3140 3088 323 .85 503.50 3114
- TN B 870 a0 2870 2854 01,58 2477 .6 2862
O T 2100 SO0 2500 2578 62.02 4049 .4 2584

4. Find the retardation of a projectile at the earth’s surface, according to the
(r-funclion, for the following cases.

DATA ANSWERS
o Atmosphere
Projectile p
(surface) Velocit iR
Y o

Problem (f.s.) (f.s.8.)

d w . Temp. Bar.

(in.) (Ihs.) . (°F. (in.)
Vo e 4 33 0.67 65 29 .60 2300 203 .82
L R e T 6 105 0.61 70 30 .50 2584 160.92
| R T 8 260 0.61 85 29.75 2730 119.06
" 14 1400 0.70 64 29 .80 2580 73 .68
B 16 2100 0.61 32 30.156 25605 60 .52

5. Given the measured velocities of a projectile at two points, as determined
by firing horizontally through sereens, compute the coefficient of form according
to the G-function. (Use V to necarest f.8. in entering G-table,)

DATA ANSWERS
S T Atmosphere Measured :
Projectile (surface) velocities at E‘Em““ﬁ
Problem e_tween
points of i
d ” Temp. Bar First Second | measure-
~ E : point, point ment
(in,) (1bhs.) (°F) (in.) (£.5.) (f.5.) (ft.)
| e et 9 13 8o 20.76 2660 2562 G 1.0015
- Barsar e b 50) 32 30.15 3120 S066 S00 60272
e ] 12 870 Y 30.25 2840 2824 500 60187
" TRl 16 2100 6o 290 .80 2610 2599 H00 61687
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THE DIFFERENTIAL EQUATIONS OF MOTION OF A PROJECTILE
IN AIR AND SIACCI’'S METHOD OF SOLVING THEM.,

New Symbols Introduced

B A e Radius of eurvature of the trajectory at any point.
) PR o e e Differential of the length of arc of the trajectory.
J).............A general notation for the function of velocity taken to

express the retardation of a projectile due to air resistance,
under the condition C'=1.

AL LD T The pscudo veloeity; a component of the remaining veloe-
ity obtained by projecting the latter vertically upon the
line of departure or a line parallel thereto.

ST e L The altitude factor in Siacei’s Method; the ratio of air
density at the surface to air density at the height of the
mean ordinate of the trajectory.

B...............An approximate constant devised by Siacci to reduce the
differential equations to an integrable form.
N R A The Siacei C; the ballistic coefficient augmented by Siacei’s

approximate mean-value constants f, and 8, and used only
with Siacei’s Method.

Suy Ty Tuy Ay. ... These repregent integral expressions occurring in Siacei’s
Method, which have been tabulated.

501. The motion of a projeectile in air, imparted to it initially by the gun, is
modified in flight by two forees, namely, the foree of gravity and the foree of air
resistance. In terms of their corresponding accelerations, and according to the

w w
general law F=— «, these forces are represented by the expressions, —Xg,
{ q

w
or w, for the force of gravity, and —X I, for the force of air resistance. The
4

Forces trajectory being curved, as a consequence of the action of gravity,
acting d i . j 2
upon the & centrifugal force is set up; the latter, for any point in the trajectory

projectile where the radius of curvature is p and the remaining velocity v, is rep-

W 1’2 *
resented by the expression —X—- The force of gravity operates vertically and

i P

the force of air resistance in the direction of the tangent to the trajectory, and
the direction of the centrifugal foree is normal to the latter.

* Ref. any standard work on mechanies.

43
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At any point P in the trajectory (Figure 11) the force of air resistance has a
zero component in the direction normal to the tangent at that point, i.e., along the
radius of curvature OF at that point. The angle of inclination at the given point
being 8, the foree of gravity has in this same direction the component w cos 6 act-
ing directly toward the eenter of curvature, and the latter is exactly balanced by
the centrifugal force acting directly away from the center of curvature. We have,
then,

w p2

— X — = w cos f

g P
EE
— = g cos 0. (501)
p

Ficure 11

In terms of s, denoting length measured along the are of the trajectory, the radius

®

of ecurvature of the trajectory at point P is p= ——é-; substituting this value in
{

(501), and transposing, we have

2

)
ds cos 8 = — — db,
]

* Ref. any standard work on mechanics,
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Since ds cos 0 =dx, we may write from the above

m

dr = — — do (502)
g

Also, since dy =dzx tan 8, we may write from (502)

HE
dy = — — tan @ db. (503)
[
Dividing both sides of (502) by di
dx vt df
i g di
: dx
and since —KE= v cos @, we have
p* df
veos fl = — — —
g di
whence
v
di = — — sec 6 db. (504)
q

502. We have already found that the retardation of a projeetile due to air
resistance is not expressible in any simple form, but we know that it is a funetion
of the velocity. Mayevski’s functions state this in a formal manner by means of
the expression (403), while the Gévre function states it in tabular fashion. For
convenience, we shall use the notation f(v) (i.e., a function of the veloecity) to ex-
press the retardation due to air resistance for the condition €'=1. We also have
found that the retardation due to air resistance is inversely proportional to the
ballistic coefficient, which combines the various constants that pertain to the
projectile and atmospherie conditions of any particular ease. Acceleration is de-

dv
noted by Eﬁ-; and we may therefore write
- 1)
= — )
di C

Also, since v cos @ denotes the horizontal veloecity we may write for the horizontal
component of aceeleration

d(v cos @)
dt

1
= — — J(¥) cos @.
GIE)

Substituting for dt in the above its value ag found from (504), we have

g d(v cos ) B 1 ) ;
—vsecOdd UftJ o
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or

d(v cos ) = —lc— %ﬂ:ﬂ) dé. (505)

503. We now have derived the following differential equations, which state
the relations among several elements of the trajectory in air.

ﬂﬂ

dr = — — df (502)
q
92

Differential dy = — — tan 6 d6 (503)
equations )

pertaining

to the v

trajectory dl = — — sec @ df (504)
in air {
:

d(v cos 0) = 7 Ef(v} de. (505)

Each of the equations (502), (503), and (504) contains the variables » and 0, in
addition to the variables to be solved for (i.e., dz, dy, dt). Equation (505) gives a
relation between » and 6, and the solution of the entire system represented by the
four equations depends upon the solution of (505). We shall therefore refer to
(505) as the chief equation ;™ for if values of » corresponding to any given values of ¢

are available, then (502), (503), and (504) can be integrated within
Ehi.ligf any limits of @, and the values of z, y, and ¢ for any point in the tra-
equation Jectory may be determined. The solution of the chief equation, how-

ever, depends in turn upon knowledge of the retardation function,
represented by f(v), which appears in it. We have already seen that f(v) itself is a
very complex function, and hence many difficulties are involved in the solution
of the chief equation.

504. Historically, the methods of solution of the chief equation went through
stages closely related to those we have already noted in the development of the
retardation function (art. 409). The earliest methods concerned themselves with
solutions under monomial laws of retardation, that is, laws assuming retardation
to vary as the square, cube, fourth power, etec., of the velocity. As early as 1719,
Bernoulli stated the integrations in terms of a law assuming retardation to vary
as the nth power of velocity, that is, for f(») =kv* (n being an integer). In 1744,
d’Alembert gave a solution for a more general law of the form f(») =kv+4g¢q. A
further mode of attack, designed to establish laws which would more accurately
represent the known velocity-retardation relation and yet leave it possible to
apply formal integration to the chief equation, lay in deriving from the latter
numerous forms which would serve the purposes of integration, and in attempting

to fit the velocity-retardation relation into one of them. Numerous

Exact solution ; o , Y TR :
e the ahick such forms were offered from time o time, Siacci alone having

equation in given out fourteen of them, but no advantages were derived from
terms of an : ; e .y : ; :
SBEc it this mode of attack. The significant feature of all of these early

retardation law methods was the attempt to reduce the retardation funetion to a
form permitting formal integration of the chief equation in a single

* If values of v and their corresponding values of # be laid off as vectors from a eommon
origin, with v as the vecfor length and # as its inclination with respect to the axis of coordi-
nates, the curve connecting the extremities of these vectors is called, in mechanies, the
hodograph of the motion thus represented. Equation (505) is the equation of the hodograph
for the motion of a projectile in air.
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gtep; that is, these methods all resorted to approximate forms of the retardation
funection, although adhering otherwise to exact solutions of the chief equation.

505. The general acceptance of the system of establishing zones of veloeity,
with a separate monomial law for each zone, was followed, naturally, by methods
of solution appropriate to this scheme. As has already been noted (art. 409), the
most generally favored of the systems based on zones was Mayevski’s series,

which is represented by the general expression Rn:E v*, with 4 and avarying

from zone to zone but remaining constant within a given zone. To apply this ex-
pression to the chief equation we replace f(v) with Av* and have

The chief equation 1
in terms of d(v cos 0) = — — pletdg, (506)
Mayevski's functions O g

Considering that both A and @ vary from zone to zone it is neeessary, first of all,
to perform the integration of (506) in zones. Moreover, in order to separate the
variables it is necessary to resort to some form of approximation.

Varioug methods of solving (506), or forms of similar nature (i.e., based on
zones), have been offered. They are all characterized by the establishment, among
the variables of the chief equation itself, of certain relations which remain nearly
constant for a given trajectory and whose approximate mean value for a given
trajectory may be evaluated independently of the integration. The separation of
these relations from the variables of the chief equation, in the form of mean-
value constants, then leaves the equation integrable. However, these devices do
not eliminate the necessity of performing the integration zone by zone, with the
appropriate retardation funetion applied in each zone. Several of these methods
have been developed to the extent of preparing tables of the integrated values of
one or more forms employed in the final evaluation of the differential equations,
and thus have eliminated the necessity of actually performing integrations zone
by zone for each problem.™

It is noteworthy that the type of procedure just discussed accepts approxi-
mation in eonnection with the form of the chief equation, but adheres without
compromise to the best experimental determination of the retardation function
that may be available, This is just the reverse of the earlier mode of attack that
has been discussed in the foregoing article. Also, it is significant that the later
procedure abandons the attempt to perform the necessary integrations for an
entire trajectory in a single step, and resorts to separate integrations with re-
spect to each of the several velocity zones that may be included within the limits
of a given trajectory.

Siacci’s Method

506. As an illustration of methods of the type mentioned in the foregoing
article we shall examine briefly Siacci’s Method. Col. Siacei, an Italian artillery
officer, published his method initially in 1880, and in 1888 and 1896 he published
extengions of his method, including additional refinements and tables baged on
different retardation functions than first assumed. His method, while employing
devices similar in character to those of several confemporary methods, achieved

* An exhaustive discussion of methods of the type noted here, as well as of the earlier
types mentioned in article 504, is given in pp. 88-215, Handbook of Ballistics, Vol. I, by
Cranz and Becker.
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greater simplicity than did the other methods and was widely used by the bal-
listicians of nearly all countries, including the United States, until about the time
of the World War, In the United States, Siacci’s Method was further simplified
in its application to actual solutions of the trajectory, although not altered in
principle, by Col. Ingalls (U.S. Army). Siacei adapted his method not only to
Mayevski’s retardation functions but also to other retardation functions of the
zone type. In the United States, Mayevski's functions in the form given by Ingalls
(art. 409) are used with Siacei’s Method.

507. One of the approximations made by Siacei was designed to avoid the
complications that would result from introducing into the chief equation the
function representing the change of air density with altitude (that is, a function
such as I, which already has been defined in article 420). It consisted simply
of assuming that this function ean be reduced to a mean value for an entire

R trajectory, and in this manner be treated as a constant. Various
Approximation of 1, cedures have been offered for determining such a mean air
density relation.  density; the practice in our serviees, in connection with Siacei’s
o8 miHiud Method, has been to assume the mean density for the entir
factor f, , y S B

trajectory to be the density at the height of its mean ordinate,
and to take the latter as equal to two-thirds of the height of the maximum ordinate
(which is exact only for a true parabola). This approximation is found to be satis-
factory for trajectories having angles of departure up to about 15°.* In our serv-
ices this altitude-density relation has been denoted by the symbol f, and called
the altitude factor. The factor f, has been chosen to represent the ratio of air
density at the surface to air density at the height of the mean ordinate, and
henece it operates as a divisor of the surface density factor 6, or as a multiplier in
(' (note that the ratio I, has been taken in the reverse sense).

Since the value of f, depends upon the maximum ordinate, and the deter-
mination of the latter, as well as of all other elements of a trajectory, depends
upon prior knowledge of f,, it is necessary in the Siacei Method to make a solu-
tion first without f, and to determine an approximate value of this factor from
the approximate maximum ordinate thus obtained. By means of further succes-
sive approximations the value of f; may then be established with any desired de-
gree of aecuracy and the solution eompleted.

508. The principal feature of Siacei’s Method is the deviee leading to the
separation of the variables of the chief equation, for the purpose of putting the
The volosity latter in shape for formal integration. This device consists of intro-
component u, ducing into the chief equation a relation between the remaining
or pseudo velocity » and a component u of the latter obtained by projecting
velocity i : :

p vertically upon the line of departure (or a line parallel thereto).
This component u is called the pseudo velocity. As shown by Figure 12, this relation

18
% cos ¢ = v Ccosd (H07)
also
U CO8 ¢
= - (508)
cos 0

e —

+ A somewhat closer approximation for the mean ordinate is given on page VIILI, Ar-
tillery Circular M (1917); it shows that the assumption . = §y. is in error by less than 1%
for ordinary trajectories having angles of departure less than about 15°.
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Ficure 12

Substituting these equivalents of v cos @ and of v in the left-hand and right-

hand members of (506), and introducing into the latter at the same fime also the
altitude factor f,, we have

1 A / ucos ¢ \fletD
d(u cos ¢p) = X ) de.
T X Bosd

Writing du cos ¢ for d(u cos ¢) in the above, and expanding the term in the
bracket, we can transpose the equation to the form

o ( d cos® ¢ 10 500)
- X :-'1_ }{ ufﬂ"}‘” i BDS{H+1} ﬂ ; { :

The following operations are now applied to terms in the right-hand member of
(ﬁﬂﬂ]:

cos® ¢ = cos™? ¢ cos? ¢
1 1

. = sec? @
cogletl) g cogle—1 g

and substituting these equivalents in (509) we have

du cogle—2)
1.0 X % % 5 ( it

u{ﬂ-+1}

cos® ¢ sec? 0 df. 510
cosle—l § ) $ ( )

509. LEquation (510) has been put into the form shown above deliberately for

cogle—9 ¢

GDH{U—“H E

the purpose of ereating therein the expressiﬂn( ) , since it has been

found that a mean value of this expression for an entire trajectory ean be approxi-
mated satisfactorily in terms of initial elements, and hence ean be determined in-
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dependently of the variables ¢ and u and hence of the integration of (510). We
will therefore denote this expression by the special symbol 8, so that

The factor g 3 = 2 (611)

E{JE[“"‘” H‘

and treat 8 as being independent of the variables of (510), i.e., as a constant.
We may now proceed to put (510) into form for integration, first replacing
the value in the bracket by its symbol 8, whence

rox Lo
e A 7 oyl

= (3 cos® ¢ sec? @ df

and we may then transpose the above to the form

b P g ) du

sec? @ df = ( o .
u(n+l}

512
B A cos? ¢ o)

Since f, and g are to be regarded as constants applying to an entire trajectory,
we may simplify our notation by combining them with (!, which already contains
other such constants; thus

The Siacci Ja
i i g;cm 0. =_¢. (613)

This artificial combination represented by €, is called the Siacei €, and it is a
special form of the ballistic coefficient to be used with Siacei’s Method only.
We may then finally write the chief equation, from (512), in the form

The chief equation in

Cuy du i
terms of Mayevski’s sec® 0 df = — . (514)
functions and Siacci C A cos? ¢ / wletd

Now all the terms in the bracket in the right-hand member of (514) are independ-
ent of the variables 6 and u, and the latter are completely separated. The integra-
tion may then be expressed as follows,

g C.g v du
f sec? f df = f (515)
& A cpsﬂ b Jy ALY

the limits for 8 being its value ¢ at the origin and its general value 6 at any point
in the trajectory, and for w its value V at the origin and its general value u at any
point in the trajectory.
The integration of (515) presents no difficulties except that for the right-
hand member it must be performed in as many steps as there are velocity zones
within the chosen limits of velocity. For example, if Mayevski’s re-
ﬁff‘tfﬂfé?;‘f tardation functions are to be used, and if the integration is to be be-
equation tween the velocities 2000 f.s. and 1600 f.s., then the integration must
proceed through the following steps: from 2900 f.s. to 2600 f.s. with
a=1.55 and log 4 =7.60905—10; from 2600 f.s. to 1800 f.s. with a=1.7 and
log A=7.09620—10; and from 1800 f.s. to 1600 f.s. with a=2 and log 4 =6.11926
— 10 (art. 409).
510. We will now examine very briefly the manner of applying the solution of
the chief equation to the solution of another of the differential equations (art.
503). The equation for range is
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vl '
dz = — — db. (502)

d
From (508) we have the relation v=wu cos ¢ see 8; substituting this in (502) we
have

u® cos? ¢
dr = — ( )EE{}E ¢ ¢l
g

and substituting in the above the value of sec®f d# as given by (514) we have

( u? cos? :ﬁ) ( g ) du
dr = —
q A cos® ¢ / ufetl

4 G d i
r = — I 7 e . (516)

which simplifies to

The integration of (516), between the origin where u=V and =0, and any point
in the trajectory where velocity and range have the general values u and z, is
then expressed as follows

Integration of the z Gy ®
differential equation de = — — (517)
for range 0 A Jy yle—b

and this integration again offers no difficulties except that it must be performed in
steps for each velocity zone within the limits of V and u, as already explained in
the foregoing article.

A simplification of the ultimate process of solution for range may be achieved
by tabulating the integration of the right-hand member of (517) for the entire
range of velocities likely to be encountered in practice. This is done as follows. We
will choose for the tabulation the quantity

1 du
The space I e
function Su = Af 2a—1) (518)

and starting with 3600 f.s. perform the integration successively, for small intervals
of velocity, down to the lowest velocity likely to be used, changing the values of
A and a as we pass from zone to zone. Having once done this, the value of the
integral for any velocity may be found directly from the table by entering with the
given velocity, and the solution of (517) is simplified to

z = C,(Su — Sv). (519)

511. The integral denoted by S, is called the space function in Siacei’s
Method. In a similar manner an inclination function I, may be separated from

Tabulation of (515) and tabulated. Operations similar to those shown above

integral func- for the range equation (502), lead to an altitude function A,
‘E&“‘:&i‘:‘j" Siacel’s  when applied to (503), and to a fime function T, when applied

to (504). Tables of each of these functions were prepared by Si-
acci. Ingalls prepared tables of the same funetions, in English units, for velocities
from 3600 f.s. to 100 f.s., using Mayevski’s retardation expressions in the form
given in article 409, Ingalls’ tables appeared soon after the first publication of
Siacei’s Method and have been used by our services, in connection with the latter,
since that time.
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512. As shown in article 509, the factor g was arbitrarily chosen to represent

the relation
GDE{EHH 'i’
g = (511)

coglo—1) g

and then treated as a constant (contained in C,) in the chief equation (515). Since

the cosine of a small angle varies but little from unity, it is evident
f]if}litgf g that B does not vary much from unity for small values of ¢ and 8.

For example, let us examine the values of 8 for the trajectory of the
16”2600 f.s. gun at about 13,300 yards, for which the angle of departure is about
7°, the angle of fall about 99, and the striking velocity about 1821 f.s. Since the
velocities on this trajectory are all in the zone 2600-1800 {.s., the value a=1.7
applies at all points. We ean then evaluate g8 for several points in the trajectory
as follows. At the origin #=¢=7°, whence

cos—* T°
g = = 1.008.
cos? 7°
At the summit =0° whence
cos—3 T7°
B = = 1.002.
cos’ 0°
At the point in the descending branch where = —¢
5 cos—*7° 11008
(TS TS ek
At the point of fall # =w=9° whence
cos— % 7"
= = 1:011.
cos? 9°

The flat portion of the trajectory on both sides of the vertex is relatively much
longer than the more curved portions near the ends; the portion beyond the point
in the descending branch where 8 = — ¢ is only a small fraction of the whole length.
A weighted mean of the above values is about 1.005, and this represents as ac-
curately as necessary the mean value of 8 for the above trajectory. As the tra-
jectory becomes more curved the mean value of 8 increases; for an angle of de-
parture of 15° in the above case il becomes about 1.018. Siacei prepared fairly
elaborate approximations of 8 for a wide variety of eases. The practice in our
services has been to use f=+/sec ¢, which is found to give a satisfactory ap-
proximation for trajectories having angles of departure up to about 15°.

The significant feature in the choice of the factor g is that its value may be
approximated from the value of ¢, which is known. The device which makes pos-
sible the establishment of this fortunate relation between ¢ and 8 is the introdue-
tion of u as defined by (507),

513. Our present purpose is to investigate chiefly the character of Siacci’s
Method. The devices leading to the adoption of the approximate mean-value
constants f, and B, the introduction of these into the chief equation in such a
manner as to render the latter subject to formal integration, the general character
of the integration remaining to be performed, and the simplification of the latter
(by means of tables of S,) in the case of the differential equation for range, have
been examined. No new principles are involved in applying the process to the re-
maining differential equations; the choice of additional integral expressions for
tabulation has been touched upon in artiele 511. It is not necessary for our present,
purpose to go further into the details of setting up the formulas and tables or of
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making solutions. However, since Siacei’s Method is still used, to a limited extent,
by the U. 5. Navy, a more complete treatment of the details leading to final solu-
tions of the trajectory by this method is given in Appendix A.*

Siacei’s Method, receiving wide recognition almost immediately after its
first publieation, remained the standard among ballisticians of nearly all eoun-
tries for some thirty-five years, until the time of the World War, when it fell
quickly to a secondary position. The reason for this will be apparent from an
examination of the limitations imposed by the approximations used in this
method, which are characteristic of all similar methods.

514. The use of a mean altitude-density factor pertaining to an entire tra-
Jectory (such as f,) has the serious defect that it compromises the accuraey of all

intermediate points of the trajectory in favor of the terminal point.
ﬁ;’giit:g{i:?,gs By resorting to sufficient elaboration in determining a mean ordinate,
Method a satisfactory value of f, may be determined even for trajectories

having the greatest angles of departure used in practice, but any value
of f, so determined can satisfy the econditions for only one point. If it is desired to
fix accurately a number of points in a trajectory, as is the case in antiaireraft
problems, it is necessary either to accept a diminished degree of aceuracy for all
points other than the one for which f, represents the correct mean, or else to de-
termine a new f, for each point to be found. Sinee accuracy at all points is essen-
tialin the computation of antiaireraft trajectories, the latter course becomes neces-
sary in the application of Siacei’'s Method to such trajectories.

The same situation exists in the ease of Siacei’s other mean-value constant,
B. The difficulties in determining a satisfactory value of this factor, even in the
solution for terminal elements of trajectories having great angles of departure, are
greater than in the case of f,. The determination of satisfactory values of g8 for
intermediate points, as required for antiaireraft trajectories, leads to further com-
plications. The fortunate relation that g very nearly equals +/sec ¢ ceases to be
true not only for trajectories having angles of departure greater than about 15°
but also for points other than the point of fall. In dealing with either of the latter
cases 1t is neeessary to resort to more elaborate approximations of the mean value
of G.

The great favor accorded Siacci’s Method rested solely upon the latter’s
simplicity. The development of long-range fire and antiaireraft fire, and the con-
sequent need to deal with trajectories of great length and curvature, and with
other than terminal elements, imposed on Siacei’s Method such an elaborate
superstructure of approximations that its feature of simplicity disappeared almost
completely. The natural outeome of this was the abandonment of the entire
system of approximations and the development of methods of unlimited ap-
plication,

At the time of this writing Siacei’s Method is still used by the U. 8. Navy, in
the computation of range tables for surface fire, for angles of departure up to 15°.
It is anticipated, however, that in the near future the more recent method will be
extended to the computation of our range tables for all angles of departure.
Ballistic tables based on the latter method, which are at the time of this writing
in the course of preparation by the U. S. Army, will reduce to very simple terms
the immediate problem of constructing range tables.

* The complete derivation of all formulas of the Siacei Method and Ingalls’ simplifica-
tion thereof, and detailed demonstrations of their solution according to the latest practice
in the U. 8. Navy, are given in the 1926 and 1930 editions of this book. Tngalls’' tables are
given in the 1926 and 1930 editions of Range and Ballistic Tables.



CHAPTER 6

THE SOLUTION OF THE TRAJECTORY IN AIR BY THE
NUMERICAL INTEGRATION METHOD.

New Symbols Introduced

e s T S Horizontal and wvertical components, respec-
tively, of the remaining velocity » of the pro-
jectile at any point z, ¥.

e et Horizontal and wvertical components, respec-
tively, of the total retardation experienced by
the projectile at any point z, y.

Zo, Yo'y Vo, P, €tC... .. ... l The subseripts denote the point to which the

values pertain; for instance, z; is the value of

r at the point where the time is zero, i.e., at

the origin; ¥4 is the value of ¥’ at the point

which has been reached by the projectile after

1/4 second of flight; vs;» is the value of v at

the 1 1/2-second point; £, is the value of E

at the l-second point; and so on.

Tw''s Twm'y Yum''s Ym oo ... The mean values of the retardation or velocity
components for the particular interval in which
the quantities are used.

!
Tisay Y14y Vuypay By, cte.. .
32, Efwsf; Vaye, Ha;z, ete.. . 5

601. The limitations of Siacei’s Method and of other similar methods of ap-
proximation were appreciated long before these methods finally were relegated to
a secondary position, during the period of the World War. That this did not hap-
pen much sooner may be attributed entirely to the additional labor incident to
more accurate and universally applicable methods, and to the faet that the de-
feets inherent in the approximation methods did not reach sufficiently great pro-
portions, in connection with the comparatively restricted problems encountered
prior to the World War, to warrant such additional labor.

It has long been known that the most complex of equations
E:fllg;!’ﬁ:‘;ﬂ_ can be solved by a step-by-step process, and such procedure
cal integration  has been applied in astronomical computations for some two
centuries. Kuler, in 1753, gave a solution of this character for the

ballistie problem. As deseribed by Cranz in his Handbook of Ballistics, Vol. 1,

“His method depends on the summation of dx, dy, dt, ds. He treats the tra-

jectory as a polygon of an infinite number of straight arcs As, and thence

makes up the finite expression for the corresponding projections, Az and

Ay, as well as for the corresponding time Af; he then sums up the Az, Ay, Al

to z, y, . He assumes the quadratic law of air resistance.”

This deseription also fits the modern method remarkably well. Tables based on
Iuler's principle, and designed to eliminate the necessity for performing the
tedious step-by-step integrations for each problem, appeared soon after this
principle was first announced. The most noteworthy development along these

o4
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lines was given out by Otto, in 1842, In 1873, Bashforth published a method cor-
responding to that of Kuler but based on the cubie law of air resistance.

Graphical equivalents of the step-by-step method of solution also have ap-
peared from time to time. In 1828, Poncelet and Didion gave out a method which

‘ consisted essentially of constructing the trajectory graphically by a
Graphical . WSrEE . s
solutions  Progression of arcs struek with successively determined values of the
radius of curvature (which amounts practically to a step-by-step
graphical construction according to the analysis given in article 501 and illustrated
in Figure 11). Cranz, in 1896, proposed a graphical process that is a near equiv-
alent to one of the computational methods now in favor. His process was based
on short intervals of time, and depended on locating successive points along the
trajectory by projecting forward along the tangent for the mean velocity during
the particular interval, and vertically downward for the effect of gravity during
the interval. In 1909, Cranz introduced a proecedure which consisted essentially
of graphing the differential equations (art. 503) and of making the necessary sum-
mations of de, dy, dl by means of a planimeter or integraph.*

602. It may then be said that the eomparatively recent adoption of the step-
by-step process as the ultimate in methods of solution of the ballistic problem, is a
reversion to a prineiple that was among the very earliest to be applied to this
problem,—although, since its reappearance in recent years, it has often been
thought of and referred to as a new departure in the science of ballistics. In its
mocdern form, the step-by-step solution of the trajectory is carried out by the proe-
ess now generally known as numerical integration, differing from Euler's Method
chiefly in that it is o higher development of the latter and in that more complete
and more accurate retardation data are now available for use with it. Numerical
integration has been applied extensively to the solution of differential equations
since long before its recent reappearance in the field of ballistics, and the develop-
ment of the process has resulted from its general applications rather than from its
application in the latter field. Modern texts dealing with the solution of differen-
tial equations generally include treatments of the theory and practice of numerieal
integration.

Numerical integration methods for the solution of trajectories were de-
veloped independently and practically concurrently, both here and abroad,

; during the latter part of the World War. The French and British,
Esgpet;?éalﬂf however, led in the practical application of such methods and before
integration  {he end of the war they were using ballistic tables based on numerical
{hmodern  integration. In the United States the application of numerical inte-

_ gration to the solution of trajectories was due chiefly to F. R. Moul-
ton, professor of astronomy at the University of Chicago. Moulton, having been
commissioned a Major in the United States Army, was placed in charge of the
Ballisties Branch of the Ordnance Department of that service early in 1918, and
shortly thereafter gave out the essence of the methods which have since that time
remained in favor in this country.{

603. Numerical integration consists essentially of evaluating a differential
relation between two V.,a,u.,l,bles by assigning numerical values to one of them in

* For [urther deseription and discussion of the methods here mentioned, and of many
others, see Handbook of Ballistics, Vol. I, Cranz and Becker.

T In his book, New Methods in Extertor Ballistics, published in 1926, Moulton gives an
account of his investigations in the field of ballisties both during the war period and subse-
quently in connection with his post-graduate instruction of officers of the U. S. Army and
U. 8. Navy at the University of Chicago.
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successive, regular intervals, and finding the corresponding incre-
Eﬁ;‘;ﬁcﬂ ments of the other for the chosen intervals. The integrated value of
integration one of the variables with respect to any chosen limits of the other may
be determined by summing the successive increments of the former
within these limits. In applying numerical integration to the solution of the dif-
ferential equations of the trajectory as they are stated in article 503, we are still
confronted with the necessity of solving first the chief equation (505). Since the
latter expresses a relation between v and 8, we can either integrate v by assuming
successive values of 8, or integrate 8 by assuming successive values of ». That is,
having the initial values at the origin, where 0=4¢ and v=1V, we can assume suc-
cessively decreasing values of 8, say in 10 intervals (A6=10"), and determine the
corresponding reductions in v(or Av); by reducing v successively according to the
Av's thus found, we can establish the value of » corresponding to any value of 0.
Likewise, we can assume successively decreasing values of v (say Av=10 f.8.),
and thus determine the value of 8 corresponding to any value of ». Whichever of
these procedures has been chosen, we can then apply a like process to each of the
remaining differential equations. That is, if we have determined values of v cor-
responding to values of 6 (from (505)), we ean proceed to integrate
g%f;gn‘gmt r by applying to (502) successive small changes in § and their cor-
variable responding changes in ». The variable chosen to be the one that is
changed in successive regular intervals is called the independent

variable.

Solutions based on » as the independent variable are not convenient and are
not used. The French have made extensive use of methods using 0 as the inde-
pendent variable, and their ballistic tables (including some which are used in this
text) are based on this method. A number of variations also have been introduced,
both here and abroad, in which the independent variable is not a simple element
of the trajectory but a variable arbitrarily arrived at by certain transformations of
the fundamental equations (not, however, by resorting to approximation devices
such as Siacci’s). The method introduced by Moulton is based on the time ¢ as
independent variable, and this method is used by the U. S. Army for the computa-
tion of its numerical integration ballistic tables. Moulton’s Method (sometimes
referred to also as the rectangular method) is by far the most obvious of the many
methods based on numerical integration, It possesses the advantages of directness,
simplicity, and accuracy to a high degree, although it does not lend itself to labor
saving technique as well as do some of the others.® An elementary example of the
application of numerical integration to the solution of a trajectory, using ¢ as the
independent variable, will be given presently. In the meantime we shall examine
the general character of the process of numerical integration as applied to bal-
listies, by applying the process to some very simple cases.

604. Let us suppose that a projectile is fired practically horizontally, and that

it is desired to determine how far the projeetile will travel while its
f’;ﬁfﬁf}faw velocity is being reduced a given amount by air resistance. In order
with v as  to confine our problem to simple terms, we shall assume a veloeity
:.T:‘.ﬂ’ﬁf;dent reduction small enough to leave the path to be considered practically
straight as well as horizontal—say a reduction from 1820 f.s. to 1780

* Examples of solutions using # as independent variable, including a variation used by
the French in the computation of their tables, are given in Chapters V and VI of Ordnance
Pamphlet No. 500 (U. 8. Navy), For examples of solutions by Moulton’s Method (using !
as independent variable) and by Bennett’s tangent-reciprocal method (based on an artificial
variable) see U. 8. War Depariment Document No. 984 (1919).
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f.s.—and also assume C'=1. We shall now proceed to determine the distance
covered by the projectile in steps each involving a reduction of 10 f.s., i.c., from
1820 to 1810, from 1810 to 1800, ete.

In the first of these steps the mean velocity of the projectile is 1815 f.s., and
for this mean velocity the retardation according to the G-funetion is 435.35 f.s.s.
(obtainable directly from Table I, since C=1). The time elapsing during the
reduction of 10 f.s. in velocity from 1820 f.s. to 1810 f.s. very nearly equals the

10 L.5.

reduction in velocity divided by the retardation, or + The distance
435.35 f.s.8.

covered during the same reduction very nearly equals the time elapsed multi-
plied by the mean velocity for the interval, or

10 f.s.
435.35 f.8.5.

X 1815 T8, = 41.7 feet.

Thus we have determined that while its veloeity is being reduced from 1820 f.s.
to 1810 f.s., the projectile travels 41.7 feet.

For the second interval the reduction is from 1810 f.s. to 1800 f.s., the mean
velocity i3 1805 f.s., the retardation corresponding to the latter is 431.25 f.5.5., and
the distance covered is

10

431.25

X 1805 = 41.9 feet.

Proeceeding similarly for the remaining intervals we obtain the results tabulated
below.

Reduction in » (f.8.) Distance eovered (feet)
18201810 41.7
1810-1800 41.9
1800-1790 42.0
1790-1780 42.2

———

Total 167.8

605. As to the accuracy of the above determination, the following observa-
tions may be made. The use of the arithmetic mean of the retardation pertaining
to the beginning and end of each 10 f.s. interval to find the time for that interval,
and of a similarly determined mean velocity to find the distance covered, both are

sources of inaccuracy, since the velocity-retardation relation is not
Eﬂfﬁfmq a linear function. What degree of inaccuracy hag been incurred by
afforded by using 10 f.s. intervals can be determined very ecasily by making the
?nlfeugigfiiln computations for much smaller intervals. A determination of the

distance covered for the velocity reduction from 1820 f.s. to 1810 f.s.,
in five 2 f.5. intervals, also gives 41.7 feet (in fact, the result obtained by using
2 f.8. intervals from 1820 f.s. to 1810 f.s, agrees to five places with that obtained
in one step as above). Using but a single interval for the entire reduection from
1820 f.s. to 1780 f.s., the result obtained differs by less than a tenth of a foot from
that obtained in four steps as above. (Taken to five places, the result obtained by
using one 40 f.s. interval is 167.75 feet, compared to 167.78 feet as obtained by
using four 10 f.s. intervals.)

It is apparent, then, that we can secure as great accuracy as may be desired,
in this method, merely by regulating the size of the interval used in the inde-
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pendent variable. In the specific instance defined by the above problem it appears
that for the determination of distances, intervals of 10 f.s. afford accuracy to the
hundredth of a foot, while for acecuracy to the tenth of a foot intervals as great
as H0 f.8. ecertainly might be used. In any case, the magnitude of the interval that
may be used depends on the quantities involved and on the degree of accuracy
desired, and it may be determined readily by a few trials. Inspeetion of the differ-
ences between the successive values obtained with any chosen interval gives a
good indication of the degree of inaceuracy that is being incurred by the use of
linear averages within the intervals. Inspection of the first differences in the tabu-
lation given for the results in the above problem indicates at onece that the inac-
curacy due to the use of 10 f.s. intervals in this case is less than a tenth of a foot
in each interval.

606. The above problem affords also a comparison, in very simple terms, be-
tween the process of determining elements of o trajectory by numerical integration
and according to a tabulated retardation function (such as the G-function), and
that of determining the same elements by formal integration and according to a
retardation funection of the character of Mayevski’s. Siacei’s Method embodies the

latter process. The solution, according to Siacei’s Method, of the
Comparison of  problem stated in the foregoing article, involves the solution of

solution by 5 ; : i
Siacci’'s Method formula (519). Since we have assumed a trajectory that is prac-

with solution tically horizontal and short enough to be considered a straight
by numerical ;
integration line, we have ¢ =0=0, whence =1, f,=1, and also u=wv. Then,

since we also have assumed C =1, the solution of (519) amounts
merely to the integration of Siacei’s space function (518) between the limits 1820
f.s. and 1780 f.s. These velocities do not all lie within any one of Mayevski's zones,
and the integration of (518) must therefore be performed in two parts, the first
from 1820 f.s. to 1800 f.s. and the sccond from 1800 f.s. to 1780 f.s., using the
proper values of a and A in each case (art. 409). Substituting the required values
of @ and A, the process is expressed as follows (the numbers in parentheses are
log A).

1 Li80. s 1 1800 clay
"7 (611926 — 10) fmu % T (7.00620 — 10) flm e
Performing these integrations, we have*®
r = (— 56872 + 56957) + (— 25308 + 25392) = 169 feet.

The result thus obtained does not differ greatly from that arrived at by the
step-by-step process. The difference found is due partly to the faet that Mayev-
ski's retardation functions, while representing good average relations for whole
zones, cannot define the retardation for each veloeity as aceurately as is possible
with a tabular funetion, and partly to the faet that the G-funetion and Mayevski
funetions are based on different experimental data and hence involve real differ-
ences, apart from such as may arise from the manner in which the functions are
expressed. Although in the simple problem here considered the labor involved in
the solution by Siacei’s Method does not differ greatly from that involved in the
numerical integration process, it is to be noted that the identical amount of labor,
by Siacci's method, is sufficient to solve similar problems for any velocities within
the same two zones (i.e., any from 2600 f.s. to 1370 f.s.), while by numerieal inte-

* The integrals reduce, respectively, to (4.24296) log w and (3.42668) %3, the numbers
in parentheses being logarithms. Acecording to Ingalls’ Tables, based on computations correct
to at least seven places, the result of this integration is 168.9 feet.
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gration the labor, of course, increases greatly for more widely separated velocities.

607. The use of » as the independent variable offered no difficulties in the
above problem, because definite limits of velocity could be assigned to each
interval independently of any other variables entering into the solution, and hence
the mean velocity and mean retardation for each interval could be found directly.
In the more general case, v is modified also by a component of gravity depending
upon the angle of inelination @, while the latter, in turn, ecannot be found without
knowing ». In this ease it is necessary to resort to successive approximations to
establish the correet relations for each interval, and this applies whether the in-
dependent variable is v or 8, or any other element; but the use of v, in the general
cage, 18 less convenient than the use of @ or &. The character of the process that
enlers into the general case can be illustrated very simply as follows.

608. Let us suppose again that a projectile is fired practically horizontally,
and that it is desired in this case to determine how far the projectile will travel

during a given interval of time. In order to leave the problem in
Elementary

solution simple terms we shall again consider an interval short enough so
with ¢ a;s that the portion of the trajectory considered will remain practically
Lﬂfapfl’; s straight as well as horizontal,—and take C=1. Let us then deter-

mine the distance covered by the projectile in 4 second, its initial
velocity being 1800 f.s., and C=1, and proceed with the computations in five
intervals of one-tenth of a second each.

We know that the initial veloeity is 1800 f.s., and from Table I we find that
at this velocity the retardation (for C'=1) is 429.2 f.s.s. Then, as a first Approxi-
mation, we can say that the reduetion of velocity during the first tenth of a second
is 42.92 f.s., and the remaining velocity at the end of this interval is 1800—42.9
=1757.1 f.5. A more accurate determination of the reduction of velocity during
this interval may now be obtained by finding the retardation corresponding to the
mean velocity in the interval, which is practically 2(180041757.1)=1778.6 f.s.

‘ The corresponding retardation is 420.33 f.s.s., whence for one-
S;’;:;ji‘qﬁ;ims tenth of a second the reduetion in velocity is 42.03 f.5. A second
approximation of the remaining velocity at the end of the interval
is then 1800 —42.0=1758.0 .., and of the mean velocity for the interval (1800
+1758.0) =1779.0 f.5. With the latter we now find a retardation of 420,49 fs.s.,
whence the velocity reduction for one-tenth of a second is 42.05 f.s., and the re-
maining velocity at the end of the interval is 1800 —42.0 = 1758.0 {.s., which agrees
with the next preceding approximation. Since there has been no change sinee the
next preceding determination of the velocity for the end of the interval, there can
be no further change in the value of the mean velocity last found, and we ean take
the latter to be 1779.0 f.s. We have now established the mean velocity for the first
interval to the nearest tenth of a foot second, which is sufficiently aceurate for our
purpose. The distance covered during the interval is then found by multiplying
this mean velocity by the time, thus 1779.0 f.s. 0.1 sec. = 177.9 feet.

Proceeding similarly with the second interval of one-tenth of a second, we
start with the final approximation of the remaining velocity already found for the
end of the first interval, or 1758.0 f.s. The corresponding retardation is 412.0
f.8.8., the reduction of velocity for one-tenth of a second is 41,20 f.s., and the first
approximation of the remaining velocity at the end of the second interval is 1758.0
—41.2=1716.8 f.s., and of the mean velocity for this interval 4(1758.04-1716.8)
=1737.4 f.s. A second approximation of the retardation is now found to be 403.6
f.8.s., of the reduction in velocity 40.36 {.s., of the remaining velocity 1758.0 —40.4
=1717.6 f.s., and of the mean velocity $(1758.04-1717.6) =1737.8 f.s. No further
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change will be found in the latter, and the distance for the second interval is then
1737.8X0.1=173.8 feet. Carrying this proeess forward through the remaining
three intervals, the results are as follows.*

Time interval (seconds) Distance covered (feet)
0-0.1 177.9
0.1-0.2 173.8
0.2-0.3 169.8
0.3-0.4 166.0
0.4-0.5 162 .4

Total 849.9

We also may tabulate the results more conveniently as follows, showing the re-
maining velocity, as well as the distance, at the end of each of the intervals.

t (seconds) v (f.8.) x (feet)
0] 1800 0
()1 1758.0 177.9
0.2 1717.6 Sol..
0.3 1678.8 521.5
0.4 1641.5 687.5
0.5 1605.8 849 .9

609. As to the accuracy of the above determination, it is found that by
halving the size of the interval the results obtained do not differ from the above,
while by doubling the interval the differences at the end of one-half second are
about 0.1 f.s. in the velocity and about 0.2 feet in the distance. By computing
the entire one-half second in a single interval, the differenees noted are about 0.7
f.g. in the velocity and about 1.4 feet in the distance. Here again we find that by
adjusting the size of the interval we can regulate the aceuracy of the result accord-
ing to our requirements.

The significant difference between the process used in the present case and
that used in the case of the problem stated in article 604, is that in the present ease
it. has been necessary to arrive at the mean retardation and mean veloeity for each
interval by a series of approximations, since the two are dependent upon each
other.T In article 604, as already noted, this was unnecessary because the velocity
limits of each interval were fixed definitely in advance.

610. We may now proceed to examine the essential features of the process of
numerical integration ag applied to the solution of a trajectory. The method that
will be illustrated is based on the use of { as the independent variable and it is,
fundamentally, the method that has been adopted by the U. S. Army for the com-
putation of ballistic tables. For this method a very simple set of differential equa-
tions is sef up as follows,

The retardation of a projectile due to air resistance, taking into account all
known factors pertaining to the projectile itself and to the density of the air, is

* The process ean, of course, be condensed somewhat, For example, the mean velocity
for any interval of one-tenth of a second may be found more directly by subtracting one-
twentiath of the retardation (in f.s.a.) from the initial veloeity for that interval.

t This problem could have been solved more simply by using v as the independent vari-
able, as in art. 604, for it will be recalled that the latter method vielded a value of ¢ for the
end of each interval. The more complicated process has been used here purposely, because
it illustrates in simple terms the general nature of successive approximations within an in-
terval.
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expressed by the formula

G Hy
Bi= (408) (601)
C

which has already been explained in detail in article 429. Now just as the remain-
ing velocify at any point in the trajectory has the horizontal and vertical com-
ponents, respectively, » cos 8 and v sin 8, the retardation due to air resistance has
the components I cos § and E sin 8. The retardation of the projectile in the
horizontal plane is due entirely to the air resistance; in the vertical plane, however,
the projectile’s initial velocity is retarded both by air resistance and by gravity.
sSince acceleration (or, as it is in this case, retardation) is the second derivative of
distance with respect to time, the horizontal component of retardation of the

d®x d*
projectile is defined by - and the vertical component by —‘: We may then

dt

write for these retardations, including in the case of the vertical component the
effect of gravity,

- ; d2x
Differential ;
equations of E’ = — K cos 0 (602)
trajectory for :
solution Wiﬂ::i d2y
{ as independent 4 Gkl &
variable § {f_ﬁ' = — M Eind — g. (603)

Equations (601), (602), and (603) form the basis of the method of solution which
is to be illustrated. In order to simplify the notation to be used in earrying out
computations, we shall adopt the following.

x=horizontal distance, or range, in feet.
y =vertical distance, or ordinate, in feet.
x"=horizontal velocity eomponent, in f.s.
y' =vertical velocity component, in f.s.
r"' = horizontal retardation component, in f.s.s.
y'"=vertical retardation component, in f.s.s.

In accordance with the above notation the entire system of formulas required
i the solution may now be written as follows:

(*1; X II .'-."-
7 . Ao (601)
¢ {E‘N el

' = — K cos (602)

' = — HEgin@ —g (603)
mf

' = v cos f or cos 0 = — (604)
v
ﬂf

y" = vsin @ or sin § = — (605)
u

v =+ (z")* 4+ )~ (606)

Algo, in order to distinguish among values of the various elements at the various
points through which the solution is to proceed, time subseripts will be used to
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denote the point to which any value applies. For example, Eq, o, o', 2o, Yo,
yo'y Yo'’y vo, ete., will denote values at the point where =0, i.e., at the origin;
By 2y @ydy s’y Yus, yydy yd’y vy, ete., will denote values at the point
where (=% second; and so on. The notations z,,/, 2,."’, ¥, and y,."’, will be used
to denote the mean values of z’, 2"/, y', and y"’, respectively, for a given interval.
Elementary 611. For illustration of the process of solution we will
ﬂiﬂ?nle uff compute several points of the trajectory of the 16’' 2600 f.s.
trajectory, with  8un for the angle of departure 30°. The G- and H-tables are ap-
{ as independent pended to this chapter for convenience in following this solu-
variable : : PSR
tion. The necessary initial data follow :

V =2600fs, ¢ =230° d=16", w=2100lbs., ¢=.61, &= 1.00

whence we have
w

(7 o (406)
a1a*
B L AR s log 0.00000........colog 0.00000
B e e o A o RN e e log 3.32222
e e log 9.785633 —10. . . .colog 0.21467
il T A log2.40824........ colog 7.59176 —10
B LR Bt e R e e (R log 1.12865

and this value of €' will not change during the computation.
From (604) and (605) we have " =» cos # and y" =» sin 6, and since at the origin 6 =¢
and v=V, we may compute the horizontal and vertical velocity components at the origin,

v [ ORI L e logd.41497.......... log 3.41497
Pombma @)% L leos 9.903753 —10.. ... .lsin 9.69897 — 10
T g log 3.35250
e B 1 e log 3.11394

Biatents Likewise we may compute the horizontal and vertical acceleration com-
at the origin Ponents at the origin, using (601), (602) and (603). At the origin v =V = 2600,

hence we look up @, in the G-table for the velocity 2600 f.s.; we find that it is
769.3 [.s.5. At the origin y =0 and henee H, =1, or log H,=0.00000, which we find also from
the H-table for y =0. Since 0 =¢ =30° and € has already been computed, we have all the
data required to solve (601) (602) and (603).

1 R e log 2.88610

B s bt i S ey (R TR o A S log 0.00000

G s ey i log 1 12866 . ...... colog 8.87135—10
i Ry R e e e log 1.75745

B v b e e logd . i6745 . ivviivi log 1,75745
e S iR S lcos 9.93753—=10..... Isin 9.69897 —10
xy'/ =40 . 54188%. ... vooneninn, . logl.BO408, . ......

AT R ST R i B | e S S L o log 1.45642

g=352.16f.5.s.
o' '=60.761.8.8.*

* The minus signs are to be understood in applying these values.
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IFIRST INTERVAL

612 We now know that at the origin the horizontal velocity is #"=2251.6 f.5. and that
it is decreasing at this point at the rate of 2''=49.54 f.5.5.; also that the vertieal veloeity is = 1300
fs. and that it is decreasing at the rate of y''=60.76 f.5.5. If we assume a small interval of time
for instance 4 second, we can estimate what the velocity components will be at the end of
that interval; they will be, approximately, the original values minus one fourth of the retardation
for one second.

We can then make the predictions,

First Prediction

49,54

Il-":llr = 19 — k' = 2251.8 — T = 2239.2 {.s.
60 .76

y%r = yo — Iy’ = 1300.0 — T"= 125349 f.s.

vy = A (@) )Lt = 25816 i.s.

PR LS S - =T - - ———

xy," = 2239.2 log 3.35009, 2log 6.70018, (),,* = 5014000
vy, = 1284.8 log 3.10883, 2log 6.21766, (y),,* = 1650700

g o e A M s Wb S 6664700

6,664,700, log 6.82378, fjlog3.41189, v, =2581.6
and from (604) and (605),
B BRI s log 3.35009
4
UImIIBRB fooseiipnastnn. s log 3.10883

1',ﬁ=2531.ﬁ. Jdog 3.41189.colog 6.58811—10....colog 6.58811 —10

0 =R0NBABT leos 9.93820—10. ... .lsin 9.69694 —10

These predictions would be aceurate only if the retardation had remained eonstant throughout the
Lgecond interval, which we know is not the ease. A more nearly correet value of the retardation
may be obtained by taking the mean of the values for the beginning and end of the interval.
We have already found what the retardation eomponents are for the beginning of the interval;
for the end of the interval we must solve for #,, " and gr;,:ﬁ”, and to do this we will have to use the

approximate data we have already found for the end of the interval,

Second Prediction

613. The approximate mean vertical velocity for the interval is evidently the mean of
o’ and ;.*,r,ﬁ", whence,
Y =4 (o’ +y31") =1(1300.041284.8) = %2084 .8=1292 .4 f.5

and the approximate height of the projectile at the end of the interval is given by the product
of the mean vertieal velocity and the time interval, whence,

Yy =1X1292.4=323 1 feet
Entering the H-table with 323 feet we find log If,=9.99557 —10. And with the velocity

we found existing at the end of the interval, 2581 .6 f.s., we enter the G-table and find G/, =760.7.
We may now solve (601), (602) and (603) for ;z:m” and ,?;H“.

B T R log 2.88121

R e S L el log ©.995567 —10

I ST S R colog 8.87135—10

Bt e i lor L 7TABEB. o .oiiians log 1.74813

0y, = 2000746, .o e e v leos 9.93821 —10......lsin 9.69694 —10
;EH”="]:S.E? i & NS E R | TR B9 T
R e e L log 1.44507

32.106

y,ﬁ”mﬁi}.[}:i f.5.8

We now have the retardation components for the beginning of the interval (zo"" and g,"") and also
the approximate values for the end of the interval {J;H’ "and y H”}' and we may proceed to correct

our first estimate of the velocity components at the end of the interval.
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The mean retardation components for the interval are evidently,
T =4(xo"" +21;,") =1(49.544+48.57) =49.06 {.5.5.
W =5(ye" 114" ) =4(60.76-+60.03) =60.40f.5.5.

and we may then prediet that the velocity components at the end of the !-second interval will be
21 =20’ — " =2251 .6 —-1x49.06=2239.8f.s.

yM* =y — 11" =1300 0—160.40=1284.8f.s.
For v we have, as before, 12244 .
pig = \f{;r’;ﬁ}3~i—[y’},i]ﬂ = 2581.8 f.s.

214 =2239.3. .. .log 3.35011. .. .2log 6.70022, (x1:)=>5,014,400

EJH’= 1284.9. .. .log 3.10887. .. .2log 6.21774, ('14)*=1,651,000
BN s e e e e B e e s U 6,665,400
6,665,400, log 6.82383, tog 3.41102, . .......... 2= 258].8 fa

For & we have, using (604) and (605) as before,

T R g T R AR S i s e s log 3.35011

B e e e log 3. 10887

et m ik M el log 8 21102, ..o in colog 6.58808—10........... colog 6.58808 —10
el O S 1608 9.93810—10. .. .... lsin 9. 69695 — 10

Comparing the results of the second predietion with those of the first we find verv close
agreement in all of the elements found. The closeness of the first prediction may be attributed
to the very small time interval used. Had the time interval been larger we would probably have
been obliged to make several predictions before coming elose to the correct result.

Limi It is customary to carry on the proeess until two suceessive sets of values of
imit of : :
accuracy theretardation components agree to the hundredth of a foot-second-second. With

five-place tables we could carry the process on for accuracy to the thousandth of
a foot-second-second, but the degree of accuracy obtained by two decimal places in the re-
tardation ecomponents is quite suflicient for any purpose. For veloeity components, and for z
and 3, one decimal is sufficient.

We will make one more prediction in order to be certain that there will be no further change
in the computed elements,

Third Prediction
614. The corrected estimate of the mean vertical velocity becomes,
v =4(1300.0--1284.9)=1202.4 fs.

and hence the height of the projectile at the end of the interval becomes,
Yy =1X1292.4 =323.1 feot

From the H-table we find, with 323 feet, that log I, =9.99557 — 10, And with the previously
found velocity of 2581.8 f.s. we find in the G-table that ¢,=760.8.
The data for solving (601), (602), and (603), are now complete, and we proceed as hefore,

Gy 0.8 v samaaia log 2.88127
o s ] log 9.99557 — 10
R B L N e colog 8.87135—10
O e e e e log TSI i ot log 1.74819
57 e O U e leos 9.93821—10,........ lsin 9.69603 —10
et =mdR BT I RE, . o log 1,68640
R e S e b e e o R P log 1.44512
32.16

¥, =60.03 f.5.5.
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615. We now find exact agreement between the last two successive predictions of 2"
and y"’. We may be certain, then, that any further continuation of the predictions will be merely
a repetition of previous work, and that no further accuracy within the chosen limits may be
obtained.

We complete the operation for the first interval by finding 2. The horizontal velocity at the
origin (rq¢") was 2251.6 .5.; at the end of } second it was x1;"=2239.3 [.5,, this being the value from
the last prediction. Hence the mean horizontal velocity [or the interval was,

T’ =35(2251.6--2239.3) =2245.4 f.s.

nnd the horizontal distanee traveled by the projectile in  second was,

z1;=1%2245.4=561.4 feet

SECOND INTERVAL

616. The entire proecess of loeating the position of the projectile at the end of an in-
terval of time of } second has been illustrated in the preceding articles. Before proceeding

further it will be of advantage to arrange the information already obtained in a systematic
manner, as follows:

V=2600 f.5. $=30° log C =1.12865
’ r ﬂ ¥ #' .:I-'” _ﬁ:” i : ”i HH &I‘,a
0 2600.0 307 00°.0 0 2251.6 40,54 ] 0 13000 G070 B
o1 2081.8 20° 60T afl.4 Zadt, 3 48.57 0.07 423.1 1284.9 60.03 0.73
L | (2564.0) (20° 41°.5) i (2227.3) (47,60} (0.97) (642.5) {1270.0) {50.30) {(0.73)

First Prediction

We may now proceed to a second i-second interval, starting from the point already found,
and we will then have the location of the projectile at the end of § second. But our first prediction
for the new interval may be made on the basis of information gained in the first interval. For
instance, from our tabulation above we find that z’’ decreased 0.97 f.s.5 in
the first ¢ second, and that y'’ decreased 0.73 f.s.s.; these quantities are the
first differences in 2'' and y'’ columns, and they have been denoted by Ax"’
and Ay’’, Assuming these changes to remain constant for the next interval
we may predict that at the end of another } second we will have x14"" = (48.57 —0.97) =47.60,

and y14"" = (60.03 —0.73) =50.30. These predicted values have been entered in the above tabu-
lation in brackets.

Making use
of the first
differences

The approximate mean values of " and y" for the interval }—3 second will evidently be,
Twm'' =4(48.57+47.60) =48.08 f.5.8.

U’ =3(60.03-459.30) =59.66 f.8.5.
and the approximate values of &' and ' at the end of the interval will be,
T4 =2239.3 — 1 X48.08=2227 .3 {.s.
y15' =1284.9—1%59.66 =1270.01.5.
Likewise the approximate mean value of the vertical velocity for the new interval will be,
Yw' =4(1284.941270.0) =1277 .4 {.8.
and the vertical distance traveled by the projectile during the } second will be,
Ay=31%1277.4=319.4 feel
and henee its height at the end of the new interval will be,
yg=115+319.4=323.14310.4=0642.5 feet

For v and # we use (604), (605) and (606) as usual. For convenience we will drop the time sub-
seripts except for the quantity we are finding.

z'=2227 .3, log 3.34778, 2log 6.69556, (x')*=4,0060,900
y' =1270.0, log 3.10380, 2log 6.20760, (y")*=1,612,900

e L L B e . 6,573,800
6,573,800, log 6.81782, flog 3.40891, vi3=2564.0 f.s.
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v e S S T ..dog 3.34778

a3 b T P S o o R N log 3.10380
v=2564.0....log 3.40891. .colog 6.59109—10....., colog 6.59109 —10

Pre=20" 41 2T, oo i leos 9.93887 —10...... Jsin 9,69480 — 10

The approximate values we have found constitute the firs: predictions for the }-second point,
and they have been entered in the above tabulation in brackets. We may proceed to correct these
approximate values just as we did in the first interval.

Second Prediction

617. With y =042 we find from the H-table that log I, =9.99119 —10; and with v =2564 .0
we find from the G-table that G, =752.4, whenee we find from (601), (602) and (603),

W TR i e e .. Jog 2.87645
I M A e log 9.99119—10
s e e LR i . .colog 8.87135—10
DR L e e e e [T B2t e log 1.73899
M= B BT & i siins lcos 9.93888—10........ Isin 9.69489 —10
P T Y | A S e log 1.67787
L O, S I S S S E W et WL T log 1,43388
32.106

" =59.32 f.5.8

We will now correct all of the remaining values, and since the process is exactly the same
as in the preceding article no further explanations are required.

Ta' ' =§(48.57447.63) = 48.10 f.a.af.
Yo' =4(60.03+59.32)

50.68 f.9.8.
214 =2230 .3 —1%48.10 =2227.3 (.
Uy =1284.9—1X59.68 =1270.0 L.s.
! =3(1284.941270.0)=1277 4 f.s.

Il

Ay =1x1277.4 = J319.4[t.
g =323.14-319.4 = (42.5[t.

Since the values of z1¢" and 14’ have not changed from the previous prediction, pig and 64 also
will not change, and hence, from the first prediction,
mg =2564.0 f.s., 014=29°41" 27"

It will be observed that the values obtained in the first and second predictions agree within
the required limits of accuracy for the elements #’, ', y, v and 8, and hence we have reached the
limit of accuracy for these elements. The second predictions of 2’/ and 3" vary considerably from
the first predictions and it would appear that we should make a further prediction for these
elements. Ilowever, none of the quantities entering into the computation of z and y” (by (601),
(602) and (603)) have changed since the previous prediction, and hence the results of any further
prediction could not possibly be different from the results of the previous prediction. It follows
that we have also reached the limit of aceuracy for 2 and »"".

We may now complete the work of the second interval by computing the value of z for the
}-second point. Proceeding as in artiele 615 (par. 2),

Tw = §(2239.34-2227.3) =2233.3 f.=s.

whence the increase in = during the interval 1 —1 second was,
Ar =1 %2233.3 =558.3 feet

and the value of z at the end of } second becomes,
z14="5061.4--558.3=1119.7 feet

[t will be noted that there would be no purpose in making preliminary predictions for z,
since z does not enter into the other quantities. We must make successive predictions of y, 8, v,
ete., because the other elemerits depend upon these. In the case of  we may make our final and
only computation after the final values of the other elements have been found.
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THIRD INTERVAL
618. We now tabulate our data once more, as follows:

pE—— — pE——

¢ ¥ 1] z ' z' Ay Ay ¥ y' p Ay Ay

0 26000 07 00".0 0 0251. 68 7 ] e B 0 1300, 0 8078 L e
L 2081.9 29 50°.7 bl 4 22319, 3 48.57 0 i (Rl d23:1 1284.90 a0, 03 1y | 0 PR
Lg | 2564.0 o 41°.4 1119.7 | 2227.3 47.63 | 0.0d4 .03 642.5 1270.0 80,32 0.71 0.02
64 | (2540.4) | (20 32°.2) || ...... (2215.5) | (46.72)] (0.91) | (0.03) (958.1) | (1255.3) | (58.63) | (0.69) | (0.02)

First Prediction

Having three quantities in the 2’ and y'’ columns, we are able to find the first and
second differences for x'' and y'’, i.e., the change and rate of change in &' and y'" for ;-second
indervals, The first and second differences have bheen denoled by 4y and A, respectively.
Assuming now that the rates of change (i.e., A:) remain the same for the next } second,
we predict the changes (i.e., A;) during the next t second will be (0.94-0.03) =0.91 for ="/,
Mali and (0.71 —0.02) =0.69 for y"’, and these predicted values have been entered

aking use

of second in the above tabulation in brackets. We proceed to prediet the values of 2’
differences and ¢’/ from these changes to be ma’ = (47.63 —0.91) =46.72, and yi;'" =

(59.32 —0.69) = 58.63, and these predicted values have also been entered in
brackets.*

The first prediction i3 completed just as in article 616.

tn” =3(47.63+46.72) = 47.18fss,

yw' =4(59.32458.63) = B58.98Fs.s.

xyf =2227.3—1X47.18 = 2215.5 .

y3; =1270.0—1X58.98 = 12556.3fs.

yw' =3(1270.041255.3)= 1262.6f.s.

AR ESgagiae = 31561t

U =042.0:+010.6 = DB 1IG
v’ =2215.5, log 3.34547, 2log 6.69094, (2')? =4,908,400
y' =1255.3, log 3.00875, 2log 6.19750, (3)?=1,575,800

T e (G I I LS ST 6,484,200
6,484,200, log 6.81185, ilog 3.40592, ve;=2540.4 .5,
o] B T S MEm R log 3.34547
TR b e Rl S e log 3.00875
p=2546.4, log 3.40592,.... colog 6.59408 —10...... colog 6.59408 — 10
U=l S L e leos 9.93955—10........1sin 9.69283 —10

Second Prediction

Proceeding as in article 617, we find from the H-table, with y=9538 feet, that log
Hy=9.98686—10, and from the G-table, with v=2546.4 [.s., that G,=744.4.

Gissifddd. ..o cnunniinan og log 2.87181

1 SN SRR TN s e nlE log 9.98686—10

e e e e WA colog 8.87135—10

F L L e Yo LodB002 o s log 1.73002

ag =200 L e leos 9.93954—10........ lsin 9.69283 — 10

e Tt Ll B o ISR e T log 1.6G6056

P e e e S i e s S L log 1.42285
32.16

y3;"'=58.64 f.8.3

—

& Hoe article 622,
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The value of ya;” from the second prediction agrees exactly with' that from the first; in the
case of ;" a difference of .01 f.s.5. will be noted. It is apparent that a difference of .01 f.8.8. in
z" will cause a difference of only .0025 f.s. in 2’ during the }-second interval, which is beyond the
limits we have chosen. Hence our first predictions were correct for all elements except " and for
the latter the second prediction is correct.

To find x2; we have,

Tw' =4§(2227.34+2215.5) =2221 .4 [ 5.
Ar=132221 .4 =555+4feet_

—_—rree—aa

o9y =1119.7+555.4  =1675.1 feet

FOURTH INTERVAL

619. For the next }-second interval we will proceed exactly as in the previous inter-
val, and will earry out the process without interposing any further explanation.

t v ] - " e Ay Ay ] g VAS . 1 Aq
2000.0 | 30°00°.0 0 2251.6 49,54 ] R fl 130:0.0 60.76 w1, -
4 2681.9 20 50°.7 661.4 2230.3 48,57 0.97 AR 323.1 [284.90 60.03 g | e

2504.0 | 20 41'.4 1119.7 | 2227.3 47.63 0.94 0.03 i42.5 1270.0 a9.32 0.71 0.02
i | 2646.4 | 2032'.2 1375, 1 2215.5 46.73 (0. 90 .04 458, 0 1255.3 a8 . 4 0.68 0.03
1| (2520.2)1 (20 22°.6) | 2227.5 | (2203.9) | (45.87) | (0.86) | (0.04) | (1270.0)| (1240.7) | (57.909) | (0.8%) | (0.0}

%

First Prediction

7' =46.73—0.86 =45.87
' =58.64—0.65 =57.99

Tw''=1(46.73445.87) =46.30 f.8.5.
Yn' =1(58.644-57.99) =58.32 f.8.s8.
2 =2215.5 -1 %X46.30 =2203.0 f.s,
'=12556.3 -1 x568.30 =1240.7 {.s.
' =3(1255.34-1240.7) =1248.0 f.s.

Ay=1X1248.0 =d12.0 [t.
h=058.0-4-312.0 =1270.0 ft.

x'=2203.9, log 8.34319, 2log 6.68638, (z')?=4,857,100
y' =1240.7, log 3.09367, 2log 6.18734, (y')2=1,539,400

N i s G e R s R e e e 6,306,500
6,396,500, log 6.80595, Hog 3.40208, v, =2529.2 f.s.

R D s L e log 3.34319

8 B L e R R e L log 3.00367

1 =2529.2. .. log 3.40298. . .colog 6.59702—10. . .colog 6.59702 —10

Oy =3022'80" . e i leos 9.94021 —10. . . . lsin 9. 69069 — 10

Second Prediction

From H-table, with 1270 feet, log H,=9.98258 —10
From G-table, with 2529.2 fs., (,=736.4

(om0 o v e b e log 2.86711
e e e log 9.98258 — 10
s R e s i colog 8.87135—10
B e e S e e log1.72104......... log 1.72104
B e R e lcos 9.94023 —10. .. .1sin 9.69069—10
2" =45.84 £.8.8................log1.66127
oo o IS e . log1.41173
32.106

' =587.97 f.5.s.
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The difference between the first and second predictions is .03 [.s.8. in z2'"; the change caused
m 2z’ by this amount would be less than .01 f.s., hence the first predictions were correct for all
elements except z'’, and for the latter the second predietion is correct. Finally, we have,
zn'=3(2215.5+42203.9) =2209.7 f.5.
Ar=5X2209.7 =552.4 feet

Ty =1675.14552.4 =2227.5 feet

620, We have now established the position of the projectile at four points separated by
equal increments of time. With the information we have gained of the rate of change of the
various elements, it is possible to inerease the interval, and it will be most con-
giug;:% ¢ venient to double it. In order to use the information already obtained we must
the interval Combine it into two equal intervals, which means in this case two 4-second
intervals. This is done simply by tabulating the data for the points at times

0, 4 and 1, as already found. The tabulation follows:

FIFTH INTERVAL

The work for the 3-second interval is identical with that for the }-second intervals
except that we must, of course, compute changes for } second instead of } second.

i ¥ i) z z' z" Ay Az y y' T As Aa
0 2600.0 | 30°00°.0 0 2201.6 40.H4 | ...... 0 130400 4 i e R

Lg | 2564.0 20 41'.4 1119.7 | 2227.3 47,63 Ll S 642.5 1270.0 50,32 Tl A
1 2520.2 oo 22 6 || 2227.5 2203. 9 45,584 1.79 0.12 1270.0 1240.7 57.97 l.35 0.049
114 | (2495.5) | (20 03°.7) || 3323.8 | (2181.4) (44.17) | (1.67) | (0.12) (1883.2) | (1212.0) | (66.71) | (1.28) (0. 00}

First Prediction

Ty =45.84 —1.67 14.
Yo =57.97—1.26 56.
2" =3(45.844+44.17) =45.00 f.s.8
Ym' =4(57.97 +56.71) =57.341f.s5
Ty =2203.9—4X45.00 =2181.4 f.s.
Yz 2’ =1240.7 —§57.34 =1212.0 f.s.
¥m' =34(1240.74+1212.0)=1226.4 f.5.
Ay =1} %1226 .4 =613.2 It.
y3,2=1270.04-613.2  =1883.2 ft.

' =2181 .4, log 3.33874, 2log 6.67748, (z)*=4,758,600
y'=1212.0, log 3.08350, 2log 3.16700, (y")*=1,468,900

i
1

-]

I-";!J,rgl= ................................... ﬁrﬂT,ﬁﬂD
6,227,500, log 6.79432, Yog 3.39716, V32 =2495.5 f*i
R UL I S el e log 3.33874
Tian s s MR SR N ....log 3.08350
vg;0=2495.5.. log 3.39716. . .colog 6.60284 —10. . . colog 6.60284 —10
03,0=20°03"23" ......00vuuns lcos 9.94158 —10..... Isin 9.68634 —10

Second Prediction

I'rom H-table, with 1883 feet, log H,=9.97417—10
I'rom G-table, with 2495 . 5.8, G, =721 .2

R s i S e et e log 2.85800

B R s e ] log 9.97417—10

i o s e e s B colog §.87135—10

'F""Efﬂ ........................... lﬂg LoTO3D8 oo ieviiinia ]ng 1.70358

Oerg =290 28 s vininaiie s leos 9.94158 —10. ., . .1sin 9.68634 — 10

Zppg =44 1T L8880  0veiiniiae, log 1.64516 .

e e log 1.38992
32.16

Hﬂ;g” =56.70 f.5.5.
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Since no further changes will be found, due to the close agreement between the two pre-
dictions of " and ¥, we complete the interval by finding .

Tm' =1(2203.94-2181.4)=2192.6 [ .s.
Az =31%2192.6 =1096.3 fﬂgt

%272=2227.5+1096.3  =3323.8 feet

621. By continuing the process outlined above the entire trajectory may be
solved. The following additional features are encountered as the solution pro-
Cresses.

Finding {;:,) The summit of the trajectory is deﬁn}ed b} the point ?vlu-zrﬁ
the summit ¥’ =0, 2'=v, and 0=0; the value of y at this point is the maximum
ordinate y,. It will usually be necessary to interpolate within one of
the chosen intervals in order to determine exactly where this oceurs.
Beyond the summit, y’, Ay, and 0 all become negative, and y’ in-
creases, y decreases, and @ increases. With 2 continuing to decrease,
while y' increases, o point is reached in the descending branch where
the increases in y’ just balance the decreases in 2’ (i.e., in formula
(606)); at this point » has its least value and beyond it » inereases.

Finding (b) The point of fall is defined by the point where y again becomes

the point zero. Interpolation within the last interval will probably be necessary

gk Al to determine exactly where this occurs. The values of ¢, v, 0, and z
corresponding to y=0 are, respectively, T, v., w, and X for the tra-
jectory.

622. The portion of the illustrative problem actually solved above demon-
strates adequately the principles involved in the solution of an entire trajeetory.
In order not to obscure the essential features of the method by details of labor-
saving technique, the process illustrated has been left in a very elementary stage
B atonh i insofar as computational features are concerned. Considering that
shortening the trajectories involving times of flight up to about 100 seconds
Ea?u?lfutatiﬂnal occur in practice, it is obvious that the shortening of the process

of solution is an important consideration. The principal features
leading to a shortening of the process are as follows:

(a) The integrations are carried forward by the use of difference formulas,*
which lead more directly to the suceessive points.
(b) The size of the interval is inereased as the work progresses. This is gen-
erally accomplished by doubling the size of the interval successively as soon
as second differences for the increased size of interval become available (as
tlustrated in article 620). This suceessive doubling of the interval is generally
carried on until the interval is 2 seconds; sometimes 4-second intervals are
used, although the latfer are rather large for trajectory computations. The
maximum size of the interval is generally governed by the consideration
that the required degree of accuracy in the predictions be obtained by the
use of no higher than seeond differences.

* The use of difference formulas is covered in most treatises on the solution of differ-
ential equations. A concise exposition is given on pp. 115 and 159 of Marks' Mechanical
wngineers’ Handbook, Second Edition, Further demonstrations of the solution of trajectories
by numerical integration are given in the following references: Chapter 111, New Methods
in Brtertor Ballistics, I', R. Moulton; The Method of Numerical Integration in Exlerior Ballis-
tics, Dunham Jackson (U. S. War Department Document No. 984, 1919); A Course in Ex-
terior Ballistics, . 8. Hoar (U. 8. War Department Document No. 1051, 1920).
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623. Since the gravitational constant g varies according to latitude and
height above the ecarth’s surface, it is clear that both of these considerations
enter into the solution of a trajectory by affecting the value of g used therein,
We will examine briefly the complications that are introduced into our problem
by these variations in g, and what degree of error results from neglecting them.

It is true, strictly speaking, that a trajectory solution which is correct for one
Bffact of loeality cannot also be correct for another having a different latitude.
change  The sea-level value of g varies from 32.087 f.s.s. at the equator to 32.257
}Etﬂu‘ﬁh f.s.s. at the poles.* The value g=232.16 f.s.s. (corresponding to sea level

at latitude about 417) is used by the U. S. Navy for trajectory computa-
lions involving ¢ direetly; at the U. 8. Naval Proving Ground, g=1382.155 f.s.s. is
used in experimental work. The U. 8. Army uses ¢=9.80 m.s.s.=32.152 f.s.5.;
the I'rench generally use ¢=9.81 m.s.8. =32.185 f.s.8., but for close work some-
times use g=9.8085 m.s.s.=32.180 f.s.s. (all of these are values at sea level).
But when a value of 7 is determined from experimental firing, as will be outlined
in the next artiele, the value of ¢ thus obtained necessarily accounts for any differ-
ence between the values of ¢ as assumed in the computation of the ballistic tables
used in this determination, and as actually existing at the loeality of the experi-
mental firing, The range table computed aceording to this value of ¢ and with the
same ballistie tables is thus adjusted, in effect, for the value of g actually existing
at the loecality at which the experimental determination of ¢ was earried out, re-
gardless of what may have been the value of g assumed for the ballistic tables. A
correction might now be deduced for adjusting the range-table values of elements
of the trajeetory for the change in g with latitude, but this is not considered neces-
sary, in view of the small ehanges involved. Such changes in g as oceur within the
extreme limits of latitude involved in praectice are of small importance, especially
in comparison with such errors as may exist in the retardation funetion itself.

The situation with respect to the variation of g with altitude is much the
same. The differences between values of g at the surface and at the greatest ordi-
Bfoct of nates occurring in artillery praetice remain small enough to be incon-
change giderable in comparison with the probable inaccuracies of the retarda-
i?tﬁ:z:riiéh tion function. A further inaccuracy results from considering ¢ to act

always parallel to the original Y-axis, whereas g actually acts always
direetly toward the center of the earth, i.e., vertically with respect to the curved
surface of the earth rather than with respeet to the flat plane tangent to the earth
at the origin of the trajectory. But the change in direction of g with respect to the
assumed flat plane is so small (being only about 1° in 120,000 yards) that the error
resulting from neglecting it is very small. Moreover, both of these slight inaceu-
racies also are eventually accounted for in the value of ¢.

624. Having arrived at the conclusion, in article 417, that the evaluation
of the coefficient of form ultimately must depend upon measurements applied to
an entire trajectory, it is a natural query at this point how we are to perform the

* Helmert's formula is generally accepted in ballistics. Omitting terms pertaining to
height above sea level and to local abnormalities in density of the earth’s strueture, the
formula is g =(32.172 —0.0853 cos 2]) f.s.s., | being the latitude. The term for change of g
with altitude gives this change to be (=) .003 f.s.8. per 1000 feet above sea level. Ref.
Chapter 11, New Methods in Ezterior Ballistics, Moulton; also pp. VI1I and 1X, Exlerior
Ballisiic Tables Based on Numerical Integration, Vol. 1, 1924 (U. S. Army); also T'.8. No. 148,
April, 1921, (U. 8. Army).



72 EXTERIOR BALLISTICS 1935

above solution, which requires knowledge of the value of ¢, if the value of ¢ in
turn depends upon the solution itself. The situation is such that, having actually
fired a gun under a given set of conditions (i.e., with ¢, V, 8, w, and d all carefully
measured), we measure the resulting range X, and the problem then is to find
the value of 7 which, when combined with the identical ¢, V, 8, w, and d used in the
firing, will reproduce the identical X actually measured. One way of accomplish-
ing this would be to proceed by making a solution with an estimated value of 4
and, by comparing the resulting computed range with the required value, making
a better estimate of ¢ and a further solution, and so on—in short, by a process of
guccessive approximations. Fven with absolutely no prior knowledge as to the
value of 7 we might thus eventually arrive at its value, although at the expense of

great labor.
The equivalent of the above is indeed what is resorted to, although after a
certain amount of preliminary work has been done and recorded in advantageous
form, the remaining proeess for any given situation is reduced to

Determination : : j

of 1 far the exceedingly simple terms. Solutions are made for a great many
solution by trajectories, embracing all values of ¢, V, and € that are likely to
numerical ; : Ly ] . e

integration oceur in practice. The computed values of the terminal elements

X, w, T, vy, and of y,, are then tabulated against the arguments
¢, V, and C in such manner that the values of these elements may be found for
any combination of values of the arguments. Now if a gun is fired at a known angle
of departure ¢ and the initial velocity V of the shot is measured, and if the
resulting range X also is measured, then it is a simple matter to find in our
table what value of € corresponds to the given values of ¢, V, and X. Having thus
determined the value of ', and having also measured 8, w, and d, it then remaing
but to find the value of 7 which, in combination with the given 8, w, and d, satis-
fies the given value of C (i.e., we solve for ¢ by means of (406) transposed to the

formz=

). Further details of this process will be dealt with in the next

chapter, and the prineipal features of the proving-ground phases involved therein
will be discussed in Chapter 8.

625. It would appear, without giving due thought to the matter, that if it is
necessary to determine X in the first place in order to determine a value of , it
should be unnecessary to do anything further at all than to record the valuec of X
for future reference—for after all ¢ serves no better purpose than to permit the
already known value of X to be reproduced by computation. This would be true
if by experimental firing alone we could measure, not only X but all other re-
quired elements (w, T, v., ¥.), for all probable combinations of ¢, V, §, w, and d.
Thig is altogether impracticable, not only because of the enormous amount of
firing* that it would involve but also beeause it is practically impossible to measure
such elements as w, v, and y,. Moreover, it is necessary also to know the values of
elements at various points of the trajectory other than the point of fall, not only for
antiaireraft work but also in order that corrections may be deduced for influences
that vary in amount for different portions of the trajectory, as for example winds
which vary at different altitudes (as they usually do).

* Buch firing takes a great deal of time and is very expensive, since it involves not only
the direct cost of guns and ammunition but also very considerable overhead costs for operat-
ing personnel, triangulation parties, patrol vessels, ete. The cost of only a few experimental
shots from a major-caliber gun is sufficient to pay the annual wage of an expert computer.
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It is true, strictly speaking, that a.different value of ¢ may be required for
each different combination of ¢, V, 6, w, and d, but it is also true that 7 varies
slowly enough to permit interpolation between values determined experimentally
for fairly widely separated combinations of the above elements. From experience
it is found that experimental firing at relatively few angles of departure is sufficient
for the construction of an entire range table for a given V and €, and for ordinary
variations in the latter (such as variations in 7 due to erosion and powder temper-
ature, and in, €' due to non-standard 8).

626. All that has been said with respeet to the determination of the value of
¢ for the type of solution illustrated in this chapter, applies equally well to any
other type of solution of a f{rajectory. In Siacci's Method also, it is necessary to
make what amounts to a solution backwards from a measured X and thus to find
the value of 7 which satisfies the known value of X, And in Siacei’s Method the
procesg of making this backward solution is similar in nature to that outlined
above for the numerieal integration method, although it is somewhat less direet.*
It should be apparent, then, that Siacci’s Method or any other method may be
forced, by determination of the appropriate 7, to reproduce the actually measured
X, just as the numerical integration was forced so to do. Also, it should be ap-

parent that the value of 7 determined by a process of this char-
?E:ﬂ?tlj’fﬂniﬂe‘:ﬁg f acter will, for the same set of conditions, vary according to the
of solution method of solution in which it is to be used. For we now find
that, in addition to having to aceount for the many imperfectly
known influences already discussed in articles 413-417, ¢ has to account also for
the differences in the degrees of approximation of the various methods of solution.

The fact that, by determination of the appropriate value of 7, Siacei’s Method
can be made to produce just as correct a value of the range as can be gotten by the
more laborious method of numerieal integration, does not alter the situation that
the latter affords an appreciably more aceurate determination for points other
than the point of fall. Siacci’s Method holds a very decided advantage over the
numerical integration method for finding terminal elements of trajectories of
limited curvature; it does not, however, adapt itself satisfactorily to accurate de-
termination of elements at intermediate points, for reasons already outlined in
article 514.

627. 1t must be borne in mind, however, that the advantages as to accuracy
that we have ascribed to the numerical integration method pertain entirely to the
process of solution and do not overcome the difficulties arising from imperfeet
knowledge of physical values involved in the solution, except insofar as they
afford a better separation of the effects of the latter from the effects of inaceu-

o racies in the process of solution itself. The numerical integration
Limitations of . . :
accuracy of process may be said to afford accuracy in the solution for any
the numerical point of a trajectory up to the limits of aceuracy within which the
iﬂﬁ%ﬂﬂ;mn physical data pertaining to that point are known. In the particular
case of the terminal point, the sum total effect of inaceuracies of all
kinds, including those pertaining to physical data, can be wiped out by determin-
ing 7 as has already been deseribed above, For intermediate points we depend on
the assumption that 7 remains the same for all points in the trajeetory, although
this is not necessarily true.

By using the numerical integration process of solution we afford all inter-

mediate points the same treatment as we do the point of fall, and thus eliminate

* See Appendix A.
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changes in ¢ which are incident to varying degrees of approximation for various
portions of the same trajectory (such as are inherent in Siacei’s Method). But in
50 doing we do not eliminate the possibility that ¢ may vary along the trajectory
due to physical eauses. Thus the ¢ determined for the point of fall includes, among
other things, the effect of obliquity of the projectile as an average for the whole
{rajectory (art. 417); the average obliquity for the portion of the trajectory up to
some intermediate point may, however, differ from the average for the whole tra-
jectory, and the 7 for the intermediate point accordingly may differ from the 7 for
the whole trajectory. More particularly it is probable that the assumed retarda-
tion funetion (such as the G-function) does not fit the given case exactly. The 1
determined for the point of fall wipes out the accumulated error, for the whole
trajectory, due to the inaccuracy of the assumed retardation function. Any dif-
ference between the error accumulated up to an intermediate point and that ae-
cumulated up to the point of fall requires an adjustment of ¢ for the intermediate
point.

In the absence of explicit knowledge of each and every particle of physieal
data pertaining to each and every point in the trajectory, it becomes necessary to
determine 7 for each point in a manner similar to that already deseribed for the
point of fall. Since the latter is generally impracticable, the accuracy of solutions
for intermediate points is always limited by our knowledge of the necessary
physical data.

628. At the Aberdeen Proving Ground recently, in the firing of .30 caliber and
.50 ealiber machine guns for which trajectories had been computed according to
the G-function and with values of 7 that satisfied observed ranges, it was observed
that the computed trajectories failed materially to agree at intermediate points
with the observed trajectories (as indicated by tracers). Dr., Hedrick of the
Aberdeen Proving Ground then invented a purely empirical method of varying ¢
along the trajectory to secure a more satisfactory agreement. He found, in this
case, that it was necessary to change ¢ from point to point until a certain portion
of the trajectory had been computed, and that thereafter a constant ¢ could be
used for the remainder of the trajeetory, The difficulty in this case was aseribed to
failure of the G-funection to apply with sufficient accuracy to the projectile in use,
and particularly so at certain veloeities.

The U, S, Army has in recent years engaged in extensive research work for the
purpose of establishing better retardation functions, and these efforts have ma-
terialized in the direction of establishing a number of suech functions, a different
one for each of several types of projectile. Ag better retardation data become
available the advantages of aceuracy inherent in the numerieal integration method
of solution will be gained more fully.

629, The use of ballistie tables has already been touched upon in article 624.
Such tables not only constitute the praetical basis for determining the value of 7,
but they are a great convenience for the computation of range tables. Nearly
all methods of solving the trajectory that have been developed in the past have
given rise to ballistie tables in which the results of the more tedious operations
have been tabulated against convenient arguments. The nature of the ballistic
tables pertaining to Siacci’'s Method has already been touched upon in arficle 511.
The ballistie tables of the numerieal integration method in its modern form af-
ford a more direet approach to the ultimate, practical applieation to the construe-
tion of range tables than has been the ease with ballistic tables of the various
approximation methods (such as Siacei’s). The greater labor involved in the basic
computations according to the numerical integration method is therefore com-
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pensated for in the simpler process remaining for its practical application to the
preparation of range tables.
In addition to the various labor-saving devices that may be developed in the
: computational process itself, it is noteworthy that the computation
Efg;’:ﬁgitf“ of one long trajectory by numerical integration may be made to
tables based  yield data for many shorter trajectories included within the limits
?,:'t;l;ﬂie;“l of the long trajectory. This will be apparent from a study of Figure
13. Let us assume that the trajectory OSH of Figure 13 represents
the trajectory for the conditions stated in article 611, and that the values of {, v,
0, z, and y have been recorded for the various intervals used in the solution. We
can then find the values of all the elements at any point (by interpolation, if neces-

i,

H,

i,
H

Figure 13

sary ), as for example at the point 0, which we will assume to be the point where
0=25". For this point Oy, where 8 =25°, we can then define ¢, v, z, and y. We also
can find in the descending branch the point H, which lies in the same horizontal
plane as Oy; this will be the point where y has the same value that y has at the
point Oy. Also, we can find ¢, v, 8, and z for the point H,. We now have sufficient
data for the trajectory O,81H,, which is the trajectory for the conditions ¢ =48
=25% V=uv (at Oy), v.=v (at H,), and w=0 (at H,). Also, X for the trajectory
O\SHy equals z (at I,) minus z (at 0,); 7 equals (at 1) minus ¢ (at O,); and
ys equals y, for the trajectory OS H minus y (at O, and H;). Numerous other
trajectories, such as Oz S Hs, O3 S Hj, ete., can be determined similarly.

630. Since atmospheric density varies with altitude we must, however, adjust
the value of C to the zero level of each trajectory euf from the principal trajectory.
T'his is done quite simply by letting C for the zero level of any ineluded trajectory

equal ?}—uf the principal trajectory for the level of the latter which corresponds

to the zero level of the former. For example, let us assume that at O, the altitude
18 ¥ =8000 feet, for which log H,=9.80024-10, and that log C'=1.12865. It is



76 EXTERIOR BALLISTICS 1935

G, X H
immaterial whether we use, at point 0, B =————2 with log I, and log € having

!

G, Hy,

1

the wvalues sftated above, or =

with H, equal to unity and log C

having the value (1.12865)— (9.89024—10)=1.23841. That is, the value log C
=1.23841 corresponds to zero altitude for the trajectory O.S Iy, and in tabulat-
ing the elements for this trajectory we must tabulate them not only against
the ¢ and V found as already noted above, but also against the log €' here found.

This process is valid beeause I, is an exponential funetion, and we can verify
this by a numerical example as follows. Tt should be possible to compute a point
lying beyond O, with identical results whether we work from the origin and use
log €' =1.12865 and log H, as measured with respeet to the origin, or whether we
work from the point O, and use log C'=1.23841 and log I, as measured with re-
spect to the point (). Let us suppose, then, that the point where  =9000 feet is to be
found. Working from the origin we have log € =1.12865 and log I ,=9.87652—10
(using y=9000 feet); working from point 0, we have log €'=1.23841 and log H,
=9.98628 — 10 (using y=1000 feet, i.e., 1000 feet higher than 8000 feet, which
is the level at 0,). Either of these two sets of log € and log I, results in exaectly
the same value of ¥ when substituted in (601).

It appears, therefore, that each set of ¢, V, and C assumed for the com-
putation of a trajectory by numerieal integration yields, in addition to the prin-
cipal trajectory defined by these arguments, a number of additional trajectories
defined by an assortment of sets of ¢, V, and €. The arrangement of these ad-
ditional golutions against convenient tabular intervals of the arguments involves
much painstaking interpolation, but nevertheless it affords an economy of labor
in comparison to the very tedious step-by-step numerical integration for all of
these additional sets of arguments.*

EXERCISES

1. Using the same data and proeess as stated for the example given in article
604, compute the distances covered by the projectile in the intervals while its
veloeity wag being reduced, (a) from 1800 f.s. to 1790 f.s., and (b) from 1790 {.s.
to 1780 f.s.

Answer (a) 42.0 feet (b) 42.2 feet.

2. Using the same data and process as stated for the example given in article
604, compute the distance covered by the projectile while its velocity was being
reduced from 1820 {.s. to 1810 f.s., making the computation in five 2 f.s. intervals.

Answer 41.7 feet.

3. Using the same data and process as stated for the example in article 608,
compute the distances covered by the projectile during the following intervals,
and remaining velocities at the ends of these intervals: (a) 0.2 see. to 0.3 sec.
(b) 0.3 sec. to 0.4 see. (e) 0.4 sec. to 0.5 see.

Answer (a) 169.8 feet (b) 166.0 feet (e) 162.4 feet
1678.8 f.s. 1641.6 f.s. 1605.9 f.s.

* It affords, also, a means of tabulating not only terminal points but many intermediate
points, without increasing the number of arguments. Yolume I of the U, 5. Army's Extertor
Ballistic Tables Based on Numerical Integration is based on this principle. Further details
may be found in the introductory pages of these tables.
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4. Using the same data and process as stated for the example in article 608,
compute the distance covered by the projectile in the first 0.1 sec., making the
computation in two intervals of 0.05 sec. each.

Answer 177.9 feet.

5. Using the same data and process as stated for the example in article 608,
compute the distance covered by the projectile in the first 0.5 see., and remaining
velocity at the end of that time, making the computation in one interval. (Com-
pare with results given in last paragraph of article 608.)

Answer 851.3 feet; 1605.3 f.s.

6. Continue the problem stated in article 611 to the point {=0 seconds,
making the computations for one 3-second interval.

ANSWERS

i {_ 5 i I o | ot | et - i | y' y'!
2463.2 | 28°44) 6 ‘ 4409.1 | 2159.7 l 42,59 2482 .2 \ 1183.9 55 .62
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TABLE I

The Géavre Retardation Funection G,
This table is entered with the velocity v, in foot-seconds, and the value of G, is found from the body of the table. The value of G. thus found is the retardation
in foot-seconds per second, encountered by a projectile of unit ballistio. coefficient in atmosphere of standard surface density, at the given velocity. The deriva-
tion and use of this table are explained in articles 410-411, 428-429, and 604-621, Exferior Bellistics, 1935.

l

v 00 10 20 30 40 | 50 60 | 70 80 90 vV | 00 10 20 80 40 50 60 70 80 90
0 0.00 0.00 0.02 0.05 0.09 0.14 0.20 G.26 0.33 0.41 3000 3.0 | 978.5| 984.0 | 989.5| 995.0 | 1000.6 | 1006.3 | 1012.1 | 1017.9 | 1023.7
100 0.50 0.60 0.71 0.83 0.96 1.10 1.25 1.41 1.58 1.76 3100 | 1029.5 | 1035.2 | 1041.0 | 1046.8 | 1052.5 | 1058.5 | 1064.1 | 1070.0 | 1075.8 | 1081.8
200 1.95 2.14 2.33 2.53 2.74 2.90 5.18 3.43 3.67 3.91 3200 | 1087.5 | 1053.5 | 1099.6 | 1105.8 | 1112.1 | 1118.4 | 1124.6 | 1130.7 | 1136.9 | 1143.1
300 4.16 4.42 4.068 4.95 5.23 5.51 5.80 G.10 6.40 6.7 J300 | 1149.8 | 1155.6 | 1162.0 | 1168.8 | 1174.5 | 1180.8 | 1187.2 | 1193.7 | 1200.1 | 1206.6
400 | T7.03 7.36 7.69 8.02 8.36 8.70 9.05 0.42 9.80 10,19 3400 | 1213.2 | 1219.8 | 1226.4 | 1235.0 | 1239.6 | 1246.2 | 1252.7 | 1259.3 | 1266.0 | 1272.8
500 10.58 | 10.97 11.37 11.78 12.19 | 12.62 | 13.05 13.49 15.95 14.43 3500 | 1279.6 | 1286.5 | 1293.5 | 1300.5 | 1307.5 | 1314.4 | 1321.3 | 1328.3 | 1885.2 | 1342.2
000 | 14.92 | 15.42 15.93 16. 44 16. 97 17.52 | 18.09 18.69 19.31 19.95 3600 | 1349.3 | 1356.4 | 1363.5 | 1870.6 | 1377.7 | 1384.8 | 1392.0 | 1399.2 | 1406.5 | 1415.8
700 | 20.60 | 21.28 | 21.98 | 22.71 23.48 | 24,28 | 25.11 | 25.97| 26.87 | 27.82 3700 | 1421.2 | 1428.5 | 1435.8 | 1443.2 | 1450.7 | 1458.2 | 1465.7 | 1473.2 | 1480.6 | 1488.0
800 | 28.82 | 20.8Y | S1.02| 82.20| 83.43| 34.73| 86.11| 97.58| 89.18 40.77 3800 | 1495.5 | 1503.0 | 1510.5 | 1518.0 | 15625.6 | 1533.2 | 1540.9 | 1548.7 | 1556.4 | 1564.0
900 | 42.61 44.47 | 46.46 | 48.68 | 60.85 | 53.28 | &65.87 | 58.63 | 61.57| 64.70 2900 | 1571.6 | 1579.2 | 1586.8 | 1594.5 | 1602.2 | 1610.0 | 1617.8 | 1625.7 | 1638.7 | 1641.7
1000 | 68.0 1.7 75.6 79.6 83.8 88.2 02.8 97.5 | 102.4 107.5 4000 | 1649.6 | 1657.6 | 1665.7 | 1673.7 | 1681.8 | 1689.8 | 1698.0 | 1706.1 | 1714.3 | 1722.4
1100 | 112.7 118.0 123. 4 128.8 134.2 139.6 145.0 150.4 155.8 | 161.1 4100 | 1730.6 | 1738.9 | 1747.2 | 1755.4 | 1768.7 | 1772.0 | 1780.4 | 1788.8 | 1797.1 | 1805.5
1200 | 166.4 171.0 176.8 | 181.9 186G.9 191.8 196.7 | 201.6 | 206.5 | 211.4 4200 | 1813.9 | 1822.4 | 1830.9 | 1839.3 | 1847.8 | 1856.3 | 1864.9 | 1873.4 | 1882.0 | 1890.6
1300 | 216.2 | 220.9 225.5 230.1 234.7 | 230.8 | 243.8 | 248.3 | 252.8 | @57.¢ 4300 | 18990.2 | 1907.9 | 1916.6 | 1925.3 | 1934.0 | 1942.7 | 1951.5 | 1960.8 | 1969.2 | 1978.0
1400 | 261.6 | 266.1 270.6 | 274.9 | 279.8 | 283.6 | 287.8 | 292.1 | 296.3 | 300.6 4400 | 1986.8 | 1995.7 | 2004.7 | 2013.6 | 2022.6 | 2031.5 | 2040.5 | 2049.5 | 2058.6 | 2067.6
1500 | 304.9 | 309.2 | 313.5 | 817.7 | 321.8 | 826.0 | 330.2 | 834.5 | 838.8 | 343.0 4500 | 2076.6 | 2085.7 | 2004.8 | 2103.9 | 2113.0 | 2122.1 | 2131.3 | 2140.5 | 2149.7 | 2158.9
1600 | 347.1 S331.2 | 355.3 | 559.5 | 363.6 | 867.7 | 371.8 | 876.0 | 880.1 | 884.2 4600 | 2168.1 | 2177.4 | 2186.7 | 2196.1 | 2205.4 | 2214.7 | 2924.2 | 2233.6 | 2243.1 | 2252.5
1700 | 388.83 | 392.4 | 996.4 | 400.5 404.7 | 408.8 | 412.8 | 416.8 | 420.9 | 425.0 4700 | 2262.0 | 2271.6 | 2281.2 | 2290.8 | 2300.4 | 2310.0 | 2319.7 | 2329.4 | 2339.2 | 2348.9
1800 | 429.2 | 433.8 437.4 | 441.5 | 445.5 | 449.5 | 453.5 | 457.6 | 461.6 | 465.6 4800 | 2358.6 | 2365.4 | 2378.3 | 2388.1 | 2398.0 | 2407.8 | 2417.7 | 2427.6 | 2487.6 | 2447.5
1900 | 469.7 | 473.7 477.8 | 481.8 | 485.9 | 490.1 494.2 | 498.3 502.4 | 506.5 4000 | 2457.4 | 2467.4 | 2477.4 | 2487.4 | 2497.4 | 2507.4 | 2517.5 | 2527.6 | 2537.7 | 2547.8
2000 | 510.5 | 514.5 | 518.8 | 522.7 | 526.8 | 530.9 | 535.0 | 539.2 | 548.8 | 547.4 5000 | 2557.9 | 2568.1 | 2578.3 | 2588.4 | 2598.6 | 2608.58 | 2619.1 | 2629.4 | 2639.7 | 2650.0
2100 | 551.6 | 555.7 | 559.9 | 564.1 | 568.2 | 572.4 | 576.5 | 580.6 | 584.7 | 588.8 5100 | 2660.3 [ 2670.7 | 2681.2 | 2691.6 | 2702.1 | 2712.5 | 2723.1 | 2733.6 | 2744.2 | 2754.7
2200 | 593.0 | 597.2 | 601.4 | 605.6 | 609.7 | 613.9 | 618.2 | 622.4 | 626.6 | 630.8 5200 | 2765.8 | 2776.0 | 2786.6 | 2707.3 | 2807.9 | 2818.6 | 2820.4 | 2840.1 | 2850.9 | 2861.6
2300 | 635.1 639.5 643.8 | 648.1 652.5 | 656.9 | 661.2 | 665.5 | 669.% | 674.1 5300 | 2872.4 | 2883.2 | 2894.0 | 2904.9 | 2915.7 | 2926.5 | 2037.4 | 2948.3 | 2959.2 | 2970.1
2400 | 678.5 682.9 657.4 | 691.8 | 696.2 | 700.6 | 705.1 709.7 | 714.2 | T18.7 5400 | 2081.0 | 2092.0 | 3003.0 | 3014.1 | 3025.1 | 3036.1 | 3047.2 | 3058.8 | 2069.5 | 3080.6
2500 | 723.2 | Ter.y |732.2 | ¥36.8 | 741.5 | 746.1 750.6 | 755.2 | 759.9 | 764.68 5500 | 3001.7 | 3102.9 | 3114.2 | 8125.4 | 8136.7 | 3147.9 | 5159.8 | 8170.6 | 3182.0 | 3193.3
2600 | 769.3 T74.0 T78.7 | 783.5 788.2 | 793.0 | 797.8 | 802.7 | 807.6 | 812.5 5600 | 3204.7 | 3216.2 | 83227.7 | 8289.1 | 3250.6 | 3262.1 | 3273.7 | 8285.8 | 3297.0 | 3308.6
2700 | 817.4 | 822.2 | 827.1 | 832.0 | 836.9 |841.8 | 846.8 | 851.9 | 857.0 | 862.0 5700 | 3320.2 | 5331.9 | 8343.6 | 8355.4 | 8367.1 | 8378.9 | 3390.6 | 3402.4 34142 | 3426.0
2800 | 867.1 872.1 877.1 | 882.2 | 887.3 | 892.5 | 897.8 | 903.0 | 908.3 913.6 5800 | 3437.8 | 3449.7 | 3461.6 | 8473.5 | 3485.4 | 3497.3 | 3500.8 | 8521.4 | 3538.4 | 3545.5
2900 | 918.9 | 924.2 | 9205 | 934.8 | 940.2 | 945.6 | 951.0 | 956.5 | 962.0 | 9g7.3 5900 | 3557.5 | 3569.7 | 3581.9 | 8594.2 | 3606.4 | 3618.6 | 3631.0 | 3643.4 | 3655.7 | 3668.1
3000 | 973.0 078.5 084.0 | 989.5 995.0 |1000.6 (1006.3 (1012.1 [1017.9 |1023.7 G000 | 3680.5

The above table has been taken from Eggert's Method, as published in the U. S. Naval Institute Proceedings, Vol. 45, Nos. 191 and 200. It is based on tables originally published in

France by the Commission de Gdore. A table of the GAvre function in metric units is given in Ezierior Ballistics Tables Based on Numerical Integration, Vol. I, (Ordnance Department
U. 8. Army, 1024). See also note on page 28 Ezterior Ballistics, 1935.



TABLE II i

The Altitude-Density Function /7,

This table is entered with the altitude y, in feet, and the value of log H, is found from the body of the table. H, expresses the ratio of air density at the
altitude y feet to the density of air at the earth’s surface at sea level, under the conditions of standard surface density (i.e., §=1). The values of log H, were com-

puted by means of the formula

Particular attention is invited fo the fact that this table gives log H,, and that the characteristic 9-10 is to be understood for all of the values given in the
table. Although the table extends only to 10,000 feet for the argument y, it may be used for greater altitudes than 10,000 feet as follows. Divide the value of y
by 10. Entering the table with y/10, find the corresponding value of log H, and move the decimal point of this value one place to the right. For example, to find
log H, for y=10,100 feet, we enter with y=1010 feet and find in the body of the table the value .98614. Moving the decimal point one place to the right we then
have log H,=9.8614-10, It is to be noted that this operation gives also the characteristic of the logarithm. The function H,, as defined above and as given
by this table, is limited to altitudes within the troposphere (about 40,000 feet). |

The derivation and use of this table are further explained in articles 420, 428-429, and 610-621, Exterior Ballistics, 1935.

|



¥y e 0 10 20 30 40 50 Go T a1l 90 ¥ 0 10 20 30 40 50 G0 0 E0 90
ono | 00000 | .09986 | .90978 | .99959 | .99945 | .99931 | .99918 | .99904 | .99890 | .99877 5100 | .93003 | .92080 | .92075 | .92962 | .92048 | .929034 | .92920 | .92907 | .92893 | .92879
100 | .99863 | .99850 | .D0885 | .99822 | .99808 | .D9V94 | .99780 | .99767 | .99753 | .99739 5200 | .928066 | .92852 | .02888 | .92824 | .92811 | .92797 | .D2V83 | .02770 | 02756 | 92742
eoo | .09726 | .90712 | .90898 | .99G84 | .99671 | .99657 | .09643 | .99630 | .99616 | .99602 5300 | .927e8 | .92715 | .92701 | .92687 | .92674 | .92660 | .92646 | .92632 | .02619 | .92605
300 | 99583 | .99575 | 09561 | .99547 | .99533 | .99520 | .99506 | .99492 | 99470 | 99465 5400 | .92591 | .92577 | .992564 | .92550 | .92536 | .92523 | .92509 | .92495 | .92481 | .92468
400 | .99451 | .00487 | .00494 | 99410 | .99396 | .99383 | .99360 | .99355 | .99341 | .99328 5500 | .92454 | .92440 | .02427 | .02418 | .92309 | .923885 | .92372 | .92358 | .92344 | .92331
500 | .99314 | .99300 | .99287 | .99273 | .99259 | .09245 | .90232 | .00218 | .00204 | .991%0 5600 | .92317 | .92303 | .92289 | .02276 | .92262 | .92248 | .92234 | .9222] | .92207 | .92193
600 | .99177 | .99163 | .99149 | .99136 | .99122 | .99108 | .99094 | .99081 | .99067 | .99053 5700 | .92180 | .92166 | .92152 | .92138 | .92125 | .92111 | .92097 | .92084 | .92070 | .D2056
700 | .99040 | .99026 | .99012 | .98998 | 08985 | .98971 | .08957 | .08044 | .98930 | 98916 5800 | .92042 | .02020 | .92015 | .92001 | .91988 | .91874 | .91960 | .91946 | .91933 | .91919
800 | .98002 | .08889 | .08875 | .98861 | .98848 | .08834 | .98820 | .98806 | .98793 | .O8TVO 5800 | .91905 | .91801 | .91878 | .91864 | .91850 | .91837 | .91823 | .91809 | .91795 | .91782
o900 | .98765 | .98751 | .98738 | .98724 | .98710 | .98697 | .98683 | .9B669 | .98655 | .08642 6000 | .91768 | .91754 | .91741 | .91727 | .91713 | .01699 | .91686 | .D1672 | .01658 | .01645

1000 | .98628 | .98614 | .98600 | .98587 | .98578 | .08559 | .98546 | .98532 | .98518 | .98505

1100 | .98401 | 98477 | .95465 | .95450 | .98436 | .98422 | .98408 | .08395 | .98381 | .98367 6100 | .91631 | .91617 | .91603 | .91590 | .91576 | .91562 | .91548 | .91535 | .91521 | .91507
1200 | .98354 | .98340 | .08326 | .08312 | .982990 | ,08285 | .98271 | .9B258 | .98244 | ,08230 6200 | .91494 | .91480 | .91466 | .91452 | .91439 | .91425 | .91411 | .91388 | .91384 | .91370
1300 | .98216 | .98203 | .98189 | .98175 | .98162 | .98145 | .98154 | .98120 | .98107 | .98093 6300 | .91356 | .91343 | .91329 | .91315 | .91302 | .91288 | .9127: 01260 | .91247 | .91293
1400 | 98079 | .98065 | .95052 | .98038 | .98024 | .98011 | .97997 | .97983 | .97969 | .979506 6400 | .01219 | .91205 | .91192 | .91178 | .91164 | .91151 | .91157 | .91123 | .91109 | .91096
1500 | .97942 | .97928 | 97915 | .97901 | .97887 | 97873 | .97860 | .97846 | .97832 | .97819 G500 | .91082 | .91068 | .91055 | 91041 | .91027 | .91013 | 91000 | .90986 | .90972 | .00959
1600 | .97805 | .97791 | 97777 | 97764 | (97750 | (97736 | .97722 | 07709 | 97695 | .97681 6600 | .90945 | .90931 | .90017 | .90904 | .90890 | .90876 | .90862 | .90849 | .90835 | .90821
1700 | .07668 | .07654 | .97640 | .07626 | .97613 | .97599 | .97385 | 97572 | .97558 | 97544 6700 | .90808 | .90794 | 90780 | 90766 | .00753 | .90739 | .907¢5 | .00712 | .90698 | .00684
1800 | .97530 | .97517 | 97508 | .97480 | 07476 | 07462 | .97448 | 07434 | .09742] | .97407 6800 | 90670 | .90657 | .90643 | .90629 | .90616 | .90602 | .90588 | .90574 | .90561 | .90547
1900 | .97393 | .97379 | .073866 | .97352 | .97338 | 97325 | .97311 | .97297 | .97283 | .97270 6000 | .005383 | .90519 | .90506 | .90492 | 90478 | .90465 | .90451 | .00437 | .90423 | .90410
2000 | 97256 | .07242 | .97229 | .97215 | .97201 | .9TI18T | .97174 | .07160 | 67146 | .97133 7000 | .90896 | .90382 | .90369 | .90855 | .90341 | .90327 | .90314 | .90300 | .90286 | .90273
2100 | .97119 | .97105 | .97091 | .970V8 | .97064 | .97050 | .97036 | .97023 | .0V009 | .96995 =100 | .90253 | .90240 | .90227 | .90214 | .90201 | .90188 | .90175 | .9016% | .90149 | .90135
2200 | .96982 | .06068 | .96954 | .96940 | 96927 | .96013 | .96890 | .DG886 | .96872 | .96858 7200 | .90121 | .90108 | .90094 | .90080 | .90067 | .90054 | .90049 | .90026 | .90012 | .89998
@300 | .96844 | ,96881 | .96817 | .96803 | .96790 | .96776 | .96762 | .96748 | .96735 | 06721 7300 | .89984 | .89971 | .89957 | .80943 | .80930 | .89016 | .89002 | .BOBB8 | .BIBTS | .50861
2400 | 96707 | .96693 | .9G680 | .96666 | .96652 | .96639 | .96625 | .06611 | .96597 | .96584 7400 | .89847 | .59833 | .89820 | .89806 | .B9792 | .89779 | .89765 | .89751 | .89737 | .59724
2500 | 96570 | .96556 | 96543 | .96529 | 96515 | .96501 | .96485 | .DG474 | 096460 | .96447 7500 | .89710 | .89696G | .89083 | .89669 | .80655 | .80641 | .800628 | .80614 | .89600 | .89587
2600 | .96433 | .96419 | .06405 | .96392 | .96378 | .96864 | .96350 | .96337 | .963%3 | .96300 7600 | .89573 | .89559 | .89545 | .80532 | .89518 | .89504 | .89490 | .89477 | .89463 | .89449
2700 | .96296 | .96282 | .96268 | .96254 | .96241 | .96227 | .96213 | .96200 | .96136 | .96172 %700 | .89436 | .80422 | .89408 | .89394 | .89381 | .89367 | .89353 | .59340 | .89326 | .89312
2800 | .06158 | .06145 | 96131 | .96117 | .96104 | .96090 | .96076 | .06062 | .096G049 | .96035 7800 | 89298 | .89285 | .89271 | .89257 | .80244 | .89230 | 89216 | .80202 | .89189 | .89175
2000 | 96021 | .96007 | .95994 | .95980 | .95966 | .95953 | .95939 | .95925 | .95911 | .95898 7000 | .89161 | .89147 | .89184 | .89120 | .89106 | .89093 | .80079 | .89065 | .89051 | .89038
3000 | 95884 | .95870 | .95857 | .95843 | .95829 | .95815 | .95802 | 95788 | .95774 | .95761 S000 | .89024 | .89010 | .88997 | .8B9O83 | .88969 | .B8955 | .88942 | .88928 | .58914 | .88901
g100 | 95747 | .95783 | 05710 | 95706 | .95602 | .95678 | .D5664 | .95651 | .95637 | .95623 8100 | .88887 | .88873 | .888590 | .88846 | .88832 | .88818 | .88804 | .88791 | .88777 | .88763
3200 | .95610 | .95596 | .05582 | 05568 | ,95555 | .95541 | .95527 | .95514 | .95500 | .95486 Q200 | .88750 | .88730 | .88722 | .88708 | .88695 | .88681 | .88667 | .88654 | .88640 | .886206
gann | 05472 | .95459 | 05445 | .05431 | 95418 | .95404 | .95300 | .95376 | .95363 | .95349 8300 | .88612 | .58599 | .88585 | .BB571 | .88558 | .88544 | .88530 | .88516 | .88503 | .88480
8400 | .05335 | .95321 | .95308 | .95204 | .95280 | .95267 | .95253 | .95239 | .95225 | .05212 8400 | .88475 | .88461 | .88448 | .85434 | .88420 | .88407 | .88393 | .88379 | .B8365 | .BE352
2500 | .95198 | .95184 | .95171 | .95157 | .95143 | .95129 | .95116 | .95102 | .95088 | .95075 8500 | .88338 | .55324 | .88311 | .88297 | .88283 | .88260 | .88256 | .88242 | .88228 | .58215
2600 | .95061 | .95047 | .95083 | .95020 | .05006 | .94992 | 94878 | .04965 | .94951 | 94937 8600 | .88201 | .88187 | .88178 | .88160 | .B8146 | .88132 | .88118 | .B8105 | .88001 | .88077
2700 | .04924 | .94910 | .94896 | .94882 | .04869 | .94855 | .94841 | .94828 | .94814 | .94800 §700 | .88064 | .83050 | .B8036 | .88022 | .88000 | .87005 | .87981 | .87968 | .87954 | 87940
2e00 | .04786 | (04773 | (94750 | (04745 | 04732 | . 04718 | .94704 | .04600 | .94677 | .94063 8800 | 87926 .57913 | .B7899 | .BY885 | .87872 | .B7858 | .87844 | .8B7830 | .87V8B17 | .87803
8000 | .94649 | .94635 | .94022 | 04608 | .94594 | .94581 | 94567 | .04558 | .94539 | .04526 80800 | .BY789 87775 | .BU762 | .BTT4B | .87784 | 87721 | .B7T07 | .B7GO3 | .BY6TD | .BT666
4000 | .94512 | .94408 | 94485 | 04471 | .94457 | .94443 | .04430 | .94416 | .94402 | .94389 9000 | .87652 | .57638 | .B7625 | .87611 | .87597 | .87583 | .87570 | .87556 | .87542 | .B875%29
4100 | 94375 | .04361 | .04347 | 04334 | .04320 | .94306 | .04202 | 94270 | .04265 | .94251 0100 | .875615| .87501 | .87487 | .87474 | .87460 | .87446 | .87432 | .87419 | .B7405 | .87391
4200 | 94238 | .94224 | 94210 | .04196 | .94183 | .04169 | 04155 | .94142 | .94128 | 94114 0200 | 87378 | 87564 | .87350 | .87336 | .87323 | .87809 | .87205 | .87232 | .872068 | .87254
4300 | 94100 | .94087 | .94073 | 04059 | .94046 | .94032 | .94018 | .94004 | .93991 | .93977 9300 | .B72400] .87227T | .87213 | .87199 | .87186 | .87172 | .87158 | .87144 | .B71381 | .87117
4400 | 93063 | .939490 | .95986 | 93022 | .03908 | .D3895 | ,D3881 | .98867 | .93853 | .93840 9400 | .87103 | 87089 | 87076 | .B7062 | .87049 | .87035 | .87021 | .87007 | .B6993 | .BGI80
4500 | .938926 | .93812 | 93799 | .93785 | 93771 | 95757 | 93744 | .03730 | .93716 | .93703 9500 | .B696G | .86952 | .86930 | .86925 | .86911 | .S6397 | .86884 | .86870 | .B6856 | .86843
4600 | .93689 | .93675 | .93681 | .93648 | .093634 | .B3620 | .93606 | .93508 | .93579 | .93565 9600 | .86829 | .86815 | .86801 | .86788 | .80774 | .86760 | .86746 | .86733 | .86719 | .86705
4700 | .93552 | .D8588 | 93524 | .93510 | .93497 | 03483 | .93460 | .93456 | .93442 | .93428 9700 | .B6692 | 860678 | .B6664 | .B6650 | .86637 | .56623 | .86609 | .86596 | .86582 | .86568
4800 | .93414 | .98401 | 93387 | .93373 | .93360 | .93346 | 83332 | .93318 | .93305 | .93291 9800 | .86554 | .86541 86527 | .86513 | .B6500 | .85486 | .86472 | .B6458 | .86445 | .86431
4000 | .0%277 | 03263 | 03250 | .0923G | .93222 | .95209 | .93195 | .93181 | .93167 | .93154 9900 | .8641% | .86403 | .86300 | .86376 | .808062 | .86340 | .86385 | .86321 | .86307 | .86294
%000 | .93140 | .93126 | .93113 | .93090 | .93085 | .93071 | .93058 | .93044 | .93030 | .93017 10000 | .86280 .

The above table has been taken from Eggert's Method, as published in the U. S. Naval Institule Proceedings, Vol. 45, Nos. 191 and 200. A table of the function H, in metric units
is given in Exierior Ballislic Tables Based on Numerical Integration, Vol. I, (Ordnance Department, U. 8. Army, 1924).



CHAPTER 7

THE CONSTRUCTION AND USE OF BALLISTIC TABLES
BASED ON NUMERICAL INTEGRATION.

701. The principles involved in the computation of trajectories by numerieal
integration have been covered in the preceding chapter, and the need for ballistic
tables in connection with the practical applications of this method also has been
touched upon, We shall now examine in greater detail the character of these
tables and the features entering into their use.

It is to be noted, first of all, that the physical data which define a trajectory
are the velocity-retardation law, the altitude-density law, the value of the gravi-
tational constant g, and the values of ¢, V, and C.* Having assumed a definite
velocity-retardation law, such as the G-funetion, a definite altitude-density law,
such as the I[/-function, and a definite value of g, the remaining parameters which
define a trajectory are ¢, V, and C. In modern ballistic tables based on numerical
Bty il nani integration, ¢, V, and C are therefore the entering arguments.
tions and arguments 1t should not be overlooked, however, that the assumed
f;‘h'l"':;‘i};ﬂh%lﬂﬁé“ velm}it;y-l'el.ﬂrd:;}tiun law, altitude-density law, and value of

g, are inherent in such tables, and that the tables are strictly
applicable only to cases [or which these assumptions are correct. Minor variations
from these assumptions ean be accounted for very conveniently, and with suffi-
cient accuracy for practical purposes, through the medium of the coefficient 7
(as outlined in articles 623, 627, and 628). A material variation from these assump-
tions, as for example a materially different velocity-retardation funetion, requires
a new set of tables, or some process which gives the equivalent thereof,

702. The French were among the first to issue comprehensive ballistic tables
based on the modern application of numerical integration. In September, 1918,
the Ministére de I’ Armament issued tables which had been prepared by the Com-
misston Artillerie Lourde sur Voie Ferrée (freely translated, Heavy Railway
Artillery Commission); in 1921, the tables were extended to include a wider range

of the arguments and some additional elements. These tables were
IFI?.‘LF. adopted in this country shortly after their first appearance, and have
Tables come to be known as the A.L.V.F. Tables. The U. 8. Navy has con-
tinued up until the present time to use these tables extensively in
connection with the construction of its range tables for angles of departure above
15%, and we shall, accordingly, devote our present study principally to them.

The A.L.V.I'. Tables are based on the velocity-retardation relation expressed
by the Gévre function, differing buf little from the G-function (art. 410), and on an
altitude-density relation of the same character as the H-funection but differing
very slightly from the latter. Numerical integration of the differential equations

* Certain other factors, such as the forces introduced by the spin of the projectile and
the rotation of the earth, as well as wind and motion of gun, might be included here. ow-
ever, the effeets of these influences are always dealt with separately as corrections to the
trajectory, as will be seen presently.

78
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derived in Chapter 5 (art. 503), with 6 taken as the independent variable, was
used in computing the tables.

In 1919, the U. S. War Department issued a translation of the first (1918)
edition of the A.L.V.F. Tables. This translation involved chiefly the conversion
of the argument C from the French standards to those used in the United Statest;
mefric units for ranges and velocities, as used by the French, were retained in the
American translation. Several exiracts from the American translation of the 1918
A.L.V.I. Tables are given in Table VI, Range and Ballistic Tables, 1935. Sample
pages covering the illustrative examples that will be given in this chapter are
appended at the end of this chapter.

703. The general arrangement of data in the A.L.V.F. Tables is illustrated
in the extracts appended to this chapter, which represent four pages of these
tables, ¢ =25° being the page argument and V and € the vertical and horizontal
arguments, respectively, for each page. A triple-entry system is

Arrangement : }
of f!atg in obtained by having separate pages for the several tabular values of
%ﬁif* the argument ¢, each page having the additional arguments V and

C'. (Compare with the Azimuih Tables, in which latitude is the page
areument, and hour angle and declination are the vertical and horizontal argu-
ments, respectively, for each page.) In order to accommodate a wide range of
values of V and € and sufficiently small tabular intervals of each without unduly
increasing the size of the page, a number of pages is required for each value of ¢.
In the American edition of the A.L.V.I. Tables each page includes one-half of the
total range of values (300 m.s. to 900 m.s.) of the argument V, and one-fourth of
the total range of values (about 3 to about 15) of the argument C. Also, only one
element is tabulated on each page. F'or each tabular angle of departure there are,
therefore, eight pages for each of the tabulated elements (X, T, w, and v,), or
thirty-two pages for each tabular value of ¢. A set of pages as just described is
given for each 5° interval in ¢ from 15° to 40° inclusive. The untranslated 1921
edition includes ¢ =45 V up to 1200 m.s., and g, in addition to the elements al-
ready noted.

The tabular interval in the argument V is uniform throughout the tables and
is 10 m.s. I'or the argument (/, both € itself and its logarithm are given. Since
interpolation with respect to Log €' is both more convenient and more accurate
than interpolation with respect to C itself, a uniform tabular interval of .020 in
Log €' is used ; this corresponds to a tabular interval of about 4.79; with respect to
C' itself. The odd tabular values of C are due to the ¢onversion from the I'rench C
of the original tables.

704. The units used in the A.L.V.F. Tables arc as follows:

(a) Initial velocity (V) is tabulated in meters per second.
(b) Striking velocily (v,) is tabulated in decimeters per second; meters
per second are obtained by pointing off one place from the right.

T This conversion accounts principally for the difference between French and American
practices as to the manner of defining the coefficient of form and of setting up the ballistic
ecoefficient., Further details may be found in 7.8, No. 148 (U. 8. Army, 1921); also p. V,
A.LV.F, Ballistic Tables (U, S, Army, 1919), and p. 52, Report on Compulation of Firing
T'ables for the U. 8. Army, by H. P. Hitcheock,
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Tuite (¢) Range (X) is tabulated in meters.
used in  (d) Time of flight (T) is tabulated in hundredths of a second; seconds
sl are obtained by pointing off two places from the right.

(e) Angle of fall (w) is tabulated in half-minutes of are; degrees and
minutes are obtained by dividing by 120 (for degrees) and the re-
mainder by 2 (for minutes).

For example, let us look up the values of the various elements corresponding to
the arguments ¢ =25°, V=670 m.s., and Log C'= 1.055 (these may be found in the
extracts appended to this chapter). For range we find X =20,875 meters. For time
of flight we find 7'=49.20 seconds. For angle of fall we find 4244 half-minutes;
dividing 4244 by 120 to get whole degrees, and the remainder by 2 to get minutes,
we have w=35"22'. For terminal velocity (or striking wvelocity) we find
Ve =2579.4 m.s. z

705. For converting metric units to Iinglish units, and vice versa, we sghall
use the following relations.*

1 meter=3.2808 feet (log 0.51598)
1 foot = .30480 meter (log 9.48402—10)
1 meter=1.0936 yard (log 0.03886)
1 yard = .91440 meter (log 9.96114— 10)

It is not necessary that the balligtic coefficient € be found in metrie units,
sinee it is a ratio and henece independent of units. The necessary conversion due
Units to the difference between the French ballistie coeflicient and our own C
used for has been made in preparing the translation from the original FFrench
finding  tables; the value of Log C for use with the translated edition is to be

& found exactly as explained heretofore,

706. The tabular intervals of the arguments V and € in the A.L.V.F. Tables
are small enough to make second differences negligible for purposes of inter-
polation. Ordinary linear interpolation is therefore used with respect to V and C.
In order to facilitate interpolation with respect to these arguments, differences
between adjacent tabular values are recorded alongside the latter in the body of
Siasinis the table, Thus immediately to the right of each value tabulated in
columns the body of the table will be found the difference between the latter
?I?ﬂﬁt.:‘ﬁ:v.F' and the value next to the right of it, i.e., the difference with respect

to adjacent tabular values of the argument €. Similarly, immediately
below the difference with respect to adjacent tabular values of €' will be found the
difference with respect to adjacent tabular values of V. IFor example, on the page
headed ¢ =25° Range, with V=790 m.s. and Log C=1.095, we find X =27,529;
this is the range in meters corresponding to ¢=25° V=790 m.s., and Log C
= 1.005. Immediately to the right of 27,529 we find the number 540, which is the
difference between the values of X for Log C=1.005 and for Log C=1.115
(28,069 —27,529), the arguments ¢ and V having remained the same. Immediately
below the number 540 we find the number 516, which is the difference between
the values of X for V=790 m.s. and for V=800 m.s. (28,045 —27,529), the argu-
mentg ¢ and Log € having remained the same. The arrangement is quite obvious,
since the differences with respect to the argument ' appear to the right of the
tabular values to which they pertain, this being the direction in which the argu-
ment C' increases; while the differences with respeet to the argument V appear
below the tabular values to which they pertain, this being the divection in which

* In the United States the value of the meter is legalized at 39.37 inches; in Great
Britain and France, 39.37079 inches are considered to be the equivalent of one meter.
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the argument V increases, Caution must be exercised, however, in the matter of
the signs of these differences. The signs are not given in the tabulation but may be
determined readily by inspection. It will be noted that X, T, and v, always in-
crease as either V or C inereases, while @ increases as V increases but decreases
as C increases.

The following examples cover the various cases of interpolation with respect
to V and €. The portion of the A.L.V.I. Tables required in connection with these
examples is given in the extracts appended to this chapter.

Single 707. 1. (ven: ¢=25°% V=790 m.s., Log C=1.12707.
ﬁfgﬁiﬂ;ﬁ Find: Range, time of flight, angle of fall and terminal
to C velocity (in metrie units).

We find V=790 m.s. is a tabular value, hence this is a case of single inter-
polation. Then we find, in the table headed ¢ = 25° Range,

For V=790 and Log C'=1.115, X =28,069
For V=790 and Log C=1.135, X =28,607

The difference between the two values of X is 538, and is given in the difference
column next to 28,069. Then we have, for V=790 and Log C'=1.12707,

.01207
X = 28,060 +

X 538 = 28,394 m

From the table headed ¢ =25° Time of Flight, we have,
For V=790 and Log C=1.115, T=5758
For V=790 and Log C'=1.135, T'=5796

The difference between the two values of T is 38, and is given in the difference
column next to 5758. Then we have, for V=790 and Log C'=1.12707,

01207
T = 5758 + mtﬁﬂ_ % 38 = H/781 or H7.81 seconds

Note that the pointing off of deecimal places may be done most conveniently
after the interpolation has been completed.

I'rom the table headed ¢=25° Angle of Fall, we have,

For V=790 and Log C=1.115, w=4379

For V=790 and Log C'=1.135, w=4335
The difference between the two values of w is 44, and is given in the difference
column next to 4379. Then we have, for IV=790 and Log ¢ =1.12707,

01207
.020

whence we have 4352/120=36° 16’

Here again it is convenient to complete the interpolation before converting any
values into degrees and minutes.

I'rom the table headed ¢ =25° Terminal Velocity, we have,
For V=790 and Log C'=1.115, v,=4223
For V=790 and Log C'=1.135, v,=4296

The difference between the two values of », 18 73, and 18 given in the difference
column next to 4228. Then we have, for V=790 and Log C =1.12707,
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.01207

v, = 4223 + X 73 = 4267 or 426.7 m.s.

It will be observed that it is not necessary to write the data for each of the
sets of values (V=T790—Log C=1.115 and V=790—Log C=1.135), since the
difference column gives us the differences to be used in interpolating. In this first
example the data for the two sets of values have been put down In order to make the
illustration complete, and in order that there may be no confusion as to the use of
the quantities from the difference columns, Normally the entire procedure reduces
to the following: '

The interpolating ratio 1s,

1,12707 — 1.115 01207

— = .604
.020 020 T
whence,
X =28.00891- 604 X 088 = . i oo dwniseiine s v 28,394 m.
Pa= STER L BOEN BE=BTBL O, . s mreisim e sl it s OLLRAG,
w= 4379 — 604X 44 =4352 OF. . enssinanssasnoneie 36° 16
go2= 4223 L .004% TO=42070r. .. .cioeivociiaisiniss 426.7 m.s.
Single 708. 11. Given: ¢=25° V =792.5 m.s., Log C =1.11500.
l,':,l}flf Relation Find: Range, time of flight, angle of fall and terminal
respect to V veloeity (metrie units).

In this case we find that Log C=1.11500 is a tabular value, hence this also is a
case of single interpolation. Remembering that the differences with respect to V
appear below those with respect to C, we will proceed directly to the abbreviated
process just illustrated in the last example.

The interpolating ratio is,

792.0 — 790 1
2?’

= .25 or-—
10 4
whenee,
X =S OBOERSCEBT = oo s i s ms Aok s s 28,202 m.
Tes BYBR 43¢ Bl BITS O o oo cnioidann i bisoin s 57.73 sec,
o ABTY 23 AT =d3BB OF i viiiavineinsnm smmm i sismive 36° 32’
1= D08 b DL AR DR | s L e e e 422 8 m.s.
Double 700, III. Given: ¢=25° V=792.6m.s., Log C=1.12707.
interpolation Find: Range, time of flight, angle of fall, and terminal

veloeity (metrie units).

Neither V nor € are tabular values, henee this is a case of double interpola-
tion. We shall proceed by making the interpolation for €' for the velocities next
lower and next higher to the given veloeity, and then interpolating between these
values for the given veloeity.

I'or Log C the interpolating ratio is,

1.12707 — 1.115
T O =
T'or V the interpolating ratio is,
792.5 — 790
10

|
<
e

A
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Then we have, interpolating first for Log C and then for V,
For V=790, X =28,0694.604X538=28,394
For V=800, X =28.601-4.604 X554 =28,936
For V="792.5 X =28 304-1(28,936—28,394)
= 28,3944 1 X542 =28,530 m.

Iror V=790, T =05758-.604X38=>5781

For V=800, T =>5819-.604X38= 75342

For V=792.5, T'=5781-+3(5842—5781)

578141 61= 5796 or 57.96 see.

I

For V=790, w=4379—.604X44=4352
For V=800, w=4396—.604}45=4369
For V=792.5, w=4352+$(4369—4352)

=435245 X 17=4356 or 36° 18’

For V=790, uv,=4223+.604x73=4267

For V=800, uv,=42444.604X75=4289

For V=792.5, u,=4267-1(4289—4267)
=4267- 3 X22=4273 or 427.3 m.s.

710. The above examples cover eases of enfry into the A.L.V.F. Tables with
the usual arguments, viz.,, ¢, V, and C. Occasion arises also for determining
. - ¢ J T o )
Entry into A.L.V.F. the value of the fmr%unmut C !ihﬂt r?urr-:,&-,pnn(fr: 't.c:r given
Tables, with ¢, V, values of ¢, V, and X (as noted in article 624). This consti-
?;“Ei :‘; aﬁﬂgr%“mmts tutes indirect entry into the tables, which is illustrated by
the following example.

IV. Given: ¢=25° V=791 m.s,, X =28,908 m.
Find: Log C.

[ixamining the table headed ¢=25° Range, we find that, in the vieinity of
V=790, the value X =28908 liecs between the columns headed Log C=1.135
and Log C=1.155. We will first find X, for the given value of V=791, in each of
these columns.

TFor Log C=1.135, X =28,607-}.1X548 =28,662

For Log C=1.155, X =29,1434.1X565=29,199
Both of the values of X we have found are for V' =791; since our given value of
X =28,908 lies between them, we may find the value of Log C corresponding to
it by the usual interpolation process. We have,

928,908 — 28662

LogC = 1.135 + :
= 20,109 — 28 662

X (1.1556 — 1.135)

1.135 i X .020 1.14416
135 £37 ; = 1.14416

Il

711. The tabular interval in ¢ in the A.L.V.F. tables is too great for linear
interpolation with respect to this argument, but the required aceuracy may be
obtained by extending the interpolation to second differences. When an entire
Interpolation range table is being prepared, and the values of the various ele-
:;itil il;fsp“t ments have been found for the several tabular values of ¢ (i.e., 15°,
A.L.V.F. 20°, 25° 30°, 35°, and 40°), the problem of interpolation for values of

Tables these elements between the tabular values of ¢ ean be handled about
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as satisfactorily by graphical methods as by interpolation by formulas involving the
higher differences. In construeting U. 8. Navy range tables from the A.L.V.I.
Tables, the graphical process is used. The values of the several elements are found
from the A.L.V.F. Tables for each 5° interval in ¢ from 15° to 40°, and are plotted
against ¢. Fair curves are passed through the plotied points and the values at any
number of required intermediate points may then be picked from the curves.
Regularity in the intermediate values so obtained is secured both by using an
appropriately large seale for the plotting, and by adjusting the values picked
from the curves so that the second differences run smoothly, This graphical
process is practically the equivalent of interpolation with second differences, and
is more convenient when a great many intermediate values are to be found.
712. For isolated cases involving the determination of
elements for other than tabular values of ¢, the usual methods
Use of second of interpolation with seeond differences may be applied. The
differences in

interpolating with formula for interpolation with second differences is*
respect to ¢
(e — 1)

= ,r[] -+ mi; 4 i 9 Ay (T[}]_)

in which fis the value of the element to be found; f; is the next lower tabular value
of this element; A; and As are, respectively, the first and second differences for this
element with respeet to the argument against which the interpolation is to be
made: and m is the interpolating ratio with respect to the same argument, i.e.,
the proportion of its tabular interval for which the interpolation is to be made.
Due consideration must be given to the signs of both the first and second differ-
ences; also, since m is always less than unily, it is to be noted that the quantity
(m—1) is always negative.

Tor illustration we shall use the following example, taking tabular values for
V and € in order to confine the interpolation to the argument requiring the use
of second differences.

Given: ¢=233°, V=790 m.s., Log C' =1.13500.
Find: Range (metric units).

In order to find the required first and second differences with respect to ¢ we must
find X for three successive values of ¢, and we shall therefore find X for ¢ =20°,
25°, and 30° using V=790 m.s. and Log € =1.13500 in each case. Tabulating
these values of X, the differences are found readily as follows.

V=790 m.s. Log C=1.135

L A e
20° 925,130
43477
25° 928,607 —603
12874
30° 31,481
3.5°

The interpolating ratio is ——» or m=0.7; the value of X for the tabularvalue
i)

¢ =20° (which is the next lower to 233°) gives f,=25,130; the first difference cor-
responding to fo is A,=-+3477, and the second difference is A;=(—)603. Sub-

* Ref. p. 115, Marks' Mechanical Engineers’ Handbook, Second Edition.
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stituting these values in (701) we have,
flor X)=25,13040.7 X 34774 0.105 X 603 =27,627 m.

Had V and € not been tabular values, it would have been necessary to de-
termine X for each of the three tabular values of ¢ by interpolation just as al-
ready illustrated in article 709. The remaining process would then have been re-
duced to that shown above. Interpolation with respeet to ¢ for the elements T,
w, and v, involves nothing different than shown in the above example for X.

713. 1f it should be necessary to find the value of C corresponding to given
values of X, V, and ¢, with ¢ not a tabular value, we proeeed as illustrated in the
following example.

Given: ¢=23%° V=790 m.s., X =27,754 m.

Indirect entry 1 :nd: The value of Log C corresponding to the above values.

into A.L.V.F. : a .
Tables when By trial and error we find that the required Log C lies be-
¢ 15 mot a tween the tabular values 1.135 and 1.155; hence we shall find X

tabular value

for each of these values of Log ', and with ¢ =233° and V=790
m.s. in each ease. Then for

V=790 m.s. Log C=1.135
¢ X A &
20° 25,130
+ 3477

25° 28,607 — 603
+ 2874

30° 31,481

whenee for ¢ =233°, X =27,627 m. (as already found in the preceding example).
Also for

V=790 m.s. Log ' =1.156b
] X Ay Ao
20° 25,570
43573
25° 29,143 — 611
42962
30° 32,105

whence for ¢ =23%°, X =25,570-0.7X35734+0.105X 611 =28,135 m.

We now have two values of X as follows,
¢=233°, V=790 m.s., Log C=1.135, X =27,627 m.
$=23%1°, V=790 m.s., Log C=1.155, X =28,135 m.

The given value X =27,754 m. lies between these, and we interpolate for the cor-
responding Log €' just as in article 710, thus
27,754 — 27,627

Log C = 1.135 % 020
5 >+ o8 135 — 27 627

127
1.136 4+ — X .020 = 1.140 5
508 i)
Had V not been a tabular value, the proecess merely would have been length-
ened by the requirement of interpolating with respect to ¥ for each of the ad-
jacent values of Log (.
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714. A few years after the I'rench issued their A.L.V.I", Tables, the U. 8.
War Department commenced the preparation of & mueh more comprehensive
set of tables of its own, under the title Exterior Ballistic Tables Based on Numeri-

cal Imtegration, to which we shall refer hereafter as the War Depart-
" The war  ment Tables. These tables are based on numerieal integration of the
Department differential equations that have been derived in article 610, with ¢
aples as the independent variable. The G-function and H-function, and

g=9.80 m.s.s., are employed, and the process of solution is similar
to that illustrated in articles 611-620 and further outlined in articles 621-622.

The War Department Tables, when completed, will inelude three volumes.
Volume I, issued in 1924, is desigried to afford a means of determining numerous
points of any trajectory likely to be encountered in practice, and is based on the
principles outlined in article 630. Volume 11, issued in 1931, is required in con-
nection with Volume I; it gives the values of the summital elements ., ¥, L, v,
in terms of the arguments ¢, V, and €. Volume I1I, at the time of this writing, is
still in the proecess of preparation; it will give the values of the terminal elements
X, T, w, v, in terms of the arguments ¢, V, and C. Volume 111 of the War De-
partment Tables is quite similar in purpose to the A.L. V.. Tables, although the
arrangement is somewhat different.

The seope of the War Department Tables is 0° to 90° in ¢, 80 m.s. to 1000
m.s. in ¥V, and 0.000 to 1.250 in Log (. The tabular intervals for V and C v ary
among the several volumes but are in all cases greater than in the A.L.V.T,
Tables. The tabular interval for ¢ is 1° from ¢ =0° to ¢ =30°, and 2° from ¢ = 30°
to ¢ =907 in all cases. The greater scope in values of ¢ and the smaller tabular
intervals thu ein, as compared to the A.L.V.I'. Tables, constitute important ad-
vantages over the latter. The War Department Tables are applicable to all ;Lug,_lvh
of departure; furthermore, the tabular intervals for all of the arguments (¢, V
and ') are small enough to render linear interpolation with respeet to any of them
satisfactory for ordinary problems.* (While second differences with respect to V
are not altogether negligible, the error that results from negleeting them rarely
exceeds a very few units in the last significant figure retained and is of little im-
portanee, especially in connection with the finding of the maximum ordinate, to
which our immediate use of these tables is to be confined.)

715. Since the American edition of the A.L.V.I". Tables does not include the
maximum ordinate, we shall use for this element the appropriate portions of
Volume II of the War Department Tables. Extraets of sufficient scope to cover all
exercises dealt with in this text are given in Table VII, Range and Ballistic
Tables, 1935. Sample pages covering the illustrative examples that will be given
in this chapter are appended at the end of this chapter.

Referring to Table VII, it is to be noted that the most important difference

* It is the author’s understanding, at the time of this writing, that when Volume IIT
of the War Department Tables is issued it will be adopted by the U. 8. Navy Department
for the preparation of its range tables, replacing the Ingalls-Siacei Method now in use for
angles of departure up to 15° and the A.L.V.F. Tables now in use for angles of departure
above 15% Although Volumes I and I1I by themselves afford a eomplete solution for any re-
quired trajectory, the proeess involved in connection with the use of these volumes is rather
laborious as compared to the methods now in use, exeept in the ease of finding the maximum
ordinate from Volume I1. Any further explanation of the arrangement or use of Volume I
would lead to a digression that is nol warranted, since no application of this volume is to be
uged in this text (nor is it, indeed, used by the Navy Department). The limited use of Volume
Il that is to be made in this text affords ample illustration of the character of this volume,
and algo a fairly good illustration of the eharacter of Volume 111,
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between these tables and Table VI (A.L.V.F. Tables) is that in the former the
page argument is V, and the vertieal argument is ¢. With the additional excep-
tion that the difference columns are not given in Table VII, the arrangement of
the two tables is very similar. Further points to be noted in connection with
Table VII are that it is in metric units, that the tabular interval in V is 40 m.s.,
and that the tabular interval in Log (" is .050.

716. Interpolation in Table VII offers no new problems. It is to be noted
that interpolation with respeet to the page argument V will ordinarily be re-
quired. However, this does not involve the complieations met in interpage inter-
polation in the A.L.V.F. Tables, since in Table VII linear interpolation may be
used between pages (i.e., with respeet to V), as well as on each page (i.e., with
respect to ¢ and ),

For illustration of the use of Table VII we shall take the same dafa as given
in the example in article 709.

(riven: ¢=25° V=T792.5m.s., Log C=1.12707.

Use of the War [ind: Maximum ordinate (metric units).

Department

EEEE E?lfe The given V lies between the tabular values 760 m.s. and 800
mﬂxilfum m.s.; we shall proeceed by finding 7, for each of these values of
ordinate

V and with the given ¢ and Log . Sinee ¢ is a tabular value this

involves interpolation only with respeet to Log €, for which the
interpolating ratio is

1.12707 — 1.10000
050

= .b41.

Performing the required interpolation on the pages headed V=760 m.s. and V
=800 m.s. we have, for ¢ =25° and Log €' =1.12707 in each case,

For V=760 m.s., y,=388154.541 X111 =3875
For V=800 m.s., y,=41563+4.541 X 127 =4222

The interpolating ratio for V is

792.5 — 760
== 2

whenee we have

For V=792.5 m.s., y,=38754.812x347=4157m.

EXERCISES

1. Given: The values of ¢, ¥V, and Log C (metrie units).
Find: The values of X, T, w, v,, and y, (metric units).

T e ~ —

Given

Answers
]»"r .:': 5” t-r[.u- y.!
® (m.s.) Log € (m.) (sec.) £ (m.s.) (m.)
A 3 il 00 .0 1.11500 21,067 37 .30 | 21° 48’ 449 .1 1715
B 25 6GS0.0 1.12500 || 22,633 B0.89 | 34 33 400 .8 3210
C a0 612.5 1.01500 || 19,560 52.60 | 40 22 363.9 3463
D 40 f01.6 1.11580 || 34,828 85.30 | 62 00 453.9 S000
E 25 883.9 1.01600 || 29,686 60.74 | 39 50 403 .3 4599
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2. Given: The values of ¢, V, and Log C (English units).
Find: The values of X, T, w, v, and y, (English units). (Use V to the nearest
tenth of a m.s.)

Given Answers
Y g X T Ve Ys
¢ (f.8) Log C (vds.) | (sec.) w (fe) | (ft)
A 15° 2025 1.11500 || 23,043 37 .30 | 21°48' 1473 5626
B 25 2231 1.12500 || 24,751 50.580 | 34 33 1315 10,532
C 30 2010 1.01500 || 21,401 62.62 | 40 22 1194 11,3068
D 40 2607 1.11590 || 38,088 85.30 | 52 00 1489 29,627
E 25 29000 1.01600 || 32,465 60.74 | 39 b0 1323 15,0902

3. Given: The values of ¢, V, and X (English units).
Find: The values of Log € and w. (Use V to the nearest tenth of a m.s.)

Given Answers
V .:f L
® (f.8.) (vds.) Log € »

A 15° 2025 23,043 1.11500 21° 48'
B 25 2231 24,752 1.12500 34 33
C | 30 2010 21,401 1.01500 40 22
D 40 2507 35,088 1.11590 62 00
E 25 2000 32,465 1.01600 30 50




w (10.851) dif. (10.839) dif.
V.

¢=25. RANGE.
Log. C 1015 1.035 1.055 1.075 1.095 1.115 1.135 1.155 1.175 Log.C
(11.350) dif. (11.885) dif. (12.445) dif. (12.032) dif. (13.646) dIf. (14.289) dif,

(14.062) dif. (c)
Y.

1.135

1.155

—

—

1.175

600 | 17305 270 | 17575 270 | 17845 270 | 18115 269 | 18384 267 | 18651 266 | 18917 265 | 19182 264 | 19446 600
306 408 421 434 446 459 472 485 498

010 § 17701 282 | 17983 283 | 18266 253 | 18549 281 | 18830 280 | 19110 279 | 19389 278 | 19667 277 | 19944 610
399 412 425 438 451 464 477 490 503

G20 | 18100 295 | 18395 206 | 18691 206 | 18087 204 | 10281 293 | 19574 202 | 10866 201 | 20157 200 | 20447 620
403 416 429 442 455 468 481 494 507

630 1 18503 308 | 18811 309 | 19120 309 | 19429 307 | 19736 306 | 20042 305 | 20347 304 | 20651 303 | 20964 630
408 421 433 446 460 473 486 499 512

640 | 18011 321 | 19232 321 | 19553 322 | 19875 821 | 20196 310 | 20515 318 | 20833 317 | 21150 316 | 214066 640
411 424 437 450 463 476 489 503 517

650 | 10322 334 | 19656 334 | 19990 335 | 20325 334 | 20659 332 | 20991 331 | 21322 331 | 21653 330 | 21983 650
415 428 441 454 467 480 404 508 522

660 | 19737 347 | 20084 347 | 20431 348 | 20779 347 | 21126 345 | 21471 345 | 21816 345 | 22161 344 | 22505 660
417 430 444 458 472 486 500 513 526

670 | 20154 360 | 20514 361 | 20875 362 | 21237 361 | 21598 359 | 21957 359 | 22316 358 | 22674 357 | 23031 670
420 434 448 462 475 490 503 517 531

680 | 20574 374 | 20048 375 | 21323 376 | 21609 374 | 22073 374 | 22447 372 | 22819 372 | 23191 371 | 23562 | 680
423 437 452 466 480 493 507 521 535

690 | 20007 388 | 21385 390 | 21775 390 | 22165 388 | 22553 387 | 22040 386 | 23326 386 | 23712 385 | 24007 GO0
426 441 455 469 484 408 512 526 540 |

|

700 | 21423 403 | 21826 404 | 22230 404 | 22634 403 | 23087 401 | 23438 400 | 23838 400 | 24238 399 | 24637 700
427 441 456 471 486 501 516 530 544

710 | 21850 417 | 22267 419 | 22686 419 | 23105 418 | 23523 416 | 23030 415 | 24354 414 | 24768 413 | 25181 710
431 446 460 474 488 503 518 533 548

720 | 22281 432 | 22713 433 | 23146 433 | 23579 432 | 24011 431 | 24442 430 | 24872 429 | 25301 428 | 25729 720
434 448 463 478 493 508 523 538 552

730 | 22715 446 | 23161 448 | 23609 448 | 24057 447 | 24504 446 | 24950 445 | 25305 444 | 25830 442 | 26281 730
435 451 466 481 496 511 526 541 556

740 | 23150 462 | 23512 463 | 24075 463 | 24538 462 | 25000 461 | 25461 460 | 25921 459 | 26380 457 | 206837 740
436 452 468 484 499 514 529 544 560

750 | 23586 478 | 24064 479 | 24543 479 | 26022 477 | 25409 476 | 25075 475 | 20450 474 | 26024 473 | 27397 750
438 455 471 487 503 510 534 549 564

760 | 24024 405 | 24519 495 | 25014 495 § 25509 493 | 26002 492 | 26494 490 | 26084 480 | 27473 488 | 27961 760
441 458 474 400 506 522 538 553 568

770 | 24465 512 | 24077 511 | 25488 511 | 25099 509 | 26508 508 | 27016 506 | 27522 504 | 28026 503 | 28520 770
444 461 A7TT 493 509 525 541 | 557 573

780 | 24000 520 | 25438 527 | 25965 527 | 26492 525 | 27017 524 | 27541 522 | 28063 520 | 28583 519 | 29102 780
446 463 480 406 512 528 | 544 560 o877

790 | 25355 546 | 25001 544 | 26445 543 | 26988 541 | 27529 540 | 28069 538 | 28607 536 | 20143 536 | 29679 790
448 466 483 499 516 532 548 565 581

800 | 25803 564 | 26367 561 | 26928 559 | 27487 558 | 28045 556 | 28601 554 | 29155 5563 | 20708 552 | 30260 800
451 467 485 502 519 536 552 569 585

810 | 26254 580 | 26834 579 | 27413 567 | 27989 575 | 28564 573 | 29137 570 | 29707 570 | 30277 563 | 30845 810
453 469 487 504 521 538 555 572 580 |

820 | 26707 596 | 27303 597 | 27900 593 | 28493 502 | 20085 590 | 29675 587 | 30262 587 | 30849 585 | 31434 820
454 471 488 506 523 540 558 576 504

230 | 27161 613 | 27774 614 | 28388 611 | 28999 609 | 29608 607 | 30215 605 | 30820 605 | 31425 603 | 32028 830
458 475 492 500 526 5dd 562 530 598

840 | 27619 630 | 28249 631 | 28880 628 | 20508 626 | 30134 625 | 30750 623 | 31382 623 | 32005 621 32626 8340
459 475 493 512 530 548 5606 534 603

850 | 28078 646 | 28724 649 | 20373 647 | 30020 644 | 30064 643 | 31307 641 | 31948 641 | 32589 640 | 33229 ol
462 479 496 514 533 551 569 FR8 607

860 | 28540 663 | 29203 666 | 29860 665 | 30534 663 | 31197 661 | 31858 659 § 32517 660 | 33177 6590 | 33836 | 860
463 481 400 517 536 554 573 502 611

870 | 20003 681 | 20684 684 | 30368 683 | 31051 682 | 31733 670 | 32412 678 | 33000 679 | 33760 678 | 34447 870
465 483 501 520 530 558 578 507 GL6

880 | 20468 609 | 30167 702 | 30869 702 § 31571 701 | 32272 698 | 32070 GOS | 33668 GOS8 | 34366 6o7 | 35063 880
469 487 505 523 542 562 582 601 620

800 | 20037 717 | 30654 720 | 31374 720 | 32004 720 | 32814 718 | 33532 718 | 34250 717 | 34067 716 | 35683 830
471 489 507 526 545 565 585 605 625

000 |3ﬂ4ﬂ3 735 | 31143 738 | 31881 739 | 32620 730 | 33350 738 | 34007 738 | 34835 737 | 35572 736

y - V.
(c) (10.351) dif. (10.830) dif. (L1.250) dif, (11.885) dif. (12.445) dif. (13.032) dif. (13.646) dif. (14.289) dif. (14.962) dif. ()
Log.C 1.015 1.035 1.055 1.075 1.005 1.115

Log. C




TABLE VI.

+=25°. TIME OF FLIGHT.
Log. C 1.015 1.035 1.055 1.075 1.095 1.115 1.135 1.155 1.175 Log.C
(¢) (10.351) dif. (10.839) dif. (11.350) dif. (11.886) dif. (12.445) dif. (13.032) dlf. (13.646 dif.) (14.289) dif. (14.962) dlf. (c)
V. 1 /{f
600 4440 26 4466 26 4492 25 4517 24 4541 23 4564 23 4587 22 4609 22 4631 600
60 61 62 62 63 64 65 66 67
610 4500 27 4527 27 4554 25 4579 25 4604 24 4628 24 4652 23 4675 23 4698 G10
60 61 61 62 63 G4 65 66 67
620 4560 28 4588 27 4615 26 4641 26 4667 25 4602 25 4717 24 4741 24 4765 620
59 60 61 62 63 64 65 66 66
630 4619 29 4648 28 4676 27 4708 27 4730 26 4756 26 4782 25 4807 24 4831 630
50 60 61 62 63 64 65 65 65
| 840 4678 30 4708 20 4737 28 4765 28 4793 27 4820 27 4847 25 4872 24 4806 640
| 59 60 61 62 63 64 64 65 66
350 4737 31 4768 30 4798 20 4827 29 4856 28 4884 27 4911 20 4937 25 4962 650
50 GO 61 62 63 G4 65 G5 65
860 4706 32 4828 31 4859 30 4880 30 49190 29 4048 28 4976 26 5002 25 5027 660
59 60 61 62 63 G4 G4 65 66
670 4855 33 4888 32 4920 31 4951 31 4982 30 5012 28 5040 27 5067 26 5003 670
59 GO 61 62 63 63 64 65 66
630 4914 34 4948 33 4081 32 5013 32 5045 30 5075 20 5104 28 5132 27 5159 GS0
59 60 61 62 62 63 fid 65 66
690 I 4973 35 H008 34 5042 33 5075 32 5107 31 5138 30 5168 29 5197 28 5225 GO0
50 50 60 61 62 63 G4 65 65
700 5032 35 5067 35 5102 34 5136 33 5169 32 5201 31 5232 30 5262 28 5200 700
59 60 60 61 62 62 63 64 G5
710 I 5001 36 5127 35 5162 35 5197 34 5231 32 5263 32 5205 31 5325 20 5355 710
50 60 61 61 62 63 63 G 6h
720 5150 37 5187 36 5223 35 5268 35 5203 33 5326 32 5358 32 5300 30 5420 720
59 59 80 61 61 (2 63 ! (5
730 5209 37 5246 37 5283 36 5319 35 5354 34 5388 33 5421 33 5454 31 5485 730
58 59 60 61 62 62 63 63 54
740 | 5267 38 5305 38 5343 37 5380 36 5416 34 5450 34 54sd 33 5517 32 5549 740
58 50 60 61 61 62 63 64 B4
750 5325 39 5364 39 5403 38 5441 36 5477 35 5512 35 5547 34 5581 32 5613 750
57 58 59 60 61 62 62 63 64
760 5382 40 5422 40 5462 39 5501 37 5538 36 5574 35 5600 35 5644 33 H6TT 760
57 58 59 G0 61 62 63 63 64
770 5439 41 5480 41 5521 40 5561 38 5509 37 5636 36 5672 35 5707 34 5741 770
57 58 54 GO 61 61 G2 62 63
780 5406 42 5538 42 5550 41 5631 39 5660 37 5697 37 5734 35 769 35 5804 780
57 58 59 50 B0 A1 62 63 63
790 5553 43 5506 43 5639 41 5680 40 5720 38 5758 38 5796 36 5832 35 5867 700
57 58 58 50 60 61 61 62 63
500 5610 44 5654 43 5607 42 5739 41 5780 30 5819 38 5857 37 5804 36 5030 800
&6 57 57 53 50 0 80 61 62
810 | 5666 45 5711 43 5754 43 5797 42 5230 40 5379 38 5917 38 Eo55 87 5992 Q40
55 56 57 57 58 50 B0 60 61
820 5721 46 5767 44 5811 43 5854 43 5ROT 41 5928 39 5977 38 6015 38 6053 820
54 55 56 57 57 58 50 60 61
230 5775 47 5822 45 5867 44 5011 43 5054 42 5006 40 6036 39 6075 39 6114 830
54 55 56 56 5T 57 58 50 60 |
|
84() 5820 48 ESTT 46 5023 44 5967 44 6011 42 6053 41 6004 40 6134 40 6174 240 |
| 54 55 56 57 57 58 59 60 61 |
850 | 5883 49 5932 47 5979 45 i (024 44 GOOS 43 G111 42 6153 41 6104 41 6235 850 |
55 56 A7 58 58 50 60 61 62
860 5038 50 5088 4R 6036 46 6082 44 6126 44 6170 43 6213 42 G255 42 6207 860
55 56 R7 58 59 60 61 62 63
870 5003 51 6044 40 6003 47 6140 45 6185 45 6230 44 6274 43 6317 43 6360 870 |
56 57 58 50 G0 61 62 63 63
880 6049 52 6101 50 G151 48 6100 46 6245 46 6291 45 6336 44 6380 43 6423 880
57 53 50 | 60 61 61 62 63 64
£00 6106 53 G159 5i 6210 49 6250 47 6306 46 6352 46 6308 45 6443 44 (487 800
58 58 50 60 61 62 63 64 65
000 6164 53 6217 52 6269 50 6310 48 6367 47 G414 47 G461 46 6507 45 000
v‘ —r . g S = = mus = V
(c) (10.a351) dif. (10.830) dif,  (11.350) dif. (11.885) dif. (12.445) dif. (13.082) dif.  (13.846) dif. (14.280) dif. (14.902) dif. (cC)
Log. C 1015 1.035 1.055 1.075 1.005 1.115 1.135 1.155 1.175 Log. C

ST




$=25°. ANGLE OF FALL.
Log. C  1.015 1.035 1.055 1.075 1.095 1.115 1.135 1.155 1.175 Log. C
N (e) (10.351) dif. (10.839) dIf. (11.350) dif. (11.885) dif. (12.445) dif. (13.032) dif. (13.646) dif. (14.289) dif. (14.962) dif. {c%
V. Sl V.
600 4100 25 4084 26 4058 27 4031 27 4004 27 3977 28 3949 20 3920 30 3800 600
31 30 29 27 25 24 23 23 22
610 4140 26 4114 27 4087 29 4068 29 4029 28 4001 29 2072 29 3043 31 3012 610
30 20 28 27 26 24 23 22 22
620 4170 27 4143 28 4115 30 4085 30 4055 30 4025 30 3005 30 3065 31 3034 620
29 25 27 26 25 24 23 22 22
630 41909 28 4171 29 4142 31 4111 31 4080 31 4049 31 4018 31 3987 31 3956 630
29 23 26 26 25 24 23 22 21
640 4228 29 4199 31 4168 31 4137 32 4105 32 4073 32 4041 32 4009 32 3977 640
28 27 26 25 24 24 23 22 21
650 4256 30 4226 32 4104 32 4162 33 4129 32 4007 33 4064 33 4031 33 3008 650
27 26 25 24 24 iy 92 21 20
{ 660 4283 31 4252 33 4219 3 4186 33 4153 33 4120 34 4086 34 4052 34 4018 660
27 26 25 24 23 22 22 21 20
670 4310 32 4978 34 4244 24 4210 34 4176 34 4142 34 4108 3H 4073 35 4038 670
26 25 24 24 23 22 21 21 20
680 4336 33 4303 35 4268 34 4234 35 4199 35 4164 35 4129 35 4004 36 4058 630
26 25 24 23 23 22 21 20 10
690 4362 34 4328 36 4292 35 4257 35 4222 36 4186 36 4150 36 4114 37 4077 690
,_J 25 24 24 23 22 922 21 20 19
700 4387 35 4352 36 4316 26 4280 56 4244 36 4208 37 4171 37 4134 38 4096 700
26 25 24 23 22 21 20 20 19
710 4413 36 4377 37 4340 37 4303 37 4266 37 4229 38 4191 37 4154 39 4115 710
25 24 23 22 a1 20 19 19
720 4438 37 4401 38 4363 38 4325 38 4287 38 4249 39 4210 37 4173 40
25 24 23 29 21 20 19 18
730 4463 38 4425 89 4386 30 4347 39 4308 39 4269 40 4229 38 4101 41
24 23 22 21 20 10 18 17
740 4487 39 4448 40 4408 40 4368 40 4328 40 4288 41 4247 39 4208 42
23 22 21 20 20 19 18 17
750 4510 40 4470 41 4429 4) 4388 40 4348 41 4307 42 4265 40 4225 43
22 22 21 20 19 19 18 17
760 4532 40 4492 42 4450 42 4408 41 4367 41 4326 43 4283 41 4242 44
22 21 21 20 19 18 18 17
770 45564 41 4513 42 4471 43 4428 42 4386 42 4344 43 4301 42 4259 45
29 21 20 20 19 18 17 16
780 4576 49 4534 43 4491 43 4448 43 4405 43 4362 44 4318 43 4275 45
21 20 20 19 18 17 17 16
790 4597 43 4554 43 4511 44 4467 44 4423 44 4379 44 4335 44 4291 46
21 20 19 19 18 17 16 15
800 4618 44 4574 44 4530 44 4486 45 4441 45 4396 45 4351 45 4306 46
21 21 20 19 19 18 17 16
810 4639 44 4505 45 4550 45 4505 45 4460 46 4414 46 4368 46 4322 47
21 21 20 19 18 17 16 15
820 4660 44 4616 46 4570 46 4524 46 4478 47 4431 47 4384 47 4337 47
21 20 19 18 17 17 16 15
830 4681 45 4636 47 4589 47 4542 47 4495 47 4448 48 4400 48 4352 48
21 19 19 18 17 17 16 15
840 4702 47 4655 47 4608 48 4560 48 4512 47 4465 49 4416 49 4367 49
19 19 18 17 17 16 15 14
850 4721 47 4674 48 4626 49 4577 48 4529 48 4481 50 4431 50 4381 50
19 18 17 16 15 14 14 13
860 4740 48 4692 49 4643 50 4503 49 4544 49 4495 50 4445 51 4394 51
18 18 17 16 15 14 14 13
870 | 4758 48 4710 50 4660 51 4609 50 4559 50 4509 50 4459 52 4407 52
18 17 16 16 15 14 13 12
880 4776 49 4727 51 4676 51 4625 51 4574 51 4523 51 4472 53 4419 52
17 16 15 15 14 13 12 12
890 4793 50 4743 52 4691 51 4640 52 4588 52 4536 52 4484 53 4431 53
17 15 15 14 13 12 11 11
900 4810 52 4758 52 4706 52 Imﬂﬁa 4601 53 4548 53 4495 53 4442 54
V. = . :
{G] (10.361) dif. (10.8490) dif. (11.350) dif. (11.885) dif. (12.445) dif. (13.032) dif. (13.646) dif. (14.289) dif. (14.962) dif. fc)
Log. C  1.015 1.035 1.055 1.075 1.095 1.115 1.155 1.176 Log.C

1.135

e




TABLE VI.

¢=25°. TERMINAL VELOCITY.
| Log. C 1.015 1.035 1.065 1.075 1.095 1.115 1.135 1.155 1.175 Log.C
(€) (10.381) dif. (10.839) dif. (11.350) dif. (11.888) dif. (12.445) dif. (13.032) dif. (13.646) dif. (14.280) dif. (14.002) dif. (C)
Y = /‘V/
600 3577 40 3617 42 3065690 44 3703 44 3747 46 3793 47 3840 48 3888 49 3937 600
17 18 19 21 20 24 25 27 28
610 | 3594 41 3635 43 | 3678 46 | 3724 46 | 3770 47 | 3817 48 | 3865 50 | 3915 50 | 3065 610
17 18 19 20 21 23 25 26 28 |
g20 | 3611 42 3653 44 3607 47 | 3744 47 3701 49 3840 50 3800 51 3941 52 3003 620
16 18 20 21 22 23 24 28 o7
630 | 8627 44 3671 46 3717 48 | 3765 48 | 3813 50 3863 51 3014 52 | 3966 54 4020 630
17 18 19 20 23 24 26 27
640 | 3644 45 | 3689 47 | 3736 48 | 3785 50 | 3835 5l 3886 52 | 3938 b4 3092 55 | 4047 640
17 19 20 21 22 24 25 26 28
650 3661 47 3708 48 3756 50 3806 51 3857 53 3010 53 3963 55 4018 57 4075 650
16 17 19 21 23 24 20 26 27
BG0 30677 48 37125 50 3775 62 3827 &3 3880 54 3934 54 3988 56 4044 58 4102 660
16 17 19 20 21 22 24 20 27
670 3603 49 3742 b2 3794 &3 3847 b4 3901 55 39566 56 4012 68 4070 5Y 4129 670
16 17 19 21 23 24 25 26 27
630 3709 50 3709 54 3813 55 38068 50 3924 56 3980 57 4037 59 4096 60 415606 620
16 18 18 20 22 24 25 20 27 |
690 3725 62 3777 b4 3831 57 3888 O3 4946 58 4004 58 4062 60 4122 61 4183 690
16 17 19 20 21 23 25 26 27
700 3741 53 3794 b6 3850 58 3908 59 3967 60 4027 60 4087 61 4148 62 4210 700
16 17 18 19 20 21 23 24 26
710 3757 04 3811 57 3868 59 3927 60 3087 61 4048 62 4110 62 4172 G4 4236 710
16 17 18 20 21 22 23 25 26
720 3773 b5 3828 58 3886 61 3947 61 4008 62 4070 63 4133 64 4197 65 4262 790 |
15 17 18 19 21 22 23 25 26 |
730 3788 57 3845 59 3904 62 3066 63 4029 63 4002 64 4156 66 4222 66 4288 730 |
16 17 19 20 21 22 24 25 27 '
740 3804 58 3862 61 3923 63 3986 64 4050 64 4114 66 4180 67 4247 68 4315 740
16 17 18 19 20 22 23 20 26
750 3820 59 3879 62 3041 64 4005 66 4070 66 4136 67 4203 69 4272 69 4341 750
16 17 18 19 20 21 23 24 20
760 3836 60 3886 63 3959 65 4024 GO 4090 67 4157 69 4226 70 4296 71 4367 760
16 17 18 19 21 22 23 25 27
770 3852 061 3913 64 3977 66 4043 68 4111 68 4179 70 4249 72 4321 73 4394 770
16 17 18 19 20 22 24 26 26
780 3868 62 3930 65 3005 67 4062 69 4131 70 4201 72 4273 73 4346 74 4420 780
16 17 18 19 20 22 23 20 26
790 3884 63 3047 66 4013 68 4081 70 4151 72 4223 73 4296 75 4371 75 44406 790
16 17 15 19 20 21 23 20 27
800 3900 64 3964 67 4031 69 4100 71 4171 73 4244 75 4319 77 4396 77 4473 800
15 16 17 19 20 21 23 24 26
S10 3015 65 3980 68 4048 71 4119 72 4191 74 4265 77 4342 78 4420 79 44909 310
16 17 18 19 21 22 23 24 26
820 3931 66 3997 69 4066 72 4138 74 4212 T7b 4287 78 4365 79 4444 81 4525 820
16 17 18 19 20 22 23 24 20
830 3047 67 4014 70 4084 73 4157 75 4232 Y7 4300 79 4388 80 4468 83 4551 830
156 16 18 19 20 21 23 20 26
840 3962 68 4030 72 4102 74 4176 76 4252 78 4330 81 4411 82 4493 84 4577 840
16 17 18 19 20 22 23 2b 26
850 3978 69 4047 73 4120 75 41956 77 4272 80 4352 82 4434 84 4518 85 4603 850
15 17 18 19 20 21 23 25 27
360 3993 71 4064 74 4138 76 4214 78 4292 81 4373 84 4457 86 4543 87 4630 860
156 16 17 18 20 22 23 24 26
870 4008 72 4080 75 415656 77 4232 80 4312 83 4395 85 4480 87 4567 89 4656 870
15 16 17 19 21 22 23 25 20
830 4023 73 4096 76 4172 79 4251 82 4333 84 4417 86 4503 89 4592 90 40682 880
15 16 17 19 20 22 24 25 26
890 4038 74 4112 77 4189 81 4270 83 4353 86 4439 88 4527 90 4617 91 4708 890
15 16 18 19 21 22 23 25 27
000 4063 75 4128 79 4207 82 I 4289 85 4374 87 4461 89 4550 92 4642 93 4736 900
= V.
(c) (10.361) dif. (10.839) dif. (11.350) dif. (11.885) dif, (12.445) dif. (18.082) dif. (13.040) dif. (14.280) dif. (14.902) dif. ()
Jlog. C 1.015 1.035 1.055 1.075 1.005 1.1156 1.135 1.155 1.175 Log.C




MAXIMUM ORDINATE.

LogC 0.650
ddeg N\, C 4.467
0 0.0
1 8.5
2 32.2
3 68.9
4 117.2
5 175.7
8 243.6
7 320.7
8 406.4
9 497.0
10 593
11 B97
12 807
13 022
14 1043
15 1168
16 1208
17 1433
18 1573
19 1716
20 1862
21 2013
22 2167
28 2325
24 2486
25 2651
26 2819
27 2091
28 3166
29 3344
30 3524
32 3894
34 4274
36 4665
38 5065
40 5471
42 5883
44 6300
46 6724
48 7148
50 7572
52 7005
b4 8414
56 8827
58 9236
60 0632
62 10017
64 10385
66 10740
68 11073
70 11388
72 11678
74 11043
76 12181
78 12392
80 12572
82 12722
54 12839
86 12024
88 12976
90 120903

0.700
5.012

180.
261.
330,
418.
513.

615
724
839
960
1084

1215
13562
1494
1040
1792

1948
2107
2271
2438
2610

2784
2063
3145
ad30
3610

a710

4103
45006
4919
5342
5774

6213
G657
7104
7556
5009

8457
&005
9346
B778
10202

10612
11006
11383
11739
12073

12354
12667
12920
13146
13338

13498
13623
13714
13768
13756

e

=0 e

0.750
5.623

0.
8.
32.
70.
121.

183.
255.
237.
428,
o206,

633
747
867
004
1126

1265
1409
1558
1713
15872

20306
2203
2375
2552
2734

2018
G107
S209
s
G0Ys

J895

4314
4743
olsl
5628
6085

G551
7024
7499
7976
84565

8933
9410
OB78
10333
107806

11223
11644
12044
12424
12779

13103
134049
13681
13920
14124

142064
14427
14522
14580
14596

DW= OO o

0.800
6.310

0 © © o =1

=_OoRSOo

0.850 0. 900 0.950 1.000 1.050 1.100 1.150  1.200 1.250
7.079 7.943 8.913 10. 00 11.22 12.59 14.13 15.85 17.78
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
8.6 B.7 8.7 8.7 8.8 8.8 8.8 8.8 8.8
33.4 33. 6 33.8 94.1 34.3 34.5 34.6 34.8 4. 8
3.7 i3.6 74.2 74.8 75.3 5.9 76.3 76.6 6.5
125.2 127.56 128.4 120.4 130.6 132.0 133.3 134.8 135.2
190.1 194.1 195.8 198.3 200.8 203.9 205.0 | 207.8 | 208.5
266.1 272.1 275.5 280.8 283.6 288.4 200.B | 205.0 | 206.2
353.2 361.6 366.8 374.6 378.8 385.7 389.0 | 3956.1 398.0
449 .7 461 .4 469.0 479.4 486. 2 495.2 b00.5 | H08.5 | 513.4
665.7 570.6 5681.7 595.3 604.6 616.8 624.5 | 034.4 641.4
670 GS9 704 721 734 749 760 773 782
793 516 835 857 BV3 802 906 923 930
D24 952 975 1001 1022 1045 1064 1082 1100
1062 1095 1124 1154 1180 1306 1232 12563 12756
1206 1244 1281 1315 1348 1378 1408 1441 1462
13568 1400 1445 14584 1525 1560 1596 1627 16549
1516 1665 1616 1662 1709 1750 1792 1829 1866
1680 1737 1795 1848 1801 1949 1998 2040 2083
1850 1915 1979 2041 2100 2156 2211 2260 2309
2026 20098 2170 2240 2307 2371 2433 2490 2544
2205 2288 2367 2446 2522 2594 2664 2728 2788
2390 2484 2672 2659 2743 2825 2901 2973 3040
2682 2654 2783 2878 2072 2062 3146 3227 3302
2779 2891 3000 3104 o207 a306 4390 S455 3672
2080 3102 3221 3330 3448 3558 3659 3757 3549
31806 3318 3448 35674 2696 o815 3926 4034 4134
3306 J 5410} 3680 a817 3851 4078 4199 4317 4426
3611 3766 3916 4065 4210 4347 4480 4603 4725
3830 i 4158 4318 4474 4023 4763 4396 o033
4051 4228 44056 4576 4744 49006 S060 5197 0348
4278 4467 4657 4838 S018 5193 53564 6506 ob71
4748 4058 5171 5377 S8583 6781 a96o 6147
5225 0463 6700 6938 6165 G488 6603 G509
o712 5081 6245 6510 6767 7013 7263 7488
6213 6510 6802 7092 7378 76563 7019 8169
6726 7049 7309 7692 8001 3306 8602
7247 797 7949 8290 8637 8968 9293
7774 8150 8533 8910 9282 G637 9992
5306 B717 0126 05629 9920 10315 10695
8842 9280 0720 10154
D380 =40 10313 10779
9915 10413 10907 11399
10446 10472 11499 12016
10072 11526 12080 12627
11480 12070 12651 13226
11992 12603 13208 15808
12481 13118 13746
12952 13613
13401 14086
13827 14535
14224 14954
14594 15341
14931 16695
15234 16015
155602 162938
15732
16921
16070
16176




TABLE VII.

MAXIMUM ORDINATE. V=800 ™/
0. 800 0.850 0.800 0.950 1.000 1.050 1.100 1.1560 1.200 1.250
6.310 7.079 7.943 5.913 10.00 11.22 12.59 14,13 156.85 17.78
0 0 0 0 U ] 0 0 0 0
9.0 0.6 8.0 0.6 9.7 0.7 0.7 9.7 9.7 0.8
36.7 36.8 37.2 37.3 37.8 37.7 38.0 38.0 35. 4 38.3
79.3 80.0 81.2 81.6 82.7 83.0 83.9 84.0 B5.0 85.2
136. 1 137.6 140.2 141.2 143.4 144.1 146.3 146.8 148. 6 149.3
205.56 208.3 212.8 215.0 219.0 220.7 224.0 225.5 228.6 | 220.7
286. 6 201.2 208.1 302.0 S08.1 311.5 316.7 319.7 324.0 | 326.3
3758.3 3385.5 385. 2 401.6 410.4 415.7 423.6 428.0 | 434.3 | 488.0
480.3 490. 4 503.6 012.9 524.9 a32.7 643.4 5o0. 1 568.7 564.5
691.1 6056.2 622.6 635.3 651.1 661.9 675.8 685.4 697.2 705.3
711 729 761 768 788 502 820 833 549 859
538 862 888 910 034 054 a76 093 1011 1027
074 1003 1034 1062 1090 1117 1142 1164 1186 1207
1116 1152 1187 1223 1255 1259 1318 1347 1372 1398
1264 1308 1350 1493 1431 1471 1506 1541 1671 1602
1418 1472 1521 1571 1616 1662 1703 1744 1781 1816
1580 1641 1098 1756 1509 1862 1910 1957 2000 2042
1748 151D 1883 1948 2010 2069 2126 2180 2230 2278
1923 2003 2075 2148 2218 2286 2351 2412 2470 2525
2103 2191 2274 23565 2435 2611 2585 2654 2720 2782
2288 2384 2479 2569 2659 2744 2827 20056 2080 3049
220 2470 2684 2089 2790 2890 2085 S077 3105 3248 3326
22 2323 2439 25564 2675 2790 2006 3018 3127 o233 G330 3432 3624 3612
23 2490 2617 2745 2874 3001 3128 3251 3372 3488 Jti01 3706 4810 3906
24 2662 2801 2041 3077 3217 3366 3491 3622 3750 J873 3988 4103 4209
25 2838 2087 3139 3287 3439 3580 S35 J878 4018 4154 4280 4404 4521
26 3017 3178 3341 35603 J666 3828 3985 4141 4294 44390 4581 4712 4841
27 3200 3372 3546 3722 4808 4072 4242 4410 4575 4732 4837 5029 5169
28 S350 3570 3755 3945 4134 4419 4505 4655 4862 bu32 G198 5354 5504
29 3576 377l 3968 4171 4372 4572 4771 4964 5155 5338 55616 S5686 5846
al S767 3076 4180 4401 4616 4830 6042 0249 5455 6651 6841 6024
32 4161 4394 4632 4572 5116 5359 5599 H838 BO6T 6294 6510 6722
34 4507 4824 H080 53569 o632 5903 6172 6442 6702 6Y56 201 T434
a6 4952 62065 9504 o850 6162 6463 6764 7062 7355 7639 7913
a8 5205 6719 6039 6365 6701 7035 7370 7699 8022 3335 842
40 5837 6180 6529 GS88 7251 7620 7087 83560 8702 9052 B33
42 6276 GO4T 7028 7417 7812 8214 3614 9010 9395 a7ve 10155
44 6722 7120 7034 7904 H384 8817 9250 9680 10100 10510 10916
46 7172 7600 8043 8498 5960 9425 PE92 10355 10812 11260 L1680
48 7624 SlHs4 85567 9043 9539 10035 10537 11033
a0 8076 8567 9073 95690 10118 106563 11184 11714
52 8527 - 9049 9587 10137 10697 11265 11830 12393
54 8976 9537 10096 10681 11274 11574 12473 13068
66 0419 10000 10601 11218 11845 12476 13108
a8 9853 10466 11098 11745 12404 13063 13732
60 10277 10920 115683 12261 12850 13647
623 10655 11360 12053 12762 13453 14208
64 11086 11784 125056 13244 13994 14750
66 11466 12101 12038 13704 14483 15265
68 11825 12576 13349 | 14140 14945 15753
70 12160 12935 13734 14550 15378
73 12472 13269 14061 14930 15782
7 127567 13574 14416 15277 16150
76 13013 13848 14709 15591 16479
73 13239 14091 14968 15564 16771
80 13434 14200 15190 16100 17020
82 13596 14472 15373 16294 17226
54 13722 14608 15517 16446 17390
86 13814 14705 15622 16556 17505
88 135649 14763 15685 16625
90 13589 14779 15708 16650




CHAPTER 8

THE DETERMINATION OF INITIAL VELOCITY AND COEFFICIENT OF
FORM BY EXPERIMENTAL FIRING AT THE PROVING GROUND.
THE DETERMINATION OF RANGE-TABLE VALUES OF RANGE,
ANGLE OF DEPARTURE, ANGLE OF FALL, TIME OF FLIGHT, STRIK-
ING VELOCITY, AND MAXIMUM ORDINATE (RANGE-TABLE
COLUMNS 1, 2, 3, 4, 5, and 8).

801. Such tables as the A.L.V.F. Tables and War Department Tables are
called ballistic lables, and they constitute a basis for the solution of trajectories
corresponding to any combination of V and C that is likely to oceur in practice.

In order that the data for a given gun may be available in
The distinc- convenient form, a range lable is prepared for each gun. A
D ween and  ange table is, first of all, a tabulation of elements of tra-
range tables jectories corresponding to the initial velocity and projectile

of a particular gun, as compared to a ballistic table, which is
applicable to many velocities and many projectiles. In this sense a ballistic table
may be thought of as a master range table.* A range table has the additional
feature of making available the data corresponding to the particular gun suffi-
ciently in detail to render interpolation unnecessary in conneetion with ordinary
service problems.

Although a range table is designed to serve for a particular gun having a
specified initial velocity and projectile, it is necessary to provide for normal vari-
ations in these factors, as well as in others that affect the trajectory. In order to
avoid the complications that would result from adopting a multiple-entry sys-
tem to take care of such variations, it is the practice to tabulate in a range table
the values of the desired elements under a standard set of conditions, and to
provide therein also additional data by means of which the tabulated values
may be adjusted for variations from the assumed standards. The standard con-
ditions assumed for range-table values are,

(a) That the projectile leaves the gun with the designed veloeity.

(b) That the projectile has the designed weight and form.

(¢) That the air at the surface is at the standard temperature (59°F,),
pressure (29.53 inches of mercury), and saturation (789), and
that its variations aloft follow the assumed standard relations

Standard (art. 419-420).

;ggi;’:{‘i‘s (d) That there is no wind.

for range- (¢) That the gun is motionless.

Lehiss (f) That the farget is motionless. (Although motion of the target

does not affect the trajectory itself, it enters into the problem of
determining the trajectory that will reach the desired objective.)
(g) That the earth is motionless.
(h) That the gun and target are in the same horizontal plane.
(i) That the gun is warm.

* This is particularly true in the case of tables such as the A.L.V.}. Tables and War
Department Tables, from which the desired elements are obtained directly. Some other balljs-
tic tables, such as Ingalls’ Tables (art, 511 and Appendix A), list not the elements themselves,
but functions which are required for the solution of formulas for the elementa.
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802. We shall deal, in this chapter, with the problem of determining the
values of range, angle of fall, time of flight, striking velocity, and maximum
ordinate, corresponding to various angles of departure, that are tabulated in
Columns 1, 2, 3, 4, 5, and 8 of the range table. All of these are elements for which
values may be obtained by the processes of solution already outlined in foregoing
chapters. Our immediate problem in the present chapter has to do with the ap-
plication of the processes previously considered to the determination of values
of these elements under the standard conditions assumed for a range table.

1t is to be noted that the standard conditions stated above are in accord with
the assumptions which were defined originally in article 213, and that no de-
parture from the latter assumptions has been made in eonnection with the proces-
ses of solution and preparation of the ballistic tables which have been discussed

in foregoing chapters. These ballistic tables therefore will
The applicability . . : : e i : :
of ballistic tables  yield directly values that correspond to the standards assumed
to the determina- for range tables. Insofar as the argument V is coneerned, it is
I;ﬂhﬁeﬂfv;ﬁff;' merely necegsary to enter withi the chosen standard value of V.

The determination of the argument €' also is very simple, in-
sofar as the factors 8, w, and d are concerned, for § equals unity, and w and d are
simply the designed weight and diameter of the projectile to which the range
table is to apply. The remaining factor, ¢, which is contained in C, eannot be as-
signed a standard value, however, and must be evaluated by experimental firing,

The numerous considerations that enter into the value of the coeflicient of
form, 7, have been discussed in detail in articles 413-417 and 624-626. All that has
previously been said with respect to the value of 7 may be summarized by the
statement that the value assigned to © must be such as to cause agreement belween the

values of elements of the lrajectory as determined by compulation and
G;,?E;EL as determined by experiment. Our problem thus requires, first of all,
involved measurement of the range X which results from a firing of the given
::Iilnge.:ﬁmmm gun and projectile, and of the values of ¢, V, 8, w, and d for that
firing,—and determination of the value of 2 which, in combination
with the measured ¢, V, §, and w, and d, reproduces the measured X by whatever
system of computation or tables we have chosen to use. Sinee the use of ballistie
tables is an essential expedient in carrying through this process, as already noted
in article 624, it is important that due consideration be given to all variations
between the conditions under which the experimental firing is conducted and the
standard eonditions upon which the ballistic tables are based. We shall now ex-
amine briefly the prineipal features that enter into the experimental ranging of a
gun and into the determination of the measured values of ¢, V, 6, w, d, and X
that are applicable to the ballistic tables; we may proceed thence to our more
immediate problem of using these values to find 7 and of using the latter in the
construction of the range table,

803. The experimental ranging of a gun at the proving
General features ground, for the determination of range-table data, consists
?::gxipn?gﬁﬂﬂl of the firing of several shots (from four to seven) at each of
proving ground several angles of departure (8%, 15° 25° 35°, 45°, 15°, is a typi-
cal series), the gun being mounted in its regular service mount.

The following observations are made in connection with the firing,.

(a) The gun is laid by quadrant at exaetly the required angle of departure

before each shot.

(b) The initial velocity for each shot fired at an angle of departure of 15°

or less is determined from the velocity measured by oscillograph at a



CHAPTER EIGHT 91

short distance from the muzzle, and the initial velocities of the several
shots fired at each of these angles of departure are averaged to give the
initial velocities for these groups of shots. Since the rigging of sereens
or coils for velocity measurement is impracticable for angles of departure
above about 15° the initial velocities for the groups fired above 15° are
determined by interpolation between the initial velocities actually
measured for two groups at 15°, one preceding and one following the
aroups fired above 15°.* Due care having been taken to preserve uni-
formity as to weight and temperature of the powder eharge throughout
the firing, comparison of the measured velocities of the two 15° groups
affords a good estimate of the loss of initial velocity due to erosion, in
terms of rounds fired, which is the basis of the interpolation for the initial
veloeities of the groups fired above 15°.

(¢) Throughout the firing meteorological observations are made, both at the
surface and aloft, for the determination of the atmospherie density factor
and wind. For each group of shots fired at the same angle of departure,
an average ballistic density and wind are determined from the observa-
tions taken during the firing of that group.

(d) The point of fall of each shot is plotted by intersecting bearings taken
at four observation stations. The distance from the gun to the point of
fall is the uncorrected observed range. The perpendicular distanee from
the line of fire to the point of fall is the uncorrected observed lateral
deviation. For each group of shots fired at the same angle of departure,
average values of the uncorrected observed range and lateral deviation
are determined from the individual values observed for the shots of that
group. For use in conneetion with reduction of the observed range to the
standard datum plane, the average height of the gun above tide level is
recorded for each group. Also, the average weight of projectile for each
group is recorded.

(e¢) Any shots fired while the gun is cold are excluded from the ranging data.

Some of the features outlined above will now be considered in somewhat
greater detail.

804. It is to be noted that in laying the gun for the experimental ranging no
allowance is made for the angle of jump. The angle of departure actually ob-
tained therefore varies from the angle indicated by the quadrant by the amount

of the angle of jump, and the observed range corresponds to the
g"j‘:’;nﬂ‘ai:‘lﬂlﬂ quadrant elevation plus or minus the angle of jump rather than
accounted for Lo the quadrant elevation as actually laid. However, the angle of

jump is an inherent part of the angle of departure and will be
present in any subsequent firing of the gun as well as in the experimental range
firing. Nothing is to be gained by attempting to separate the angle of jump from
the angle of departure at the experimental ranging, as will appear from the fol-
lowing example. Let us suppose that a gun has been laid at the quadrant elevation
15° for experimental ranging, and that the angle of jump is known to be +2;
also that the resulting range, reduced to range-table standards, has been found
to be 20,000 yards. The range 20,000 yards therefore corresponds actually to the
angle of departure 15°02'; if we should tabulate the latter value in the range
table, we would then be obliged to tabulate also the angle of jump +2', and to
subtract this from 15°02’ to obtain the 15° which we already know is required to

* 1t is expected that facilities for measuring velocities for shots fired at elevations up to
at least 30° will become available in the near future.
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give the range 20,000 yards. The identical result is obtained by tabulating 15°
against 20,000 yards in the first place. The same applies in any case, since how-
ever we may determine the angle of jump and whatever we may find its value to
be at the experimental ranging, we ean do no better than to assume that this
value will remain the same for the subsequent service firing of the gun at the same
elevation.*

This method of avoiding separate consideration of the angle of jump obvi-
ously is a source of disagreement between computed and observed results, for it
results in comparison of the observed range for one angle of departure with the
computed range for a slightly different angle of departure., However, the angle of
jump is small enough in any normal case to make this a feature of little im-
portance even for theoretical considerations, and of no consequence at all in
connection with our praectical problem of constructing a range table. It is suffi-
cient to note that the small discrepancies between observed and theoretical re-
sultg that are attributable to this procedure are, like many others, accounted
for by the coeflicient of form.

805. What has been said above in connection with jump applies generally
also to droop. Although the droop itself can be measured, its effect on the angle
of departure cannot very well be separated from that due to the
jump, for the droop may operate not only to cause the angle of de-
parture to be modified slightly by the curvature of the bore, but also
to cause a whip of the bore as the projectile travels through it. Whatever pains
might be taken to evaluate these effects separately at the experimental ranging,
we would still be obliged to assume identical effects for the subsequent service
firings. The elimination of erratic or excessive droop or jump is a requirement of
acceptable design of guns and their mounts.

It is to be noted, however, that in the service use of a gun the orientation of
the sights by bore-sighting results in the use of the chord joining the centers of the
breech and muzzle as the axis of the bore, whereas the laying of the gun by means
of a quadrant, as is done at the proving ground, results in the use of the designed
axig of the bore. A gun laid level by means of the axis of boresighting therefore
actually has a slight elevation as compared to the same gun laid level by quadrant,
the difference being caused by the droop (which lowers the muzzle end of the axis
of boresighting). The effect of this is to cause guns in actual service to overshoot
their range tables according to the amount of droop that existed at the time of
boresighting. The deviation of the chord joining the centers of the breech and
muzzle from the designed axis of the bore normally does not exceed a few minutes
of are.

806. The determination of initial velocity involves two prinecipal features,

The effects
of droop

ViZ.,
(a) The measurement of the remaining velocity at a short distance

SN from the muzzle.
detpermin&tign (b) The ecalculation of the initial veloeity which corresponds to
of initial this remaining velocity, considering the velocity reduction that
velocity i . PR

has oceurred during the flight of the projectile from the muzzle

to the point of measurement.

* The wording in the heading of Column 2 of our range tables is misleading in this con-
nection, if interpreted literally. It is intended to be implied that the angle of jump has been
considered in the tabulated values of angle of departure in the manner deseribed above, and
that no further corrections for jump are applicable., The correct interpretation is that the
range tabulated in Column 1 corresponds to the angle of elevation tabulated in Column 2
plus the normal jump at that elevation.
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The principles involved in the first of these features have already been discussed
in article 403. The present praetice at the Naval Proving Ground is to use an
oscillograph for this purpose. The coils are so rigged that their heights may be ad-
Justed for firing at angles of departure up to about 15°. Illustrations of the Naval
Proving Ground layout for the measurement of velocities, and detailed deserip-
tions of the apparatus used, are given in articles 773-781, Naval Ordnance, 1933,

The second of the above features involves, in effect, the solution of the
trajectory between the muzzle and the point to which the measured remaining
veloeity pertains, which may be taken to be the point midway between the two
coils. We have the values of z, y, and » for this point in the trajectory. Although
the exaet value of 6 for this point is not direetly available, no appreciable error
will result from assuming that the short portion of the trajectory involved is a
straight line, and that 6=¢. Knowing 2, ¥, », and 0 for the given point, we can
now work back to the origin and thus determine V. This solution might be made
by numerical integration as outlined in Chapter 6, but for the conditions of the
present problem the application of Siacei’s Method affords a much simpler solu-
tion with negligible sacrifice of accuracy, and the latter is actually used. :

807. The following formula, which has been derived in article 510, is directly
applicable fo the present problem,

Calculation z = Ca(8u — Sv). (519)
3211;1;;::;1;]5, According to this formula, x is the horizontal component of the dis-
Siacci’s tance covered by the projectile from the origin, where its velocity is

M a - " &
attiod V', to the point where its pseudo veloeity is w; Sy and S, are the values

of Siacei’s space funetion for these velocities, and may be found from tables (art.
511). From formula (507) we have the relation

w = v cos f sec ¢ (801)

and since @ in this case varies but slightly from ¢, it is sufficiently accurate for
practical purposes in this connection to assume w=w, that is, that the pseudo
velocity at the point of measurement equals the measured remaining veloecity at
that point. Transposing (519) we have

£

Sy = 8y — — (802)

< i

which may be solved by substituting for S, the tabulated value of S for the
veloeity w=v, for = the horizontal component of the distance from the gun to
the point midway between the oscillograph coils, and for €, its value as given by
formula (513).* The required value of V is then that which corresponds to the
tabulated value of Sy found in this manner,t
Since the ballistic coeflicient enters into the above determination, it is neces-
sary to have a value of 7 before the initial velocity can be determined, although
the initial veloeity so determined is to enter eventually into the de-
Value of i 4 4 g : : i _ ; _
for deter-  termination of ¢ itself. Ordinarily a sufficiently accurate estimate of
mination of 7 for use in the determination of initial velocity is available from
initial ; ; 4 :
velocity previous work. If the value of 7 eventually found for a given trajectory
should vary materially from that assumed for the determination of

* In actual praetice, €' is generally used in place of (%, fs and 8 being disregarded in
view of their slight effect on the determination of V.

f These tables are given in the 1926 and 1930 editions of Range and Ballistic Tables
but are omitted from the present edition due to the very limited references made to them in
the present textbook.
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the initial velocity used for that trajectory, the entire computation may be re-
“peated, starting with a new determination of the initial velocity according to the
better value of 7 established by the results of the first approximation. Similarly,
if no previous knowledge of the required value of 7 should be available, a solution
can be made by assuming an estimated value and making successive approxima-
tions until agreement is established within the desired limits of accuracy. This
involves but little difficulty, considering the relatively small effect that variations
in 7 have in the determination of the initial velocity.

808. It is worthy of note that the process outlined above, or any equivalent
computational process for deducing the initial velocity from a velocity measured
at a distance from the muzzle, does not in fact yield the true value of the pro-

jeetile’s veloeity as it leaves the muazzle, but yields instead an

Nature of the  jhitig] velocity under the assumption that the projectile has

experimentall : ! . ;
delgermined Y suffered normal retardation from the instant of projection. Actu-
value of ally the aceceleration of the projectile continues during a flight of as
initial y i)

velocity much as fifty yards from the muzzle, due to the action of the blast

which eseapes from the gun at high velocity and surrounds the
projectile during the initial stage of its flight. The actual velocity at the muzzle
therefore is not the greatest veloeity attained by the projectile, nor is it the initial
velocity in the sense in which the latter is employed in exterior ballisties.

The process used determines neither the true velocity at the muzzle nor the
true maximum velocity actually attained by the projectile. The value of V
so determined is a fictitious initial velocity which, according to the assumed
velocity-retardation relation and for the actual distance covered by the projec-
tile up to the point of measurement, satisfies the actual remaining velocity at that
point. The only appreciable inaceuracy that results from this manner of handling
the problem applies to values of the velocity itself for points short of the point
of measurement. However, this is of no consequence in connection with the tra-
jectory computation as a whole, since the initial velocity determined in the man-
ner deseribed has been chosen so as 1o cause agreement between computed and
observed values at the point of measurement; in other words, it is the equivalent
of the actual velocities between the muzzle and point of measurement. On the
other hand, if means should be devised for obtaining an accurate measure of the
veloeity of the projectile at the muzzle, it nevertheless would remain necessary
to make measurements also beyond the muzzle, at least up to the point where the
projectile clears the blast from the gun and begins to encounter normal refarda-
tion. We would then have the choice of making a separate computation for the
portion of the trajectory up to this point, or of deducing an equivalent initial
velocity applicable to the usual system of computation. The latter is, in effect,
what is accomplished by making a single measurement clear of the blast in the
first place, and nothing is to be gained by attempting to make a close study of
the velocity in the immediate vicinity of the muzzle, as far as our present problem
is concerned.

809. The meteorological observations taken during the experimental rang-
ing furnish data both for determining the value of 8 that is to be used in connection
with the other measured values from which 7 is to be deduced, and for determining

: corrections required to adjust the observed range and lateral de-
Corrections R 5 . :
for actual  viation to the range-table condition of no wind. Accurate determina-
ii; d":fi':ff? tion of air density and wind conditions encountered by the projectile

throughout its flight requires measurements at several levels of alti-
tude up to the height of the maximum ordinate. Aloft densities are determined
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from measurements of air temperature and barometric pressure made by air-
craft at approximately each 1000 feet of altitude, and are used for determining the
ballistic density. Or, if aloft observations are not available, the ballistic density
18 determined from Table 1V, as outlined in article 424. Aloft winds are measured
by plotting the path of a small pilot balloon having a known ascensional rate, and
are used for determining the ballistic wind.* (The method of finding the ballistic
wind from aloft observations will be gone into further in articles 1114-1115).

810. In order to reduce the observed range to the conditions on which bal-

listic tables and range tables are based, it is necessary to apply to it corrections

for the wind in the line of fire, and for the condition that the ob-
Corrections to  garyed point of fall is not in the horizontal plane through the gun.
the observed i ) ! :
range The method of determining the correction for wind can be explained

to better advantage after we have progressed further with other
details of building up the range table, and it will be dealt with in Chapter 11; for
the present we may accept that the necessary correction is available.

Two corrections are necessary to refer the observed point of fall to the
horizontal plane through the gun, viz.,

(a) A correction for the height of the gun above the surface of the earth

(the tide level in this case).

(b) A correction for the ecurvature of the earth.

Although these two correetions are due to entirely different causes, they are
egsentially similar in nature, as will be apparent from a study of Figure 14. In
this figure the gun is assumed to be at O, at a height h; above the surface of
the earth. O IT is the horizontal plane through the gun, O’ H' is the horizontal plane

FJ

H’

;'i.: [1]

=

Figure 14

tangent to the earth at the point vertically beneath the gun, and O’ F is the curved
surface of the earth. The observed point of fall is on the surface of the earth at
Py, and Xo=0"P, is the observed range. The required range X is the range to
the point where the trajectory again intersects the horizontal plane through the
gun, and it is equal to O P. It is sufficiently correct for practical purposes to assume
that the observed range Xy=0’PF, exceeds the required range X =0P by the sum
of the two increments AX, and AX,, and that the latter are equal, respectively,
to Ay cot wy and Ay cot wy, wy being the angle of fall for the observed range. Al-
though the angles of fall at P, and P, differ slightly, the difference is small enough

* The method of measuring aloft winds by means of pilot balloons is described in de-
tail in Technical Regulations No. 1236—1 (U. S. War Department, 1934).
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to be disregarded for the present purpose; a first approximation of the angle of
fall based on the uncorrected observed range is sufficiently accurate for the de-
termination of both of these eorrections.

For the determination of AX,, the value k, is available from the records
taken at the time of firing, as noted in article 803 (d). The value of ks which is re-
quired for the determination of AX; can be found by applying a theorem of ge-
ometry, viz., that the length of the tangent to a eircle from an exterior point is
the mean proportional between the whole length of a secant from this point, and
its external segment. In this case the length of the tangent is O'F,, the whole
length of the secant is 2r-+hs (r being the radius of the earth), and h, is the ex-
ternal segment. Since k. is insignificant in comparison with 2r, we may use 2r
as the value of the whole secant; also, no material error will regult from using the
uncorrected observed range Xy in place of O’ P,. Henee we have

ho Xo
Xﬂ 3§ 2r
and
X o2
he = : = [2.85590 - 10]X?
T

the number in brackets being the colog of the value of 2r in yards. The formulas
for the corrections to be applied to the observed range for height of gun and curva-
ture of the earth therefore are, respectively,

Corrections for AX; = h cot wy (803)
height of gun

and curvature AX: = hs cot wg = [2.85590 — 10]}5{3 cot wy. (804)
of the earth

811. The following example illustrates the method of computing the corree-
tions for height of gun and curvature of the earth, and gives, also, an idea of the
usual magnitude of these corrections.

(iven: In the experimental ranging of a certain gun at the proving
ground, the average uncorrceted observed range of five
shots fired at angle of departure 15° was 22,842 yards, and
their average measured initial velocity was 2608 f.s. For the
firing at angle of departure 40°, the average uncorrccted

Example of
I‘E{[l[cﬂﬂ-n of observed range for five shots was 38,088 yards and the aver-
f:;;“ﬂ age initial velocity was 2597 f.s. The height of the gun above

tide level at the time of firing was 24 feet in both cases,

Find: The corrections to the observed range due to height of gun
and curvature of the earth for each of the given groups, and
the corrected observed ranges (assuming a wind eorrection
of zero yards in each case).

Clonverting the given ranges and velocities into metric units and then entering

Table VI with them, we can find the value of Log C in each case and then use the

latter to find w for each case; this gives the following results.

For ¢ =15° For ¢ =40°
Xo=22,842 yds. =20,887 m. Xo=238,088 yds.=34,828 m,
Vo=2608 f.s. =794.9 m.s. Ve=2097fs8. =791.6m.s.

Log C=1.11646 Log C'=1.11590

wo=21°45" wo = 5200’
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The value hy =24 feet =8 yards applies to both angles of departure, Hence we have
all values required for the solution of (803) and (804), as follows.

For ¢ =15° IFor ¢ =40°
As=8 TR e i log 0.90309 hiy=8 yds........ log 0.90309
we=21°45".........leot 0.39907 we=582°00"....... leot 9.89281—10
AXi=20yds..........log 1.30216 AXy=06yds........ log 0.79590
Xo=22,842 yds.....2log 8.71748 Xy =258,088 vds...2 log 9.16158
wo=21°45", . .......leot 0.39907 we=5200"....... leot 9.89281-10
BiF= i onaivis oo colog 2.85500-10 2 P=.iureren s colog 2.85500-10
AX;=94 yds.......... log 1.97245 AXe=81 yds........log 1.91029
X = 22,842 —20 — 94 = 22,728 yds. X =38,088—6—81 = 38,001 yds.

812. It will be noted that the height of gun correction is greatest at short
ranges, and becomes very small at long ranges due to the decrease in cot w. In
the correction for curvature of the earth, the inereases of ks, and decreases of eot w,
as the range increases, partially offset each other, and this correetion remains
within fairly narrow limits for practically all trajectories (for a given gun and
initial veloeity) up to about 40°, above which it deereases rapidly. It is of interest
to note also the degree of error that results from the assumptions made in the fore-
going article, viz., that for determining A X, the w for point P, is the same as the
w at Py; and that for determining A X, the uncorreeted range X, may be used in
place of O°P, (see Fig. 14). A second approximation, based on the determination
of P which is available from the first approximation made above, alters the final
result only 0.6 yard for the 15° group and 0.3 yard for the 40° group. It is well to
bear in mind that such devices as these often result in material simplifieation of a
problem with but inconsequential sacrifice of aceuracy. Thus the uncorrected ob-
served range may be used also for finding the maximum ordinate which is required
for determining the ballistic density and ballistic wind pertaining to the experi-
mental ranging, and for determining the corrections to the observed range and
lateral deviation due to wind, without causing material inaccuracy.

813. A question may be raised at this point as to the necessity for applying
a correction for curvature of the earth to the observed range at the experimental
ranging. It appears on first thought that the applieation of a correction for eurva-
ture of the earth at the experimental ranging serves merely to make it Necessary
to apply a similar correction in the subsequent service use of the gun, and that the
latter might be avoided by omitting this correction in the experimental ranging
in the first place. This would be true if the gun were to be laid in service firing by
the same method that is employed at the proving ground, but this is not the ecase.
In firing from a ship, the gun is laid in elevation with respeet to the line of sight,
and not by quadrant as at the proving ground. The effect of this difference in
the manner of laying the gun will appear from a study of Figure 15,

In Figure 15 the gun is at O, at a height & above the water (as on the deck
of a ship). O I is the horizontal plane through the gun, and O’ is the surface of
the water, on which a target is located at 7', OT is the line of sight, and the gun
sights are set go as to cause the gun to be elevated at the angle of elevation ¢’
which determines the trajectory that will interseet the line of sight at T, i.e,,
that will give the range OT measured in the line of sight. According to the as-
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Ficgure 15

sumption of rigidity of the trajectory, as defined in article 319, it now appears
that the situation here is the equivalent of having the gun and target in the

same horizontal plane, and of using as the angle of elevation ¢’
ﬂ“;lll"ffgt the angle of departure ¢ tabulated in the range table for the given
curvature of distance OT. This being the ecase, it is evident that neither the
g‘:;ﬂi‘:thﬂ height of the gun nor the curvature of the earth enters into the situa-
service firing tlon, except insofar as they introduce a small angle of position. As

shown in the discussion of the assumption of rigidity (arts. 317-319),
the effect of such small angles of position as oceur in practice is insignificant.* The
assumed range-table condition of a horizontal plane containing both the gun and
target is therefore directly applicable to surface fire when the gun is aimed at
the target by means of sights.

A different situation obtains when indirect fire is used, for in this ease gun
elevation is laid with respeet to the horizontal plane, as established by an instru-
ment such as the stable-zenith director. Corrections for height of gun and eurva-
ture of the earth therefore are applicable in indirect fire, but the conditions under
which indirect fire is uged in naval practice ordinarily are such as to render correc-
tions of this character of small importance in comparison with other problems that
enter into this type of fire.

814, Having examined the methods by means of which the results of actual
firings are observed at the experimental ranging conducted at the proving ground,
we may now proceed to examine the problem of using this information for the
construction of a range table. First of all we must find the value of ¢ from the
results of the experimental ranging, which is done as illustrated in the following
problem.

(riven: In the experimental ranging of the 16’2600 f.s. gun the
following average results were obtained for a group of five
shots fired at angle of departure 25°: uncorrected observed

Example of range, 31,845 yards; observed initial veloecity, 2595 f.s.;
32?::;’3;::&1“ observed weight of projectiles, 2099 Ibs.; observed ballistic
of i density, .961. The corrections to be applied to the observed

range were found to be: for ballistic wind (—) 126 yards;
for height of gun, (—) 10 yards; for curvature of the earth
(—) 95 yards.

Find: The coefficient of form that corresponds to the above data.

* Since land artillery is usually laid in elevation by quadrant or the equivalent thereof,
the range tables of the U. 8. Army are based on the curved surface of the earth rather than X
on the horizontal datum plane. This is accomplished by allowing the effect of the earth's
curvature to remain in the ranges observed at the experimental ranging for range-table data.
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The corrected observed range is
X=351,845—126—10—-95=231,614 yards.

The corrected observed range and the observed initial velocity, converted to
metrie units, are

X=31,614 yds......log 4.49988 V=2505f8.......... log 3.41414
(art. 705)...........log 9.96114—10 log 9.48402—10
X=28,908m....... log 4.46102

Va0 O i v e G e s o B HORES

Using V to the nearest tenth of a meter-second, we now enter Table VI at the
page headed 25° Range, and with the arguments V =791.0 and X =28,908 find
the corresponding value of Log C as follows

|

For V = 791 and Log C = 1.135
X = 28.607 4+ .1 X 548 = 28,662

For V =791 and Log C = 1.155
X =29.143 + .1 X 565 = 29,199

For V. ="T91 and X = 28,908

246
1.136 + — X .020 = 1.14416.
537

Log C

From this value of Log €' we now deduce ¢ by means of formula (406) transposed
to the form

e (805)
“ T e
L e s A 2 i 110
LE—i ] 7 S RS P IOE- DIO82T2—T0 s 550wt iy, colog (0.01728
e [ B 1 T 1 o e colog 8.85584 — 10
=200 el s e log 2.40824............0coviueiin, .colog 7.59176 —10
e A et e e b gy Com e M T Bl s 2 U B log 9.78689—10

815. The problem of determining the range-table values for the angle of
departure 25° is simply the reverse of the above, using the ¢ just determined, and
the standard range-table values of V, w, and é in place of the observed values
that applied to the experimental ranging. The procedure is as illustrated in the
following example.

(fiven: The 16”2600 f.s. gun, for which the standard weight of pro-
jectile is 2100 Ibs.; the coefficient of form, as determined by

fﬂ“;‘;ﬂ:‘ :i experimental ranging at the angle of departure 25°, is .61223.
of range- Find: The range-table values of range (Col. 1), angle of fall (Col.
table values 3), time of flight (Col. 4), striking velocity (Col. 5), and

maximum ordinate (Col. 8), for the above gun at angle of
departure 25° (Col. 2).
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=i (406)
o1d®
B N il Stiabray i o Ao S A 5 A 8 i s o P log 3.32222
e s s et 1 JRIELDLE 4 0 B e o e S colog 0.00000
5 E 1 6.2 TR S MO Q. T80 =T o e s colog 0.21309
G O i i s 10 S aBIE . L e e s colog 7.59176 — 10
s e e e e L T e log 1.12707
e TN - R o pul SO gy  DLel Rem ermp N . i e g M DR log 3.41497
e e T ) R R e N S S T S R 1 ) TSR S T log 9.48402—10
Ve me i BBV oS s w4 log 2.89899

The arguments for Table VI and Table VII are therefore ¢ =25° V=792.5
m.§., and Log C'=1.12707, and all that remains is to get the required values from
these tables with the given arguments and to convert them to Fnglish units where
necessary.

I'rom Table VI we have

From the table headed ¢ =25° Range
For V=790, X =28,069+4.604x538=28,304
oee a1y For V=800, X =28,601+.604X554=28,936
For V=792.5, X=28,3944+ 1X542=28,530 m.

From the table headed ¢ =25° Time of Flight
_ . For V=790, T=5758+.604X38=>5781
(ol aEht For V=800, T =>5819+.604X 38 ="5842
For V=792.5, T=57814+  $X61=5796 or 57.96 seec.

From the table headed ¢ =25 Angle of Fall
S For V=790, w=4379—.604X44=4352
Coemn Dl For V=800, w=4396—.604X45=4369
For V=792.5, w=43524+ 1X17=4356 or 36° 18’

S wmre— —

From the table headed ¢ =25° Terminal Velocity
Strilking For V=790, v,=4223+.604 X73=4267
Elclwltr o For V=800, v,=42444.604 X75=4289
olumn S} piy Vm709.5. p,=4987-F 3%93=4373 or 427 I me

IFrom Table VII, using the pages headed V' =760 m.s. and V=800 m.s.
we have
Mt For V=760, y,=3815+.541X111=23875
ﬂEdilﬂ&fE For V=800, ¢,=41534.541X127=4222
(Column 8 For V'=792.5, y,=3875+ .812X 347 =4157 m.

Converting to Iinglish units, we have

P ) B log 4.45530

i AR v e SN el BRI R LS log 3.61878

P eSO s e e oo el e U s e s log 2.63073
o A e log 0.03886 - log 0.51598 - log 0.51598
XeMontocle o o e log 4.49416 -

AT oo et s log 4.13476

T 0D B S e L Pl e e e T log 3.14671
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These results may now be tabulated as follows, in units and number of places
as in the U. 5. Navy range tables.

R Angle of Angle Time of Striking Maximum
Ange | departure of fall flight velocity ordinate
1 2 5 4 5 5
vards “ r 3 : seconds f.8. feet
al,201 25 00.0 36 18 57 .96 1402 13,638

816. Very close agreement will be noted between the above results and those
tabulated in the 16’2600 f.s. range table (see Range and Ballistic Tables, 1935),
Effect of except in the case of the maximum ordinate, for which the latter gives
differences 13,555 feet as compared to 13,638 feet as found above. This difference
F;‘!H?Egel?ﬁd (83 feet) is due principally to the fact that the untranslated French

edition of the A.L.V.F, Tables (1921) was used for calculating the
maximum ordinate for this range table, whereas we have used the War Depart-
ment Tables for this element (see arts. 702, 703, and 714). As will be noted from
inspection of Columns 1 and 8 of the range table, a difference of 83 feet in the
maximum ordinate eorresponds to a difference of about 60 yards in the range,
or about 149, of the range.™ The other very slight differences between the above
results and the range-table values are due to smoothing operations that enter
into the final tabulation of the latter, which will be deseribed presently.

817. In the same manner as illustrated above for the angle of departure 25°,
values of 7 are determined for each of the angles of departure at which experi-

.80
Variation of ¢ with ¢ and V, as shown by 15
experimental firing. o denotes maximum
elevation actually fired. .
Gl
=
05 E
3
Vﬁ%ﬂlﬁ {.E'h___ =
V= 2470 L8 60 g
)
V=2750 {.s.
.05

0° 8 JF 15 29 25T S 35 . 407 45" T 55

Angle of Departure

Ficure 16

* 1t should be understood, however, that this difference results from the use of the
same value of ¢ for two different tables. Exact agreement with the value y, =13,555 feet given
by the A.L.V.F. Tables (1921) can be secured by using 1 =.6261 in conneection with Table VII
in this cage. On the whole, the agreement between results obtained from the two tables with
the same wvalue of { is remarkably good, conzidering the differences that exist between the
retardation functions, altitude-density functions, values of gravity, and eomputational
methods, on which the two systems of tables are based (ref. arts. 623, 702, 714).
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mental ranging is done. A good estimate of the values of ¢ pertaining to angles of
departure not included in the experimental ranging may then be found by inter-
polating between the experimentally determined values; for this purpose a graph
of 7 plotted against ¢, faired through the several points established by the experi-
mental ranging, is most convenient.
For reasons outlined in article 417, it is evident that the value of
Ifﬂ?itiit‘f t may be expected to vary with both V and ¢. Figure 16 illustrates the
Vand ¢ magnitude of such variations, as determined experimentally for a cer-
tain 16" gun at full charge and at two reduced charges, the design
and weight of projectile remaining the same, In this particular case the variation
in ¢ is inappreciable up to about ¢ =35° for the full-charge initial velocity, while
for the reduced initial velocities it becomes noticeable above about ¢ = 10°. This
may be attributed to the fact that the combination of projectile and rifling design
produce a more uniform flight stability for the maximum initial veloecity than for
the others. In any event, the experimental ranging reveals the conditions as they
actually exist, and the necessary values of ¢ for various angles of departure may be
found from graphs, such as illustrated in Figure 16, drawn to large seale.

818. It is to be noted that the variation of ¢ with initial velocity is great
enough to require separate experimental rangings for changes of initial velocity
that result from the use of different charges (such as the regular service charge
and the reduced target-practice charges). It should be apparent, also, that sepa-
rate experimental rangings and geparate range tables may be required for different
projectiles fired from the same gun, even though the initial velocities remain
the same. In some cases the differences in projectiles do not affect their flight per-
formance, and hence separate range tables are not required. I'or example, target-
practice projectiles are designed to eonform elosely to the flight performance of
the service projectiles, and the same range table is applicable to both. In other
cases the difference between projectiles is very great, as in the case of common and
flat-nose projectiles, and the range table for one type of projectile is then praeti-
cally worthless for another type.

819. Having determined values of 7 for all angles of departure that are to be
included in the range table, the process of finding the values of range, angle of fall,
time of flight, striking velocity, and maximum ordinate for any angle of departure
is exactly as illustrated in article 815.* Range-table values are computed in this
manner for 5%increments in angle of departure (i.e., for the tabular values of
= ¢ given in the A.L.V.F. Tables). The computed values for the

ow the range ;
table is built several elements are then plotted against angle of departure, to
up from com-  |,p0e genle, and a graph is faired through the computed points
puted points ;
for each element. From the graph of range against angle of de-
parture, the angle of departure is found for each tabular value of range (in incre-
ments of 100 yards). The values picked from the graph are adjusted in order to
make the second differences run smoothly; this serves to check the aceuraey with
which the intermediate points were picked from the graph. A similar process is fol-
lowed for the other elements, the latter being tabulated, eventually, against range
as argument, The general character of these graphs is illustrated in Plate IV,
The process of fairing curves through the computed points, and the subse-

* See articles 513-514, and foot-note appearing under article 714, The work for angles
of departure below 15° is essentially the same as here outlined except, of course, that the
computed points are based on Siacci’'s Method. In view of the prospective adoption, in the
near future, of numerical integration ballistic tables for all angles of departure, it is consid-
ered desirable to confine further references to the applications of Siacei’s Method, at this
time, to an Appendix.
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quent process of smoothing out the second differences of values picked from the

curves, naturally give rise to slight differences between results that eventually are

tabulated in the range table and those which are found by computation for a

specific point. This explains the slight differences which have been noted in

article 816.

820. Although consideration of the drift of the projeectile which results from
the spin imparted to it by the rifling of the gun is not to be taken up at present,
it 1s appropriate to mention at this point that the computation of the drift de-
pends eventually upon experimental determination of a drift coefficient, (D’) which,

in character and purpose, is not unlike the coefficient of form 1.

Determination  'Lo (rif{ coefficient must be given such a value that, when sub-

of observed ; i : .

drift stituted in the drift formula (901), it causes agreement between

the computed drift and the observed drift. The observed drift is
determined at the experimental ranging by correcting the observed lateral devia-
tion (see art. 803 (d)) for the effect of wind across the line of fire. The problem
of finding the drift coefficient from the observed drift will be taken up in Chapter

9.

EXERCISES*

L. Gewen: Inthe experimental ranging of a 16"’ gun for the determination of range-
table data for the serviee velocity of 2600 f.s., the following observed
values were obtained from a group of five shots fired at angle of depar-
ture 35%: observed initial velocity, 2592 f.s.; uncorrected observed
range, 36,026 yards; observed weight of projectiles, 2103 1bs. ; observed
ballistic density 1.035. The corrections to be applied to the observed
range were found to be as follows: for ballistic wind, (4) 151 yards;
for height of gun, (—) 7 yards; for curvature of the earth, (—) 89
yards.

Fand: (a) The coefficient of form that eorresponds to the above data. (b) The
range-table range for this gun at angle of departure 35°.
Answers: (a) 1=.61296
(b) X =36,801 yards.

2. (fiven: Inthe experimental ranging of a 16’/ gun for the determination of range-
table data for the target-practice velocity of 2000 f.s., the following ob-
served values were obtained from a group of five shots fired at angle of
departure 35°: observed initial velocity, 1985 f.s.; uncorrected observed
range, 23,779 yards; observed weight of projectiles, 2096 lbs. ; observed
ballistic density, .984. The corrections to be applied to the observed
range were found to be as follows: for ballistic wind (4 ) 127 yards; for
height of gun (—) 9 yards; for curvature of the earth, (—) 42 yards.

Find: (a) The coefficient of form that corresponds to the above data. (b) The
range-table range for this gun at the angle of departure 35°.
Answers: (a) =.67920
(b) X =23,994 yards.

3. Giiven: The initial velocity, diameter, weight, and coefficient of form of the
projectile, and the angle of departure.
Find: The values for the following range-table columns for the given angles of
departure: Column 1 (Range); Column 3 (Angle of fall); Column 4
(Time of flight); Column 5 (Striking velocity); Column 8 (Maximum
ordinate).

* Use V to the nearest tenth of a meter-second in all cases, =
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Given Answers
14 d w ; X T vy v
fs. | in. Ibs. : ¢ yds. @ sec. f.8. ft.
A 2600 16 2100 | .61230 15° 22,026 21°34' | 87.10 | 1485 5571
B 2600 16 2100 | .61200 au 34,328 42 19 67.65 | 1423 | 18,589
G 2600 16 2100 | .61140 40 38,630 61 48 85.76 | 1504 | 29,842

* Hee art. 816,

4. I'rom the 16'"2600 {.s. range table given in Range and Ballistics Tables, 1925,
deduce the values of ¢ that correspond to the data of this range table at the

following angles of departure: (a) 20°; (b) 35°.

Answers: (a) 1=.61244
(b) 1=.61280
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CHAPTER 9

THE DEVIATION OF THE TRAJECTORY FROM A PLANE CURVE;
THE DRIFT. THE DANGER SPACE. CHANGE IN HEIGHT OF
IMPACT. THE DETERMINATION OF THE QUANTITIES IN
COLUMNS 6, 7, AND 19 OF THE RANGE TABLE.

New Symbols Introduced

D....The drift of the projectile.

D’...The drift coefficient used in determining the drift.

it. ... The final twist of the rifling of the gun, i.e,, the length of bore in calibers
corresponding to one complete turn of the rifling at its final twist.

S....The danger space(art. 914),

901. Having proceeded in the foregoing diseussions under the assumption
that the axis of the projectile remains coinecident with the tangent to the trajec-
tory (art. 213 (5)), we have developed solutions for the trajectory considered
as & plane curve confined to the vertical plane containing the line of departure.
We know, however, that the trajectory actually is not a plane curve, and that it
deviates from the vertical plane through the line of departure by ever increasing

A
Y I
s i
e e 1L." T

Fiaure 17

amounts as the point of fall is approached. In other words, the tangent to the
trajectory constantly changes its direction not only with respeet to the horizontal
plane, but also with respect to the original plane of fire. This is illustrated in Figure
17, in which the upper diagram shows the side elevation and the lower diagram the
plan view of the same trajectory. In the plan view, O I’ represents the trace of the
original plane of fire, and OM H the trace of the trajectory. The amount of the
deviation of the curve OM H from the straight line O ' depends both on the
lateral component of any wind that may be acting on the projectile, and on lateral

105
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forces which result from its rotation. The amount of this deviation at the point of
fall, under the standard condition of no wind, is called the drift and denoted by the
E}i'mhlill D (ordinarily expressed in yards). T.&e drift, then, is the lateral deviation
- of the point of fall from the original ﬁﬂmm of _,f"rr;:, due only r,..-: eﬂ'%fﬂs sel

. ﬂ“ﬁ;}ﬁ’“ up by the rotation of the projectile. Other lateral deviations, such as
“that due to wind, should not be termed as being part of the drift.

The drift is measured as ll]uat:tnvd in Figure 17, where D is the perpendicular dis-

tance of the actual point of fall H from the original plane of fire OH .

902. A study of I'igure 17 will show that the point of fall H’, as predicted by
a computation based on the assumption of a trajectory remaining within the origi-
nal plane of fire, is located at a considerable lateral distance from the actual point
of fall H. The lateral error D), however, although itself of considerable magnitude,
may nevertheless cause only a slight error in the computed range. In other words,

the difference between the eomputed range O H' and the actual
Effect on range O I may be slight even if the distance H' Il =D is consider-
E:%?ﬁ:ﬁuﬂﬁ ~ able. The following examples bear this out. The 16’ 2600 f.s. range
of assumption table shows that for this gun the drift is 38.3 yards at the range
}E:fﬂﬁﬂi;r:' 10,000 yards; in this case the difference between O H' and O H
plane curve (Fig. 17) is insignificant (actually only .08 yard). I'or trajectories

limited to angles of departure not exceeding 45°, the drift does not,
exceed about 59 of the range, in which case the difference between O H' and O H
ig limited to about 0.19.

It should be elear, then, that no appreciable error has been oceasioned by our
assumption of a plane trajectory up to this point, insofar as determination of the
range is concerned; and it is to be presumed that a similar situation exists with
respect to the other elements which have been dealt with under the same assump-
tion. It is to be noted, however, that the difference between computed and actual
results, as dealt with above, is in fact only a theoretical difference, since the value
of 7 that is used for obtaining the computed range is based on an observed range
referred to the actual point of fall (art. 803 (d)). Whatever distinetion theoreti-
cally may exist between O If" and O I{ of Iigure 17 therefore is fully accounted for
by ¢. The same is true of any range effects which ensue from the rotation of the
projectile, due to vertical forces set up by the projeetile’s obliquity to its direc-
tion of flight; this has already been discussed in article 417.

903. In proceeding to a study of the causes of the drift of a projectile, it may
be remarked, first of all, that the complete explanation of this phenomenon rests
on conjecture probably to a greater degree than is the ease with any other phase
of ballistics. One finds, in connection with some details of this explanation, a very
considerable divergence of opinion among eminent authorities.* The explanations
offered here are but very general in character, and are based on a broad view of
the situation. What may be a satisfactory explanation of the behavior of a rotating
projectile in one specifie instance, may fail to apply in another, The expository
treatment given herein gives consideration to a number of hypotheses under
which the causes of the drift have been investigated with the aid of mathe-

* Exhaustive mathematical treatments of this subject are given on pp. 308-360, Hand-
book of Ballistics, Vol. 1, Cranz and Becker; on pp. 172-257, New Methods in Exterior Bal-
listics, Moulton; in The Aerodynamics of a Spinning Shell, Fowler, Gallop, Lock, and Rich-
mond (Philosophical Transactions of the Royal Society of London, Vol. 221, 1921); and in
The Damping Effect on ¢ Rotating Projectile Due {o the Path of the Center of Gravity, Guion
(Journal of the Maryland Academy of Sciences, Vol. I, 1930).
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matical analysis. These analyses are much too lengthy for inclusion in this text,
but may be found in the references noted on page 106.
The drift of an elongated, rotating projectile may be considered to result from
three causes, viz:
(a) Gyroscopie action,
Eﬁ}fﬂs e (b) The action of air adhering to the projectile. | 2 .
(c} The LUE.hLU]JLIl‘T action of air b,.mklng up on one¢ side of Lhe
projectile. /77 / )
It is reagonably certain that the latter two causes have only a very minor effect
as compared to the first, and we shall therefore dismiss them with a brief discus-
sion of their nature,
904. The effeet of air adhering to the rotating projectile is similar to that
which is employed to propel a rotor ship; it is often referred to as the Magnus
I ffect.™ In the ease of a projectile, the initial tendeney of the projec-
E]f}ic?ﬁgmm tile to maintain the original direction of its axis, while the tangent
o the trajectory moves downward, eauses the air stream to strike
the projectile’s under-gide. With right-handed spin, the air adhering to the right-
hand side of the projectile, moving at the peripheral speed of the latter, then
opposes the air stream created by the projectile’s flight, and the result is an in-
crease of pressure on the right-hand side. Similarly, on the left-hand side there is
a rarefaction, and the projectile tends to move to the side of lesser pressure,
Le., to the left. If the axis of the projectile should change its direction and point
below the tangent, the effect would be reversed. As the axis does in fact change
its position with respect to the tangent, as we shall sece presently, the effeet of the
adhering air may result in deviations of the projeetile first to one side and then to
the other, as well as up and down, but the initial movement is to the left, for right-
handed spin. The Magnus Effect, in addition to its well-known application to rotor
ships, serves also to explain the curves of a pitehed baseball, and the “hooks” and
“slices” of a golf-ball. However, considering the small obliquity of a projectile
with respect to the direction of lTE flight, only a small component of the velocity
of the adhering air is presented lo the air stream; this fact, plus the probable
alternations in direetion of the resulting movements of the projectile, point to
Lthe conclusion that the Magnus Effect has but a small part in accounting for the
observed drift.
The theory of the so-called cushioning effeet 1 also depends upon obliquity of
the projectile. If the under-side is presented to the air stream, the air banks up
! against this side, forming a sort of cushion against which the spin-
E:Eﬁfg;m““ ning projectile rolls by virtue of the greater friction of this rela-
tively dense air cushion as compared to the condition on the oppo-
site side, What has been said with regard to alternations of direction of the
Magnus Effect also applies here, but in the case of the cushioning effect the initial
movement is to the right for right-handed spin; hence these two effects oppose
each other. 11 is probable, however, that the latter effeet is of even less importance
in accounting for the drift than is the Magnus Effect.
905. 1t is generally accepted that the principal eause of the drift lies in the
gyroscopic properties of the rapidly spinning projectile. According to the laws of

* From G. Magnus who, in about 1850-52, made important contributions to the theory
of drift. Magnus not only investigated the effeet which now bears his name, but also was
among the first to investigate the gyroscopic theory.

T Sometimes referred to as the Poisson Effect, after 8. D. Poisson who, in 1839, first
offered it as a contributory eause of the drift.
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the gyroscope, the projectile seeks, first of all, to maintain itg axis in
General : ; : :
features of the direction of the line of departure. The center of gravity of the
Eg{;ﬁl‘ﬂ?i“ projectile, however, follows the curved path of the trajectory, and the

instantaneous direction of its motion, at any point, is that of the
tangent to the trajectory at that point. The projectile’s tendency to maintain the
original direction of its axis therefore soon results in leaving this axis pointed
slightly above the tangent to the trajectory, and the force of the air resistance
opposed to the flight of the projectile is then applied against the latter's under-
side. This is illustrated in Figure 18 (a), in which /T is the tangent to the trajec-
tory at the point which is occupied by the center of gravity ¢ of the projectile, 1f
the center of pressure of the surface exposed to the action of the air resistance
were so located as to lie always in line with the center of gravity &, the condition
illustrated would continue, with the axis maintaining its original direction and
making an ever increasing angle with the tangent.

Ficure 18

However, the relation between the weight distribution and surface of elon-
rated, ogival-headed projectiles is such as to bring about the eondition illustrated
in Figure 18 (b). Here A’ is the eenter of pressure of the surface that is being acted
upon by the foree of air resistance, and A’A is the line along which this foree
acts, A’A meets the axis of the projeetile at A, which lies between the eenter of
gravity and tip of the projectile. An overturning moment is thus set up, tending
to tumble the projectile end over end, but the gyroscopic foree of the projectile
opposes this moment and tends to keep the axis in the original direction. Accord-
ing to the laws of the gyroscope, the action of the projeetile in seeking to overcome
this overturning moment must manifest itself in a precession of the projeetile
about the direction of the foree which ereates the moment; also accordingto
these laws, the precessional revolution, for a projectile having right-handed spin,
must be clockwise ag viewed from the rear (see Tigure 18 (a)).

The general features of gyroscopice action, as outlined above, can be demon-
strated readily with any gyroscopie device, as for example a top. In 1911, the
Bureau of Ordnance, U. 8. Navy Department, made a small model projectile and

suspended it in gimbals, The model was then rotated at a speed
Laboratory : : : :
reproductions comparable to the speed of rotation of a projectile. To simulate
of gyroscopic  {he air resistance in flight, a blast of air was directed against the
action : s : %

rotating model, and the latter’s behavior confirmed the above
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theory.™ As soon as the blast of air met the rotating model, the latter began to
precess about the direction of the air. As the direction of the blast was changed to
represent the changing direction of the air resistance in flight, the model’s axis
depressed to meet the new direction of the air blast.

906. Under the condition illustrated in Figure 18(a), i.e., with the projectile’s
axis already at a considerable angle with respect to the tangent, and the latter
changing its direction downward at a slow rate, the projectile would undoubtedly
make complete precessional revolutions about the tangent, as illustrated. How-
ever, the actual situation is not as simple as this. Assuming that the projection
from the gun is perfectly regular, so that the projectile commences its flight exactly
head-on, no precession at all takes place until the tangent drops below the pro-
jectile’s axis. As soon as this oceurs, the projectile’s axis starts to move in the right-
hand semicirele of its precessional revolution, and the axis therefore soon is mov-

ing downward, i.e., in the same direction as the tangent. The rate
thfhgh;ﬁ?;?: al which the axis moves, i.e., its precessional period, depends chiefly
of the axis upon the projectile’s physical features and rate of spin (it varies
;“t?:eﬁﬁfgc;nt inversely as the latter). It is readily conceivable, therefore, that the

character of the projectile’s precessional motion with respect to
the tangent depends materially upon the relation that exists between the rates
at which the axis and tangent are changing direction.

A general conception of this situation may be gained by studying the motion
of the axig through a complete cycle. The tangent having dropped sufficiently
below the axis to set up precession, the axis moves first to the right and then
down. In the early part of the first quadrant of this revolution, the downward
component of motion of the axis is less than that of the tangent, but as the axis
turns farther its downward component increases, and eventually the axis overtakes
and passes the tangent. As the end of the second quadrant is approached, the
downward component, of the axis eventually decreases again to the point where
it becomes less than that of the tangent, and the latter then tends to overtake the
axis. T Assuming, however, that the tangent does not fully overtake the axis at
the end of the second quadrant, the latter then enters the third quadrant, moving
to the left of the tangent and then up, and eventually completes the whole revolu-
tion. But in the entire left-hand semicircle of this revolution, the motion of the
axis is contrary to that of the tangent. Hence this semicirele is of shorter duration
than the right-hand semicirele, and it follows that the axis of the projectile must,
in any event, be a longer time to the right of the tangent than to the left.

907. The very general analysis given above serves to prove that even if the
projectile actually makes complete revolutions about the tangent, and deviates

alternately to the right and left as the result of the pressure exerted
gggﬂ;hd;?ﬂi ngui.usf; its sides, thure* is I}.GTE['T:]JEIEEES 8 PI'D]]UIIdL‘:!'ﬂ-IlEE of such
to one side deviations toward the side on which the axis and tangent are both
' moving downward, and for right-handed spin this is to the right
(with respeet to the direction of flight). In short, it is the constant dipping of the
tangent, in combination with the precessional motion of the axis, that aceounts

" Rel. p. 36, Ordnance Pamphlet No. 399 (U. 8. Navy, 1912).

I Dr. Cranz, in his Handbook of Ballistiecs, Vol. I, (pp. 328-329), econcludes Lhat, “Neg-
lecting nutation, the point of the shell deseribes in space a eyeloidal eurve, and the axis of the
shell a eycloidal cone, lying on the right-hand side of the vertical plane through the tangent’;
also, ““And the fact that the point of the shell, after completing a cyeloidal are, always comes
into coincidence with the tangent to the path, is the reason why the shell shlkes the ground
with its pmnt " On pp. 345-350, he offers a graphical step-by-step solution of the motion of
the axis with respect to the tangent, by means of which he supports these conclusions.
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both for the drift and for the faet that the axis of a properly designed projectile
never deviates very far from the tangent.

The faet that the axis and tangent are approaching coincidence in the second
quadrant of the precessional revolution lends support to the theory that the
- motion of the axis, and hence the sidewise deviation of the pro-

e theory | : L _ _
of cycloidal jectile, are eyeloidal in nature (see footnote, p. 109). According to this
oscillations  {haeory, the axis actually comes into coincidence with the tangent at
of the axis i : T :

the end of each half revolution, and there is no deviation at all to the
left. In the absence of rigorous proof, it seems debatable whether this condition
can be accepted as universally applicable, although it is readily conceivable that
it may be approached to varying degrees, according to the immediate relation
between the stability of the projectile and the curvature of the trajectory.

A conelusion arrived at by some eminent authorities, as the result of careful
mathematical analysis, is that, as a consequence of the dipping of the tangent,
The theaty the precessional motion tends to damp itself out and to approach a con-
of a steady dition in which the projectile’s axis, somewhere in the right-hand semi-
g?'ﬁiﬂgﬂs circle of its precessional revolution, practically keeps pace with the

downward motion of the tangent.® Under this condition the axis then
remains pointed slightly to the right of the tangent, and the projectile yaws
continuously to the right. The angle at which the axis tends to steady itself, i.e.,
the angle of yaw, evidently depends upon the rate at which the tangent is moving
downward, and hence must increase as the curvature of the trajectory incereases.
This is in accord with the observed fact that the drift increases not at a constant
rate with respect to the range, but at an ever inereasing rate. (It increases, in fact,
approximately in proportion fo the square of the time of flight.) The observed
nature of the drift, in this respect, is accounted for also under the conception of
cycloidal oscillations, or of complete precessional revolutions, of the projectile’s
axis about the tangent. I'or in the former ease the duration of each yaw to the
right, and in the latter the preponderance of the yaws to the right over those to
the left, likewise depend on the rate at which the tangent is moving downward.

A close analysis of the behavior of a rapidly spinning projectile in flight is
further complicated by the frictional effects already mentioned in article 904,
and by effects resulting from irregular projection. The latter may
Efﬂ‘ﬂg‘ﬁfﬂfﬂr have a very marked influence on the motion of the projectile, es-
in projection pecially in the early stages of its flight. The projectile may emerge
from the bore with its axis already slightly canted with respeet to
the tangent, or it may, while still in the region of the muzzle blast, be thrown
aslant by the column of gases acting against its base. Precession results also from
any such initial inclination of the projectile’s axis, but obviously it does not pro-
gress in the same relation with respeet to the motion of the tangent as does the
precession which results directly from the latter. Also, the prceessional motion
that is set up by irregularities in the initial stages of flight eventually is damped
out by the regular precession, which alone is sustained by a continuing cause.

908. The gyroscopic stabilify of a projectile can be controlled within fairly

* In New Methods in Exterior Ballistics (p. 254), Dr. Moulton concludes that, “The
oseillations of the projectile are damped toward the solution given in . . ., and in this solu-
tion, for guns having right-hand rifling, the axis of the projectile is to the right of the plane
of fire and a little below the tangent to the trajectory.” A similar result is stated in The
Aerodynamies of a Spinning Shell, by Fowler, Gallop, Lock, and Richmond.
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wide limits by means of the initial spin given to the projectile
General by the gun, i.e., by means of the twist of the rifling.Other things
considerations Sl : ;
governing the de- Tremaining the same, a greater rate of spin eauses greater stabil-
ﬁfs'i*rgfi stability ity. It is not to be supposed, however, that great stability (in
projectile the sense here implied) is a desirable feature, for with infinitely

great stability the projectile would resist precession altogether
and consequently would fail to fly head-on. With relatively very great stability,
precession would be very slow, the amplitude of the precessional are relatively
great, and the lateral deviation excessive and perhaps erratic; moreover, under
this condition the irregularities of flight incident to canted ejection would persist
for a longer time and consequently produce greater errors in the point of fall. What
is to be desired, rather, is a degree of stability sufficiently great to resist the over-
turning moment (Figure 18(b)), but not so great as to prevent precession of a
small amplitude about the tangent. The attainment of a satisfactory balance in
these respects rests chiefly on proving-ground experiments designed to afford
immediate information as to the flight characteristics of projectiles. These experi-
ments involve the firing of projectiles through a series of eardboard sereens, and
careful measurement of the holes left by them in the several sereens, whenee the
obliquity of the projectiles at these several points in their flight may be deduced.*
Regularity in the points of fall at all ranges is, of course, the ultimate criterion as
to the acceptability of a given design.

909. The attainment of an ideal degree of stability for a projectile is compli-
cated by the fact that the eonditions which define this ideal do not remain con-
Faitities stant throughout the trajectory. As the remaining velocity of the
of relative projectile decreases, the overturning moment (Figure 18 (b)) and
fﬁﬂﬂh;_igfifeﬁﬂe hence the degree of stability required to oppose this moment, also

decrease. If the relative stability of the projectile is to remain
uniform throughout the trajectory, it is necessary, therefore, that the rate of spin
decrease in the same proportion as the remaining velocity decreases. However,
this is not the case, since the rate of spin decreases less rapidly than does the
remaining velocily, and consequently the relative stability of the projectile in-
creases as the latter proceeds in its flight. Moreover, as the projectile ascends to
air of lesser density the overturning moment deereases, and the relative stability
increases in the ascending branch of the trajectory due also to this cause. This is
of special significance in the case of trajectories having a large angle of departure,
since in this case the increased stability of the projectile in the vieinity of the
maximum ordinate is particularly undesirable in view of the relatively great rate
of change of curvature in that region. The design of a projectile, with respect to
its stability characteristics, therefore must be a compromise between the require-
ments for short trajectories and long trajectories.

Apart from the lateral effects which result from the oscillations of the projec-
tile’s axis about the tangent to the trajectory and which manifest themselves in
the drift, vertical effects evidently also result therefrom. That is, the varying angle
of inclination of the axis with respeet to the tangent causes deviations in the

* A description of such experiments is given in Ordnance Pamphlet No. 399 (U. 8.
Navy, 1912), and in The Aerodynamics of a Spinning Shell, Fowler, Gallop, Lock, and Rich-
mond,

{ Experiments have recently been made with projectiles whose ogives are fitted with
wind vanes, with a view to creating greater uniformity in the stability of the projectile

throughout the trajectory by causing its rate of spin to be retarded more nearly in proportion
to the retardation of the velocity of translation,
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vertical plane as well as in the horizontal plane, and the rotation of the projectile
fiRect dt vatis therefore affects the range. The angle of inclination between the
able stability axis and tangent also modifies the effective cross-sectional area of
oo the coef-  {he projectile, which affects the retardation, and hence the range.
cientofform _ ~ F . : : a1 . ;

Variations in the mean effective stability factor for various trajec-
tories of the same gun and projectile, arising from the considerations outlined in
the foregoing paragraph, thus contribute largely to the variations in coeflicient
of form with angle of departure that are noted from the results of experimental
ranging. In short, the rotation of the projectile, although it is commonly associ-
ated only with the phenomenon of drift, has a very important bearing on the range
as well.

010. Analytical expressions for the drift have been deduced under the hypoth-
esis of gyroscopie action, but so little is known about the actual values of some
of the physical factors involved in them, under the varying conditions that exist
in a whole trajectory, that the practical solution for the drift eventually depends
on expressions that are highly empirieal in nature. As has already been observed
above, the behavior of the projeetile under the influences set up by its rotation
accounts largely for the empirical nature of the coeflicient of form, ¢, which
enters into the equation to the trajectory as referred to the vertical plane. Con-
sidering, now, that this behavior of the projectile is but one of several factors that
influence its path with respect to the vertical plane, whereas it is the sole cause of
the lateral deviation from this plane (under the assumed condition of no wind),

it can readily be appreciated that the entire system of solution
General nature . g H S
of expressions  for this lateral deviation is empirical to a much greater degree
for determining han ig the case with the solutions for elements that have previ-
the drift : ! e :

ously been dealt with. The relations indicated by an analytiecal
treatment of the drift under the gyroscopie theory, are incorporated to varying
degrees in the numerous expressions for this element that have been proposed
from time to time. But it is characteristic of all such expressions that the analytical
terms contained in them are usually rather broad approximations, based on aver-
ages pertaining to entire trajectories and sometimes even on averages pertaining
senerally to all projectiles of similar type. And, in practically all cases, the expres-
sions depend also on purely empirical coeflicients which must be determined from
the results of experimental firing quite in the same manner as is the case with
the coefficient of form, ¢

911, The drift formula that has been used for the more recent of the range
tables that appear in Range and Ballistic T'ables, 1935, is given here as an ex-
ample.® This formula is due to Colonel A. TI'in"nltma U. 8. Army.

* A drift furmulu devised by Mr. E. B. Scott, nf fhe U '-":‘. Naval Proving Ground staff,
has been used in connection with some of the later range tables. The general expression for
this formula is

T
D =

o 45+

in which a, b, and ¢ are coefficients that are I;n:a he dﬂtermined by experiment. The values
a=.871, b=2349.4, and ¢=128.2 have been found to give very satisfactory agreement with
observed results, under a wide variety of eonditions, with projectiles 33 calibers long (these
values require ¢ to be expressed in degrees and give D in yards). I'or other projectiles different
values of a, b, ¢, are required, but satisfactory results are obtained also by applying an addi-
tional coefficient (of the nature of D’) to the entire expression, with values of a, b, ¢ as given
above. For additional formulas, see pp. 350-356, Handbook of Ballistics, Cranz and Becker,
also pp. 118-121, Computation of Firing Tables for the U. 5. Army, H. P. Hiteheock.

The very simple furmulﬂ. D Jﬁi"’}llin which k& is a constant that is to be determined

== e
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Hamilton’s (1?
drift D =X(1 —-D') — (¢° 4+ w°) sec ¢. (901)
formula JIEls

In the above formula ¢, w, d, w, and X have their usual meanings, but, the values
of ¢ and @ within the bracket are to be expressed in radians. D is the drift, in yards
or in feet according to whether X is expressed in yards or feet. The factor p
represents the final twist of the rifling of the gun, expressed in terms of the length
of bore in calibers covered by one complete turn of the rifling at its final twist.

The factor D', which we shall call the drift coefficient, is purely empirical in

nature. Its value is so chosen that when it is substituted in the drift formula (901),

: it will cause agreement between the computed drift and the ob-
Ei‘;ﬁ‘gg;h pe served drift as determined by experimental ranging. It should be ap-
parent, then, that the prineciples governing the determination of D’

are quite similar to those which are involved in the determination of 7. Also, that
the value of D’ thus determined partakes of the character of 7, i.e., it accounts for
any influences which have contributed to the observed drift but have not sepa-
rately been accounted for in the drift formula. The effect of lateral jump, for
example, is included in the value of D’. The value of D', however, depends
chiefly on the form of the projectile, and it may be thought of as a sort of coeffi-

cient of form for drift. Its value for U. 8. Navy projectiles is usually around .7.

012. In the course of experimental ranging, the uncorrected observed lateral
deviation is determined as already explained in article 803 (d); by applying to
this a correction for the component of wind across the line of fire that existed at
the time of the ranging, the observed drift is found. The latter is then substituted

) in (901) and the required value of D’ is found. However, since we

Experimental : ! :

determination have no means for correcting this observed drift as would be neces-

of the drift  wapy to refer it to the corrected observed range, we use in (901) the

coeflicient : g .

range at which the observed drift actually was measured, i.e., the
wuncorrected observed range, and for ¢ and w we use the values corresponding to the
latter as determined from subsequent computations of the range-table data. An
example will illustrate these features.

(fiven: In the experimental ranging of the 16’ 2600 f.s. gun the following average
results were obtained for a group of five shots fired at angle of departure
25°: unecorrected observed range, 31,845 yards; observed weight of pro-
jectiles 2009 1bs.; observed lateral deviation, 747 yards to the right; cor-
rection for observed ballistic wind component of 4 knots across the line of
fire, 42 yards to the right. By subsequent eomputation the angle of depar-
ture for the range 31,845 yards was found to be 25°57, and the angle of
fall 37°27'. The final twist of rifling in the gun was one turn in 32 calibers.

F'ind: The drift cocflicient D',

First we shall transpose (901), and at the same time introduce the relation
57°3 =1 radian in order that the values of ¢ and w in the bracket may be ex-
pressed in degrees. We have then

L — DY D 5 M ( 57.3 ) 5 (902)
- = COoS
( X d? \¢ + w

=

experimentally and D and T have their usual meanings, has also been found to give very satis-
factory results in connection with long projectiles, and has been used in computing Column
6 of some tables,
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D=T47442 =789 yards
¢+ w=063°24"= 63740

S ) R TN SR S W R S e IS B A IS B e A Jog 2.89708
P e g M R A R ) IOF A BOSDE. .. colog 5.49696—10
o e o T e e L R\ SR Ty e log 1.50515
WO sl e e e s Sl log 3.32201
LEF L R S Fo o 381 0.0 U e S s colog 6.38764 — 10
. DRk Bl e s T e R e T log 1.75815
(Bl =08240. . . ..ot Iy T RO, oo colog 8.19791 —10
e B e PR D Lo L SLS R e e R leos 9.95384 — 10
e MR T e i ey e M O L log 9.51874 —10

D' = .66983
913. The computation of the drift for the range table (Column 6) is simply

the reverse of the above, using standard range-table values. The coefficient D’

is found to remain nearly enough constant to permit the use of an

Computation average value for a wide range of angles of departure ; let us assume,

of bolumn. o} erefore that D’=.67 is the average determined from the experi-

6 of the ) : I

range table  mental ranging, and use this to compute the drift for the angle of

departure 30°, at which ranging shots were not fired. The problem is
stated as follows.

(riven: The 16"’ 2600 f.s. gun, for which the standard weight of projectile is 2100
Ibs., the drift coefficient is .67, and the final twist of rifling one turn in 32
calibers.

Find: The range-table value of the drift (Column 6) for this gun at the angle of

departure 30%, for which the range-table value of the range is 34,329 yards,
and of angle of fall 42°21".

For this solution we shall write (901) as follows

d* [d+ w
D=X(1-— D" ( )sec i (901A)
pw \ 57.3
-+ w=T2°21"=72°35
i e R e e e Py ST el log 4.53566
(=D B0 Lo e b e e s s TS log 9.51851 —10
Vit 10 R P e S I P, AR AR log 3.61236
o TR SR e C R s g LB . ... .colog 8.49485—10
e L R R S ARG log 3.32222...............colog 6.67778—10
(e ol s s ro s s R ot e S S log 1.85944
DG e i e log L. 70816, ....0cvnmvisnionloe 8.24185 =10
NEBRPRN =0 s oy LT P SRS Rl B e e Isec 0.06247
D=1006.8 vards log 3.00292

THE DANGER SPACE (COLUMN 7%)

914. The dimensions of a target evidently determine the limits within which
the range must be known in order that the point of fall may oceur within the
limits of the target. The horizontal dimension of the target in the line of fire al-
ways constitutes a part of the allowance defined by these limits; if the target is a
ship, this horizontal dimension is the beam of the ship when the latter is lying
crosswise with respect o the line of fire, or the length of the ship when the latter
is lying endwise. That part of the total range allowanee which is defined by this
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horizontal dimension, in no way depends upon the trajectory; it remains the game
for all guns and at all ranges. The height of the target, however, contributes to this
total range allowance an amount which depends on the angle of inclination of the
trajectory near the point of fall, and which varies, therefore, according to both the
gun and the range, and must be caleulated accordingly.

The total range allowance with which we are dealing here may be thought of
cither as defining the limits within which the sight-bar range of the gun may vary,
considering the target to remain at a fixed distance: or as defining the limits within
which the distance to the target may vary, considering the sight-bar range to re-
main fixed. The amount of the allowance differs somewhat depending upon which
of the above conceptions is applied in determining it, but the distinction is of no
importance except at very short ranges, and need be congidered only in connection
with certain speeial problems which are met at Short Range Practice and which
will be dealt with separately in Appendix B.

The total range allowance corresponding to the dimensions of the target,
when considered in the sense of an allowable variation in target distance and of a
fixed sight-bar range, is called the danger space and denoted by S (usually ex-
pressed in yards).* According to this conception we may then state that the

daﬂgm space for a given target and lrajectory is the grealest distance
‘?EE[?:;:E? .ﬁfumu;h which the target may be moved in the line of fire and__shﬂ be inter- -
space _ji’_f_:_ﬂr*f} al some point by that Emgam’my This is illustrated in Fi igure 19,

in which OM I7 is a trajectory whose point of fall is at the fixed range
O IT. A target, whose height is & and whose horizontal dimension in the line of fire
is I, is shown in fhe position in which the trajectory strikes just at the waterline of

M

‘- 5 ——

0 N—!—}
¥

T, i T,

Ficure 19

the side nearer the gun, and the position in which the same trajectory just fails
to clear the upper edge of the side farther from the gun. The danger space, S= T, 7%,
is the distance between these two positions. From the construction of the figure,
it is evident that the total danger space is composed of two parts, H 7, =1 being
the horizontal dimension in the line of fire, and 7'y H being the projection of the
height A upon the horizontal plane.

915. The value of that portion of the danger space which depends only on the
height of the target (as T H in Figure 19), is tabulated in Column 7 of the range
table; the value tabulated applies to a target height of 20 feet, and the value for
any other heights (within reasonable limits) may be found therefrom by simple
Al proportion (see also art. 920). In other words, Column 7 of the

efinition of :
the value in range table gives the value of the danger space for a target whose
Column 7 of height 4s 20 feet and whose horizontal dimension in the line of fire
the range table ,
is zero. It is to be understood, of course, that the usual range-
table conditions apply here as elsewhere, and that the base of the target is there-

* When taken in the opposite sense, i.e., as an allowable variation in sight-bar range
at o fixed target distance, this quantity is termed the hitling space. The terms danger space
and hilting space ordinarily are practically interchangeable, except at very short ranges.
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fore considered to be in the horizontal plane which passes through the gun (art.
801).

In Figure 20, A4 B represents a target whose height is 4 and whose horizontal
dimension in the line of fire is zero, and S = A H is the danger space for the target
against the trajectory OB H, whose horizontal range is X =0 I, and maximum
ordinate is y,. The danger space is thus seen to be the difference between the
greatest distance, X =0 H, and shortest distances, =04, at which the given

Frgure 20

target may be situated and yet be intersected by the given trajectory. The direct
solution for the danger space therefore involves the determination of the abseissa
x of the trajectory corresponding to the ordinate y =h, whenee S= X —z. A solu-
tion according to this principle may be made, of course, by finding the point z,
y=h, by numerical integration. Satisfactory approximations of the danger space
may be made, however, by methods whieh are much less laborious than the above

916. Except al very short ranges the value of h (IMigure 20), within practical.

limits of target height, is small in comparison with the maximum ordinate y,, and

the point in the trajectory where y=~h is near the point of fall.
Formula for ; Zereng . : ;
Column 7 for Considering that the trajectory, for the relatively short distance
moderate and hatween the point y =k and the point of fall, is practically a straight
long ranges : A R : :

line which coineides with the tangent to the trajectory at the latter
point, we have the approximate relation

— S = h cot w s ‘ - (903)
in which o is the angle of fall. The above formula gives a satisfactory approxima-
tion of the danger space (Col. 7) for ranges at which the angle of fall exceeds about

3% (about 4000-6000 yards for most naval guns). The application of (903) is illus-
trated in the following example.

(Given: The 16" 2600 f.s. gun, range 10,000 yards, angle of fall 5°55’.
Find: The danger space (range-table Column 7).

Since the target height for Column 7 is 20 feet, we shall use k=20 feet. Then we
have

e 2 e S e e S e | SR o LGN O DL T [ e ) )]
e L e e s s e e e e e st O BT
e e e e log 2.28553

=64 yards

917. At shorter ranges the point y =h (Fig. 20) may be so far from the point
of fall that material error may result from considering the portion of the trajectory
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= beyond this point to be a straight line, In such cages a solution may
E;;cpe]f&;fgr be made by a process that is somewhat indirect, but that is simple
Column 7 | and sufficiently accurate for any practical purpose. In IFigure 21 the

| for short

TROERE trajectory OB I, whose horizontal range is O I, is shown just touch-

ing the top of the target A B, whose height is £ and whose horizontal
dimension in the line of fire is zero; then S = A I is the danger space for the target
height A at the range O [1. There is shown also the trajectory whose point of fall
is just at the bottom of the target A B, and whose horizontal range therefore is
(O A. The difference between the horizontal ranges, O f1 and OA, respectively, of
these two trajectories, evidently is equal to the danger space for the longer of

Figune 21

them. Let us assume, now, a value OA = X for the horizontal range of the tra-
jectory whose point of fall is at the bottom of the target, and find how much
must be added to this to give the trajectory which just touches the top of the same
target: this amount evidently equals the danger space S of the latter trajectory.
The assumed range of the shorter trajectory being X, we then have the danger
space S for the longer trajectory, i.e., for the range X +S.

Since A is always small in comparison with X, we may consider that the in-
clined range X’'=0B8 is equal to the horizontal range X =04 (for example, at
the shortest range tabulated, 1000 yards, and for a 40-foot target, which is as
high as we have oceasion to consider, the difference between OB and O A is about
0.1 yard). Also, the angle of position BOA =p is always small in any practical
case (for example, p=46" in the rather extreme case just cited). Under these
conditions the theory of rigidity of the trajectory is applicable (art. 319), and we
may consider that the trajectory OB represents the trajectory OA tilted upward
by the amount of the angle p. Sinee the two frajectories are considered to be
similar in all respects, the angle of elevation of the trajectory OB is equal to the
angle of departure of the trajectory OA, i.e., to the angle of departure corre-
sponding to the horizontal range X, We shall therefore denote the angle of eleva-
tion of trajectory OB by ¢x, as illustrated. Likewise, gince the horizontal range
of the trajectory O [ equals XS, we shall denote its angle of departure by
$hy, g, i.e., the angle of departure corresponding to the horizontal range X +S.

I'rom the figure it is apparent that the angle p is defined by the relation

h
tan p = — (D04)
P X

whenee, with a given range X and target height &, p may be found. From Columns
1 and 2 of the range table, the value of ¢ corresponding to any value of X may be
found, and henee the value of ¢x is available directly. As shown in the figure,

¢xis = dx + P (905)
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and with ¢x4s we can find in the range table the corresponding range, which, in
this ease, is X4 S, The required danger space is then

It is important to note, however, that the value of S so found applies not to the assumed
range X, bul to the range X+5S. It is for this reason that the process is indirect.
A direct snlutmn according to the same principle is not possible without resort to
successive approximations. For if we seek to determine the value of S correspond-
ing directly to an assumed value of X, we eannot find p, since in this case we

h

must take tan p=— 3 The proeess as actually used also requires suecessive

E=Te |

approximations to be made, insofar as the solution for the danger space corre-
sponding to a particular range is concerned. In the computations for range-table
values, however, this is of no consequence, since we make solutions for many
ranges, plot the values of danger space against the ranges to which they apply,
and then take from the graph the values of the danger space corresponding to the
tabular values of range,

018. For further demonstration of the process outlined above, let us apply
it to the case of the 16” 2600 f.s. gun, and assume X = 1350 yards=4050 feet.
Brenislon of From the 16" 2600 f.s. range table we find that at l:fj;ﬁ{] yards the
computation of angle of departure is 34! 0; hence we have ¢y =34/ (. Since Column
Column 7 for 7 of the range table is bl’bEt}{l on a target height of 20 feet, we have
short ranges

h =20 feet, whence, from (904),

20
4050

y #nd p= 1710

I

tan p

Also, from (905),
¢xyg = 34/0 + 170 = 51/0

and from the range table we find that this angle of departure corresponds to the
range 2004 yards, or X+ 8 =2004 yards. Then, from (906),
S = 2004 — 1350 = 604 vards.

T e e ———

The result thus obtained ig, that for a 20-foot target the danger space is 654 yards
at the range 2004 yards; in other words, the point of fall of the given trajectory
being at a distance of 2004 yards from the gun, a 20-foot target ¢an be moved
from this point of fall toward the gun a distance of 654 yards, or to a point only
1350 yards from the gun, before its top falls below the trajectory.

Now let us assume X = 2000 yards = 06000 feet, and & =20 feet. Then

20
tan p = —— and p = 11/5
6000
dxss = H0/9 4 11/5 = 1°02/ 4
X -+ S = 2430 yards

S = 2430 — 2000 = 430 yards
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whence we find that at the range 2430 yards the danger space for the 20-foot tar-
get is 430 yards.* :
919. It will be observed in Figure 20 that if the height of the target is equa
to or greater than the maximum ordinate, then the target may be moved the
entire distance from the point of fall to the gun, i.e., the danger space
Definition g oqual to the whole range. The maximum range at which this occurs,
of danger 3 - ; i ;
range for a given height of target, is called the danger range, and it is evi-
dently the range at which the maximum ordinate just equals the given
height of target. It will be noted that in the range table the values in Columns 1
and 7 are the same whenever the value in Column 8 (maximum ordinate) is 20
feet or less. It will be elear that if the danger range, or any range less than the
latter, is set on the sights of a gun, and the gun is sighted at the bottom of the
target, then the target may be located at any distance from the gun equal to or
less than the range set on the gun, and yet be hit. This condition holds true,
however, only if the gun and target are in the same horizontal plane, as is assumed
for the range table. Aetually, the values in Column 7 which are equal to the whole
range have no practical value, sinece the gun is in fact always above the water.
For the same reason, other values from Column 7 are not applicable directly
to the usual situation at short ranges, in which the gun’s height above the water
15 comparable to the height of the maximum ordinate itself.
920. At moderate and long ranges, the values of the danger space (Col. 7)
for target heights other than 20 feet, within the limits of the latter that are
s SR likely to oceur in practice, may be found by applying simple pro-
ﬁ‘;%ﬁ?ﬂ:ﬁsﬁ. portion to the values tabulated in Column 7. At short ranges, how-
ever, very greal errors may result from such a process. I'or example,
in the 16”2600 f.s. range table, at the range 1300 yards, the maximum ordinate
is 8 feet, and the danger space for a 20-foot target (Col. 7) is therefore 1300 yards.
This value evidently applies also to any target height equal to or greater than 8
feet; but for a target height the least bit less than 8 feet the danger space at once
decreases to a value less than one-half as great as the above. Again, at 2600 yards
the danger space for the 20-foot target is 368 yards, but for a 40-foot target it is
2600 yards, since the maximum ordinate at this range is just 40 feet. It is evident,
then, that proportionality between danger spaces for the same trajectory, with re-
spect to their corresponding targel heights, vanishes altogether when either of the
target heights involved equals or exceeds the maximum ordinate of the given
trajectory. But even for target heights that remain within the limits of the maxi-

* The process just outlined is the one now in use for computing Column 7. For range
tables computed before about 1926, a very much less accurate process was employed in con-
nection with Column 7. The formula previously used for short ranges was,

I cot m)
e :
Since this formula is now obsolete, its derivation will not be given here, but it may be found in
earlier editions of this book. It is worthy of note, however, that in many of the range tables
still in eurrent use at this writing, Column 7 represents values found by the above formuls.
This is also the case with all of the tables given in Range and Ballistic Tables, 1935, which
accounts for the discrepancies between the values found above and those given in the 16"
2600 f.s. range table. This table gives S =527 yards at range 2004 yards, and S =402 yards
at range 2430 yards, whereas the results found above are, respectively, 654 yards and 430
yards, It will be observed that the diserepancy is very considerable at the shorter range but
much less serious at the longer range. Above about 3000 yards the difference becomes imma-
terial; this applies to all guns. The 16”2600 f.s. range table in current use in the fleet con-
taing the values as found by the more aceurate process given above.

S=hnntw(1+
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mum ordinate, the use of simple proportion in connection with Column 7 is sub-
jeet to errors which inerease as either of the target heights involved approaches
the height of the maximum ordinate; this is very likely to be the case at short
ranges, where ordinary target heights are comparable to the heights of the maxi-
mum ordinates. 'or the reagsons outlined in the present and foregoing paragraphs
it must be concluded, therefore, that the values in Column 7 are practically use-
less at short ranges. Methods for obtaining values that are useful in connection
with certain speecial short-range problems will be taken up in Appendix B.

CHANGE IN HEIGHT OF IMPACT (COLUMN 19)

021, Column 19 gives the change in height of impaet that results from a
variation of 100 yards in the sight-bar range. Such information is useful, for
example, in direct-flight spotting, when the sight-bar range is adjusted by observ-
ing the point of impact in the vertical plane of the target. Let us suppose that the
situation is as illustrated in Figure 21, and that the point of impact is observed
to be at a height h feet above the waterline of the target A B, the sight-bar range
set on the gun being equal to O H. 1f this point of impacet is to be lowered to the
walerline, the sight-bar range evidently must be reduced to OA. The problem is
similar to that of finding the danger gpace for a given target height. In the latter
case we found the change in range corresponding to a given height h; in the
present case we are to find the height A that corresponds to a given change of
range, 100 yards being the amount of the change assumed for Column 19,

We shall denote the required change in height of impact by Ak, and the
change of range to which it corresponds by A X. Since A X =100 yards, which is

small in comparison with the whole range X in any practical
E?J;'Tn‘;‘:lﬂ lfg"‘rﬂf case, we may assume without material error that the portion of the
the range table trajectory from the point where y=Ah to the point of fall is a
straight line, and that

Ak = 4+ AX tan w (907)

w being the angle of fall at the assumed range X. The gign + hag been introduced
in order to indieate that the formula is applicable both for inereases and for de-
creases in X, i.e., for A X =+ 100 yards. I'rom Figure 21 it will appear that for
the case of the increase in X, the value of » should be found with the range
XA X, rather than with X direetly. However, the change in tan @ correspond-
ing {o a change of 100 yards in range is sufficiently small, in any case, to have an
inappreciable effeet on the value of Ak that is to be found, and we may therefore
use (907) with the value of @ corresponding to the assumed X whether we are
dealing with an increase or a decrease in the latter. The application of (907) is
illustrated in the following example.

(riven: "T'he 1672600 {.8. gun, range 10,000 yards, angle of fall 5°55,
Iind: The change in height of impaet corresponding to a variation of 100 yards
in sight-bar range.

B ARl e e LT + log 2.47712
oA B e R S Ot S e O R e e e | - (7 B 8 e D PR
T T R S S e o + log 1.49262

The result obtained means that, for the 16"2600 f.s. gun at the range 10,000
yards, an inerease or decrease of 100 yards in the sight-bar range of the gun will
cause the point of impact in the vertical plane of the target to be raised or lowered,
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respectively, 31 feet. It will be obsgerved that the same information is available

from Column 7, for which the computation has been made in artiele
Relation  J16. Since, from the latter, a target height of 20 feet corresponds to a
between

-?';1;1&“ 1195 change of 64 yards in range, we may deduce that the height -EIX 20

=31 feet corresponds to a change of 100 yards. This relation between Columns 7
and 19 exists at all but very short ranges.

EXERCISES

1. Given: The diameter and weight of the projectile, the range, angle of departure,
angle of fall, drift coefficient D’ and final twist of rifling pu.

Find: The values for Column 6 (drift) of the range table for the given ranges.

Given Answers,
i w X ¢ % M ;;4 D

(vards) (vards)

il 2 5 50 5000 20 01'| 2° 52/ 7869 | 25 9.1
B | =4 5 50 8000 i 14 7 31 7869 | 25 35. 1
il ez 5 50 | 10000 8 26| 12 48 7869 | 25 720
D| i 5 50 | 15000 14 59 | 30 52 7860 | 25 || 264.8
B 16 | 2100 3000 | 1 18 1 22 67 39 2.8
F | & | 16 | 210 | Booo | 2 12| 2 ;| A 8.2
G| a4 16 | 2100 000 3 49 4 923 67 39 23 .1
{7 804 16 2100 12000 & 11 7 40 67 39 58.7
1 = 16 2100 | 20000 I I L T 67 32 || 211.3

2. Gwen: The range and the angle of fall.

Find: The values for Column 7 of the range table for the given ranges (danger
space for a 20-foot, target). (Use formula 903.)

e —

Given Answers
.X ; ] S I

(vards) (vards)
A 000 27 b2’ 133
B | Nl 8000 ¥ 8l 51
C ¢ 2 10000 12 48 29
D 4 15000 30 52 11
I 22000 57 343 e’
F = H000 2 27 156
G |2 12000 7 40 50
1 ! 20000 17 10 22
= 39000 52 03 b

3. Given: The range and the angle of fall.

Find: The values for Column 19 of the range table for the given ranges (change
in height of impact for a variation of 100 yards in the sight-bar range).
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Given Answers
') w ah (Col 19)
(yards) (feet)
A T 5000 2° 52 15
13 i 8000 7 81 40
C o 2 10000 12 48 68
6 0 [ 15000 30 52 179
D 22000 57 33 472
I o 3000 1 22 i
G = s S000 4 23 23
1 2 12000 7 40 40
[ = 15000 10 44 57
J o 20000 17 10 03 |
| |

4. Proceeding as illustrated in article 918, make computations for S with
the ranges 1600 yards and 1800 yards (16”2600 f.s. gun) and for a target height
of 20 feet. Using the two values of danger space (Col. 7) and their corresponding
ranges as thus defermined, and using also the two sets of values already found in
article 918, plot a graph of danger space against range (seale 1" =100 yards), and
from this graph determine the values of the danger space for the ranges 2000,
2100, 2200, 2300, and 2400 yards.

Answers (see footnote on p. 119);

Range Column 7 Range Column 7

(yds.) (yds.) (yds.) (yds.)
2004 654 2000 657
2148 H48 2100 580
2281 481 2200 518
2430 430 2300 471

2400 440



CHAPTER 10

THE DETERMINATION OF THE EFFECTS OF VARIATIONS FROM
RANGE-TABLE STANDARDS FOR INITIAL VELOCITY, WEIGHT
OF PROJECTILE, AND ATMOSPHERIC DENSITY (RANGE-
TABLE COLUMNS 10, 11, and 12).

New Symbols Introduced

A Xy....The change in range due to a variation in the initial velocity.
A Xe¢....The change in range due to a variation in the ballistic coefficient
(or in any factor contained in the latter, such as é and w.)
M. ...A multiplier to be used with Column 12 of the range table (art.
1014). :
AVw. ... The change in initial veloecity due a variation in the weight of the
projectile.
AC,....The change in the ballistie coefficient due to a variation in the
weight of the projectile.
A Xy....The change in range due to a variation in the weight of the pro-
jectile.
m. ...A coefficient used in the formula for finding A V., (1003).

1001. Having examined the problem of determining the values of elements
of the trajectory under the standard conditions assumed for range tables (art.
801), our next problem is to consider the means by which these values may be
adjusted for variations from the assumed standards. Although such variations
affect all elements of the trajectory, our chief concern is to determine their effeets
on the location of the point of fall. The ehanges in range due to variations in initial
veloeity, weight of projectile, and atmospherie density, and of wind, motion of
gun, and motion of target in the line of fire; and the lateral deviations due to wind,
motion of gun, and motion of target across the line of fire; are given in Columns
10-18 of the range table. In the present chapter we shall deal with Columns 10,
11, and 12, which give the changes in range due to variations, respectively, in
initial velocity, weight of projectile, and atmospheric density.

The effeet of a variation from standard in any of the factors on which the
trajectory depends, evidently can be found by making a complete solution of the

trajectory for the non-standard combination, and comparing
E;ﬁﬂ;ﬂvpﬂxd it with the Hﬂil:ltiml corresponding t’f" the standard ﬂumb'imttiun.
in determining For example, if the change (A Xy) in range, corresponding to a
fiﬁnzﬂst?rgf;:g;ﬂd- reduction (AV) from the standard initial velocity, is to be
ard conditions found, then A X'y evidently is the difference between the ranges

corresponding to the combinations ¢, V, €, and ¢, (V—AV), C,
the values of ¢ and € being the same for both cases. Similarily, the variation in
range corresponding to a variation from standard in any of the factors contained
in €' ean be found by comparing solutions made with the standard and non-
standard values of €, the values of ¢ and V remaining the same. This direct
method is particularly advantageous for defermining variations in the terminal
elements, since the values of the latter, for any desired combination of ¢, V, and

123
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C, can be found readily in ballistic tables. We shall therefore use this method
in finding the values for Columns 10, 11, and 12.*

CHANGE IN RANGE DUE TO A GIVEN VARIATION IN
INITIAL VELOCITY (COLUMN 10).

1002. Practice has varied as to the size of velocity variation assumed for the
tabular values in Column 10. In some of the older tables that are still in use, the
value in Column 10 corresponds to a 50 f.8. variation in initial velocity, but the
later practice is to tabulate in this column values that correspond to a 10 f.s.
variation. The heading of Column 10 indicates in all cases the size of variation

: to which the tabulated values apply. Practice has varied also as to
E;EI: :‘? 2 the sign of the velocity variation assumed in deriving the values
variations for this column. Formerly it was the practice to make these values
assumed for - : T : . .
Column 10  €dqually applieable either to inereases or to decreases of velocity.

This was done by taking the mean of values found, respectively,
with plus and minus variations in V. The more recent practice is to base Column
10 only on a minus variation in V, sinee variations from the standard V are prac-
tically always of this sign. Erosion, of course, always causes reductions in V' varia-
tions in V due to non-standard powder temperature also are reductions in practi-
cally all cases, sinee the standard powder temperature, 90°F., is also the highest
temperature permitted in magazines.

The heading of Column 10 in the more recent tables states that the values
in this column are the changes in range corresponding to a () 10 f.s. variation
in initial velocity. This is not intended to imply that the values were derived on
the basis of a plus variation only, but merely to indicate that
the sign of the tabulated wvalues corresponds to an increase of
initial velocity (the plus sign is to be understood when no sign appears
before the tabulated values). No confusion should arise as to the proper sign to
be used with these values, since an increase in V always causes an increase in
range, and a decrease in V always a decrease in range. Information as to the prac-
tice followed in deriving the values in this eolumn may be found in the intro-
duetory pages of the range table. All of the extraets included in Range and Ballis-
tic Tables, 1935, are from the older range tables, in which Column 10 is based on
+ variationsin V.

* By partial differentiation of the fundamental equations of the trajectory, with re-
spect to each of the several factors (¢, V, C') on which the latter depends, it is possible to
set up expressions which define the differential relations between any of these factors and any
element of the trajectory. By differentiating the fundamental equations with respect to €
alone, the differential relation between €' and any element is found, and hence it is possible,
for example, to express the relation between a variation in € and the effect of the latter on
the values of x, v, t, v, #, at any point in the trajectory. By integrating these differential ex-
pressions, it is then possible to evaluate these effects within any desired limits. Thus the
affect of & variation in § (and hence in C) which is assumed to apply only within specified
limits of altitude, can be found by integrating the appropriate differential expression between
these limits. Practical applications of variations of this character will be dealt with presently,
and reference will be made, in this connection, to the principles involved in the determination
of such variations by the method just outlined, i.e., by the method of differential variations,
A complete demonstration of this method is, however, much too lengthy to be included in
this text. Comprehensive treatments of the differential-variation method are available in the
following sources: A Course in Exlerior Ballisties (War Department Document No. 1051,
December, 1920), by R. 8. Hoar; The Method of Numerical Integration in Exlerior Ballislics
(War Department Document No. 984, October, 1919), by D. Jackson; New Methods in Ez-

terior Ballistics, by F. R. Moulton

Sign of
Column 10
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. 1003. The following example illustrates the later practice that is
ucfmélgll:f;t:;u?ﬂ followed in the computation of values for Column 10. This ex-
ample is based on the same gun and angle of departure assumed for
the example given in article 815,
(ttven: The 16”2600 f.5. gun, ¢ =25, Log €' =1.12707.
Find: The change in range due to a variation of (—) 10 f.s. in the initial velocity.
We shall find the ranges, X; and X, corresponding to the velocities, re-
spectively, V,=2600 f.s. and V,=2590 f.s., using the A.L.V.I". Tables, with
¢ =25° and Log C=1.12707 in each case. The difference between these ranges,
which we shall denote by A Xy, then represents the change in range due to the
given variation in V. Converting the veloecities to metric units, and then entering
the A.LL.V.F. Tables, we have

Vi=26001fs.........log 3.41497 Va=2590fs.........log 3.41330
bt ita ) - nT log 9.48402—10 (art. 705).........log 9.48402—10
Vi=102.49 maa.. ... log 2.89899 V,=789.44 m.s.. . .. .log 2.89732

I'rom the table headed ¢ =25 Range
For V =790, X =28,069-4 .604X538=28,394
For V =800, X =28,601+.604X554=28,936 '.
For V,=792.5, X,=28,394-} .25X542=28,530 m.
For V =780, X =27,541+4.604X522=27,850
CFor V =790, X =28,069-4.604X%538=28,394
For V,=789.4, X,=27,856+4+ .94X538=28,362 m.

A [ AR = log 2.22531
il Gyt e M0 sl e A etve R i sl ks Dl 0 log 0.03886
A= L= I8 ariR. o e i T i Ry e e R log 2.26417

This result differs only slightly from that given in Column 10 of the 16”2600
f.s. range table (Range and Ballistic Tables, 1935), the latter having been found/

by assuming a (£ ) 10 f.g. variation.

1004. The differences with respeet to V, as tabulated in the A.L.V.I'. Tables
for range, evidently are the values of A Xy, in meters, corresponding to successive
variations of 10 m.s. in V. By examining these differences we may readily de-

termine what degree of error is oceasioned by using simple pro-
Use of Column

10:for other portion in connection with Column 10 to find the changes in
than J:-}tbulﬂr range corresponding to velocity reductions considerably in excess
variation

of 10 f.s. F'or example, let us assume ¢ =40°, Log C'=1.135, and a
standard V of 790 m.s. In this case we find, from the A.L.V.T.
Tables, that the change of range corregsponding to a reduction of 10 m.s. (i.e.,
from 790 m.s. to 780 m.s.) is 711 m., while the change of range corresponding to a
reduction of 30 m.s. (i.e., from 790 m.s. to 760 m.s.) is 2109 m. If simple propor-
tion is applied to the change for 10 m.s. in order to find the change for 30 m.s,, we
then find for the latter the value 3X711=2133 m., which is in error by 24 m., or
by a little more than 1% with respect to the correct value of A Xy; in comparison
with the range (about 35,000 m.) the difference of 24 m. amounts to an error of
less than one-tenth of one percent.*

in velocity

* Tor some range tables the value of AXy for (—) 10 f.s., as tabulated in Column 10,
has been derived by taking one-tenth of the value of AXy for (—)100 f.5. In such cases the
situation discussed above is reversed, i.e., changes of range determined by applying gsimple
proportion to the values given in Column 10 are somewhat more aceurate for large veloeity
changes than for small ones.
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The case just considered may be regarded as a rather extreme test as to the
degree of error that may be incurred by applying simple proportion to Column 10
values; for smaller values of ¢ and 7, the degree of error becomes relatively even
less. T'he comparison between 10 m.s. and 30 m.s. values, as made above, serves to
indicate very nearly what the situation is with respect to 10 f.s. and 100 f.s, values.
The fact that the ratio in the latter ease is increased to 10 to 1, as compared with
only 3 to 1 in the former case, is of no consequence, since the 10 f.s. value is in
fact obtained by linear interpolation with respeet to a 10 m.s. tabular interval.
In other words, no greater inaccuracy is incurred by deriving the 100 f.s. value
from the 10 {f.s. value, than by deriving the 30 m.s. value from the 10 m.s. value.

Velocity reduetions due to the ecombined effects of erosion and non-standard
powder temperature ordinarily do not exceed 100 f.s., and rarely exceed 125 f.s.
It may be concluded, therefore, that the process of applying simple proportion
to Column 10 values for finding changes in range corresponding to any reductions
in initial velocity that are likely to be encountered in practice, does not of itself
entail any appreciable loss of aceuracy.

1005. In all of the above determinations of the effect of velocity variations,

it has been assumed, however, that the value of A Xy depends only on the varia-
tion in veloecity itself. That is to say, the values of A Xy, for all veloc-

cE]Eenc;E::;fin ity reductions considered, have been based on the same value of C.
i on values  The situation is altered somewhat by the consideration that ¢ (and
gﬁiﬂii ffgm henece ') actually varies with the veloeity. Such variations in ¢,
if not accounted for, cause the values of A Xy to be in error by

amounts which increase with the size of veloeity variations to which the values of
A Xy apply; this will remain true whether A Xy is derived from Column 10 or
directly from the ballistic tables. Such errors can be eliminated only by determin-

ing A Xy experimentally, and this procedure has been followed in some ecases.

1006. For some target practices, the initial velocity of the gun is very much
less than the service initial veloeity; for example, the target-practice veloecity of
the 16"/45 gun is 2000 {.s., or 600 f.s. less than the service velocity

Reduced- : : ;
vﬁl.;.:;ict; of 2600 f.s., and in the case of the 5”/51 gun the difference is 850 {.s.
{:ﬂﬁ; (3150-2300). These reductions in initial velocity are much too great

to be handled by means of Column 10, and additional range tables
are therefore prepared for the target-practice velocities; in some cases other
special veloecities also are provided for by means of additional range tables, A
separate experimental ranging is conducted for each of these additional range
tables, and changes in the value of ¢ are thus fully accounted for. All other opera-
tions involved in the preparation of a range table are also performed separately
for each of the tables.

CHANGE IN RANGE DUE TO A GIVEN VARIATION IN
ATMOSPHERIC DENSITY (COLUMN 12).

1007. In all U. 8. Navy range tables, Column 12 is based on a variation of
(£) 109 in atmospheric density, The heading of Column 12 in the more recent
tables states that the values in this column are the changes in range corresponding
- ; to a (=) 109 wvariation in atmospheric density. This is not in-

ize and sign : : :
of variations tended to imply that the values were derived on the basis of a
Eﬁ,“;ﬁ?‘lgﬂf minug variation only, but merely to indicate that the sign of the
tabulated values corresponds to a deerease in density (the plus sign
is to be understood when no sign appears before the tabulated values). No con-
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fusion should arise as to the proper sign to be used with these values, since an in-
erease in atmospheric density always causes a decrease in range, and a decrease
in atmospherie density always causes an inerease in range.
1008. Tt is shown by formulas (404) and (406), respectively, that a given -+ %
variation in atmospherie density causes an equal + 9, variation in the density fac-
: tor 8, and henee an equal F 9 variation in . The change in range
Efugltfff;tjiﬂfz due to a (+) 109 variation in atmospheric density therefore can
be found by determining the change in range due to a (F) 109%
variation in ', The problem is handled very simply, in accordance with the same
general prineiple that has already been applied in connection with variations in
V, i.e., by interpolation in the A.L.V.F. Tables. The process is illustrated in the
following example, which is based on the same gun and angle of departure as-
sumed for the example given in article 815.
Gliven: The 1672600 f.8. gun, ¢ =25°, Log C'=1.12707.
Find: The change in range due to a variation of ( +) 109, in atmospheric density.
We shall find the ranges corresponding to values of C decreased and in-
creased by 109, with respeet to the standard value of €, using the A.L.V.F.
Tables, with ¢=25° and V=792.5 m.s. (2600 f.s.) in each case. The difference
between these ranges represents the change of range corresponding to a change of
209%, in C, ize., the sum of the changes of range due to a 10% decrease in € and to
a 109, increase in (', One half of this sum then is the mean of the changes in range
due to a 109, decrease and a 109, inerease in €, and it may be termed the change
in range due to a (F) 109, variation in ', which corresponds to a (+) 10% varia-
tion in atmospheric density. We shall ‘m‘r the symbol A X¢ denote a change in
range due to o change in , and in this case specifically a change in range due to
a change in atmospheric df‘l’iﬂ-lt}"
Proceeding as just outlined, we find the reduced and mrrmqed values of C
as follows.

Oii i e e s R ol IR 2 v | by 0 e o L
OO e s e e e e O 9 DRSS — 1)

[ 1 e R S e e e e e R log 0.04139
L e ni i e, St el TN |

R NI SR R e NN S (ol o = e T T

From the table headed ¢ =25° Range

For L.og € =1.075, X =26,988+ 1 X499=27,113
For Log ! =1.095, X =27,529+4 § X516=27,658
For Log €,=1.08131, X,;=27 ,115—1—. 316X 545 =27,285 m.

FEENSE SR e —

For Log ¢ =1.155, X =29,1434+ I X565=29, 284

For Log € =1.175, X =29.679+ 1 X581=20,824

For Log C'o=1.16846, X:=29,2844.673X540=29,647 m.
AXe=(F) 1 (29,647—27,285)= 1181 m.

eer e B B H0 [ R S e e B e e g B e B
(art. 705). . e e et RO TS e
Xe=(F) ‘?Q‘?vzudﬂ R e e e P L B R B

* This agrees with the value given in the latest 16"2600 f.s. range table, which is not
available for publication in Range and Ballistic Tables, 1935. The range tables given in the
latter volume are obsolete, which accounts for many of the differences noted hetween results
given in these tables and results found according to the computations given in this text.
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1009. As has been noted in the procedure by which the above value of A X¢
has been found, the latter represents the mean of the changes in range due to a
109, decrease and a 109, increase in €. The range corresponding to the standard
Begins C of the above problem hn.s_ already been found to be 28,530 m. (art.
of accuracy S15); the ranges corresponding to a 109, decrease and a 109 increase
%ﬁﬁ&lﬂf 1‘3'2? in C are, respectively, 27,285 m. and 29,647 m. (art. 1008). The change

in range for the 109, deerease in € therefore is 28,530 — 27,285 = 1245
m., and for the 109, increase it is 29,647 —28,530 =1117 m. If the mean of these
(1181 m.) is used for the value of Column 12, the latter is then 64 m. or about 5%,
too small for the 109 deecrease in C, and 64 m. or about 69 too great for the 10%
inerease in C; in comparison with the whole range, however, the error in either
case is only about 0.2%,. The situation is substantially the same at greater and
lesser ranges, i.e., the values in Column 12 are somewhat too small for decreases
in (' and somewhat too great for increases in €. It follows that, with respeet fo
variations in atmospheric density, the values in Column 12 are somewhat too
small for inereases in density, and somewhat too great for deereases in density.

In actual practice, espeeially at sea, variations from the standard atmospheric
density rarely amount to as much as 109, and the degree of inaceuracy involved
in the use of Column 12, as noted above, therefore represents rather wide ex-
tremes. Ordinarily variations in atmospheric density are confined within com-
paratively narrow limits, and the errors incident to the use of Column 12 are
limited acecordingly. In any event, it is probable that the degree of inaceuracy in-
volved in the use of Column 12 is always relatively small in comparison with the
degree of inaccuracy involved in the practical determination of the atmospheric
density itself, since the latter, at best, is always subjeet to rather broad approxi-
mations (art. 425).

1010. From what already has been said with regard to the character of varia-
tions in atmospherie density (art. 420), it is apparent that methods must be de-
vised for diseriminating between variations that pertain to the entire trajectory
and those that apply only to portions of the trajectory. In other words, it is
necessary to devise means for faking into aceount a given variation in atmospherie
density that pertains only within specified limits of altitude, or, more generally,
variations of different magnitude that apply within different lm‘niq of altitude.
This problem can be handled by expressing thedifferentialrela-

ﬂ;ﬂ;gﬁ:ﬁg:ﬂgﬂgg tion between X and , and by integrating this expression with-
;hat are nuthuni- in the required limits (see foot-note adjacent to article 1001).
tgin:::ﬂ jﬂn;;ﬁr; s It is possible, in this manner, to find the effect on the trajec-

tory as a whole of a variation in €, and hence in atmospheric
density, that applies only within specified limits of the ordinates of that trajee-
tory. That is to say, a value of A X¢ can be found that expresses the change in
range of the whole trajectory due to the effect of a (1) 109, variation in atmos-
pherie density on the portion of a trajectory which is included within any given
zone of altitude, as for example for zones extending from the surface to a height
of 600 feet, from the height 600 feet to the height 1500 feet, from 1500 feet to
3000 feet, ete.

The practical method of dealing with this problem is to compare the effects
of a given density variation operating only on a limited portion of the trajectory,
with the effect of an equal density variation operating on the entire trajectory,
and to set up ratios accordingly. In this manner the need for additional range-
table columns is avoided. For example, let us assume that in the cage of the same
trajectory for which we have already found the value of Column 12 (art. 1008),
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it has been defermined that the effect of a 109} variation in atmospheric density
operating only on those portions of the trajectory which are ineluded within the
limits of the zone 0-600 feet, amounts to only .04 of the effect a 109} variation
operating throughout the entire trajectory. The amount of the latter being the
value tabulated in Column 12, in this case 1292 yards, the effect of the 109, varia-
tion which is confined to the zone 0-600 feet then is .04 X 1292 =52 yards.

1011. The ratios referred to above are called air-density weighting factors,
since they express the weights of the effeets of density variations confined within

specified limits of the trajectory, relatively to the effeets of equal
iz-giet?:?i;y variations extending to the entire trajectory. The values of the weight-
factors ing factors for a given trajectory evidently depend upon the char-

acteristies of the trajectory itself, as well as upon the gizes of the zones
to which the factors are to apply. However, the establishment and use of a sepa-
rate series of such factors, for each of the great many trajectories included in the
range tables of the various guns that are in use, would involve a degree of elabora-
tion that is hardly warranted by the practical limitations of aceuracy that apply
to the measurement of aloft densities themselves. It is the present practice, there-
fore, to use for surface fire a single table of air-density weighting factors, which
i8 based on a standard series of altitude zones and on a classification of trajectories
only as to the number of such zones included within the limits of their respective
maximum ordinates. The values of the weighting factors contained in this table
represent averages deduced from a ecomprehensive analysis of such factors for all
trajectories (i.e., including all guns) that are to be served by the table. Despite
the wide limits assumed in obtaining these average factors, the latter afford a
degree of accuracy that is commensurate with the accuracy of the density de-
terminations themselves.

1012, The following table of air-density weighting factors is based on an
analysis made at the Aberdeen Proving Ground acecording to the prineiples out-
lined above.* The arguments to be used in entering this table are the maximum
ordinafe of the trajectory (vertical argument), and the limits of altitude (hori-
zontal argument) to which the weighting factor applies. Tt will be observed that
the horizontal argument represents zones of altitude; these zones have been ac-
cepted as standard in connection with the measurement of aloft densities. The
arrangement and use of the table can best be explained by examples.

Let us assume a trajectory whose maximum ordinate is 9,000 feet. We find

* This table is based on the formula
1 —p =048 (1 — k)V2 f 0.52 (1 — kv

in which p denotes the weighting factor, and k denotes the ratio y/y. to which the weighting
factor pertains, For example, to find the weighting factor for the portions of the trajectory
included between the surface and a height equal to one-half of the maximum ordinate, the
value & =} is substituted in the formula and the value of p is found to be .48. To find the
weighting factor for the portions of a frajectory included between heights equal, respectively,
to one-half and three-quarters that of the maximum ordinate, we find the difference hetween
the values of p corresponding, respectively, to k=1 and k=34, which results, in this case,
in the value p =.69 — .48=.21. Further details relative to the derivation of these weighting
factors are given in Chapter XV, A Course in Hxterior Ballistics (War Department Document
No. 1051, December, 1920), by R. 8. Hoar, and on pp. 237-243, Compulation of Firing Tables
for the U/, S, Army, by H. P. Hiteheock.

The U. 5. Army now uses two sets of air-density weighting factors, one for ordinary
terrestrial fire and one for antiaircraft and other high-angle fire. These weighting factors,
and the corresponding ballistic-density tables, are given in Tables IX to XII, Technical
Regulations No. 12361 (U. 8. War Department, June. 1934).
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Air-dengity Weighting Factors

Maxi- Zones (feet)
I In _— " 1 ™
ordinate 0-600 600- |1,500- (3,000~ |4,500- 6,000~ {9,000- [12,000-{15,000- lﬂ,ﬂi]l]—iﬂi,[]’ﬂ[k
(feet) 1,500 | 3,000 | 4,500 | 6,000 | 9,000 (12,000 |15,000C {18,000 2-’]-,[1{]{]13[1,0[}{}
600 | 1.00

1,500 ol 8k |
4,000 .20 o I8 Bl el
4,500 13 .19 P O ) | e
6,000 10 14 .24 i () B Bt B8 I e
9,000 06 10 .16 16 SRR RAT Y e
12,000 05 07 12 12 A2 i I I 5 350 5 gl (LT
15,000 04 06 10 10 09 .18 A0 I G 0 Sl
18,000 04 .04 08 08 08 16 .15 o - S W R T el
24,000 03 03 06 06 06 .12 12 s i e et O RS
30,000 .02 03 L0 0a o 10 .09 04 .09 16 | 0.27

tabulated against the vertical argument 9,000 and the horizontal argument 0-600,
the value .06. This means that for a trajectory whose maximum ordinate is 9,000
feet, the weighting factor for the portions of the trajectory ineluded between the
surface and a height of 600 feet, is .06; and further, that for this trajectory the
change in range due to a 109 variation in atmospheric density which is confined
to the zone 0-600 feet, is equal to .06 of the ¢hange in range due to a 109} varia-
tion in density that extends throughout the entire trajectory (i.e., .06 of the value
of Column 12 for that trajectory). Similarly, against the vertical argument 9,000
and the horizontal argument 6,000-9,000, we find the weighting factor .37, which
means that, for the same trajectory, the change in range due to a 109} variation
in atmospheric density which is confined to the zone 6,000-9,000 feet, is equal to
37 of the value of Column 12 for that trajectory. The complete series of weight-
ing factors for the same trajectory is as given in the following table.

Weighting (‘hange in range due to 109,

Zone (feet) factor variation in air density (vds.)

0-600 06 60 '
600-1, 500 .10 100
1,500-3,000 % {5 160
3,000-4, 500 16 160
4, 500-6,000 . 150
6,000-9, 000 DT 370
1.00 1000

Assuming that the value of Column 12 for this trajectory is 1000 yards, the
changes in range due to a 109, variation in air density confined to the several
zones ineluded within the trajectory, are as shown in the right-hand column of the
above table. By the same proecess, we can apply a different density variation in
each zone and find the corresponding change in range for each zone, in which case
the sum of these changes represents the aggregate effect on the whole trajectory of
the several different density variations, each duly weighted according to its own
zZONe,

1013. In pracfice it is more convenient to apply the weighting factors directly
to the density factors of the several zones, and thus to deduce a weighted mean
Hsé of it dangity density factor, or ballisiie density, for ‘E]hf'. entire trajectory (‘t-LTt.
weighting factors 421). For example, let us assume density factors for the various
E‘iﬁﬁgrﬂiﬂﬁ? zones as shown in tlhe fnllnwin;;: table; it +is to be understood t-}}ﬂf.

each of these density factors is the ratio of the actual density
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observed in that zone to the standard density for the same zone. (The values given
are not to be considered as typical; round numbers have been chosen for conven-
ience in following this elementary example.) Let us also assume the same trajec-
tory for which the weighting factors have already been found in the foregoing
article, and find the ballistic density for this trajectory.

Observed Weighting Weighted

Zione (feet) density factor factor density factor
0-600 1.060 .06 L0636
600-1, 500 1.050 ekl . 1050
1,500-3,000 1.040 16 L1664
3, 0004, 500 1.030 16 . 1648
4, 5006, 000 1.020 .18 L1530
6, 000-9, 000 1.010 e 7 i i Y
1.0265

The ballistie density for this trajectory is therefore 1.026, or, in other words, the
weighted mean variation in atmospherie density for the entire trajectory, with
respect to standard, is (4) 2.69,. The value of Column 12 for this trajectory being
1000 yards, the change in range for the whole trajectory, due to the aggregate

2.6
effect of the several density variations, then is (=) -EX 1000 =(—) 260 yards.

The principal purpose of the foregoing demonstrations of the methods by
which air-density weighting factors are established, and by which the latter are
used to determine a ballistic density, is to show that Column 12 of the range table
is to be used in connection with a ballistie density just as with any other density.
In actual practice, the preparation of ballistic densities from actual aloft observa-
{ions is usually accomplished by aerological parties (see note adjacent to art. 423);
or, if aloft observations are not available, the ballistic density is found from Table
[V, as already explained in article 424. In either case the ballistic density embodies
the air-density weighting factors.

1014. For further convenience in connection with the use of Column 12 of
the range table, a table of multipliers for this column is given in Table V, Range
and Ballistic T'ables, 19°5. These multipliers are simply the ratios between any

given variation in atmospheric density and the tabular variation of
Erug:fﬁtﬂrﬁ 109% on which Column 12 is based. For example, for a 109, varia-
12; Table V. Llion the multiplier is 1.00, for a 59 variation it is .50, for a 19} varia-
tion .10, ete. Signs are appended to these multipliers, to indicate
the direction of the change of range that corresponds to the density variation to
which the multiplier applies. The arguments for Table V are the surface density
factor 4, and the maximum ordinate. For zero height (i.e., zero maximum ordi-
nate), the values given in the table are the multipliers corresponding to the surface
density, and they correspond to the relation
1 —346
N o vy (1001)
10
For any other height, the multipliers correspond to the ballistie density for a tra-
jectory having a maximum ordinate of that height, and the relation is
1-id,

M=— 1002
.10 ( )
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The following example will illustrate this further.

Given: Surface temperature 52°F., and barometer 30.740.
Find: Compute the multiplier for Column 12 of the range table, (a) for surface

density, and (b) for ballistie density corresponding to a maximum ordinate
of 10,000 feet.

From Table 11T we find § =1.045, whence, from (1001) we find

1 —1.045 3
3 el o

M (—) .45.

Entering Table IV with surface density 1.045 and maximum ordinate 10,000 feet,
we find 6, =1.035, whence

1 —1.035
M = = (—) .35.
LD o

Both of these results can be obtained directly from Table V.

1015. The multipliers for Column 12 are applicable directly to the values in
that column. For example, if the value of the multiplier is (=) .35, it means that
the change in range for the conditions represented by that multiplier is .35 times
the value given in Column 12, and the minus sign indicates the change is a short-
ening of the range; a plus sign indicates an inerease in range.

It is to be noted that if Table V is entered with a ballistic density, the corre-
sponding multiplier must be taken from the line for zero height. This is so be-
Do ternitaatl cause the values in the body of Table V represent the operations

mination of ; : o :
the multiplier both of reducing a surface density factor to the ballistic density,
;ﬂb‘-';'flsigfigd&gﬁa}?f apd of dm:iving; frnn“f the latter t.he. cnrresgnndiug mu]liplim*.

Therefore if the density factor used in entering this table is al-
ready a ballistic density, the only operation remaining to be performed is that
indicated by (1002), and since the latter is identieal in form with (1001), the re-
quired operation is represented in the multiplier for zero height. The praectical ap-
plications of Column 12, and of the multipliers therefor, will be dealt with further
in Chapter 12.

CHANGE IN RANGE DUE TO A GIVEN VARIATION IN
WEIGHT OF PROJECTILE (COLUMN 11).

1016. In U. 8. Navy range tables, Clolumn 11 gives the change in range due
to a small increase or decreage in the weight of the projectile. The variation in
Sizeand sten weight assumed for this column depends on the caliber of the gun,
of variations and is stated in the heading of the column. The heading of Column
Eﬁﬂﬁidlflﬂr 11 in the more recent tables states that the values in this column

are the changes in range corresponding to a minus variation (i.e.,
decrease) in the weight of the projectile. This is not intended to imply that the
values were derived on the basis of a minus variation only, but merely to indicate
that the sign of the tabulated values corresponds to a deereage in weight (the plus
~ sign is to be understood when no gign appears before the tabulated values). A
decrease in weight of the projectile generally results in an inerease in range, but
not necessarily so. It will be observed, for example, that in the case of the 53150
f.s. gun, a decrease in weight of projectile 7ncreases the range for ranges less than
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8000 yards, and decreases the range for ranges greater than 8000 yards. The reason
for this will appear presently.

1017. The change in range due to a variation in the weight of the projectile
18 the resultant of two distinct effects, viz., (1) a change in the initial velocity,
and (2) a change in the ballistic coefficient. An increase in the weight of the pro-
jectile operates to decrease the range due to a decrease in the initial veloeity, and
to increase the range due to an inerease in the ballistie coeflicient. For a decrease
in weight the same effects occur with reversed signs. In any case, the two effects
oppose each other, and they may even cancel each other (as is seen to be the case,
for example, in the 5"3150 f.s. range table at 8000 yards). We shall denote a
variation in the weight of the projectile by Aw, the corresponding variations in
initial velocity and ballistic coefficient, respectively, by AV, and AC., and the
change in range which is the resultant of both of these effects, by A X,,.

The determination of AV, is a problem in interior ballisties; it may be han-
dled either by differentiating the velocity formula with respect to w alone and
thus obtaining a relation between AV, and Aw, or by the direct process of solving
the veloeity formula for any assumed increased and deereased weights of pro-
Ch .. ..o Jectile, whenee the mean of the values of AV, corresponding to

ange in initial ; L i
velocity due to plus and minus values of Aw of any given magnitude may be
E??,I;E_.?Eﬁﬂiﬂght obtained.* Variations in projectile weight are held within nar-
row limits in manufacture, and we need concern ourselves, there-
fore, only with relatively small values of Aw. Changes in initial velocity corre-
sponding to small variations in weight of projectile are given with sufficient ac-

curacy by the formula
Aw

AVe = (—)m X _w_ XV (1003)
in which m is a coefficient whose value varies from about .20 to about .40, The
value m=.36 has been used for most of our range tables, although for some of
the smaller guns smaller values of m have recently been found more satisfactory
(for example, m=.26 has been adopted for a recent 4" range table). The minus
sign before m i3 accounted for by the fact that a minus velocity variation corre-
sponds to a plus weight variation, and a plus velocity variation to a minus weight
variation.

It is evident, from formula (406), that AC, is directly proportional to Aw,
Hence we may write

AC, Aw
Cha.ng.e in 8 W
Eﬂiﬁ?ﬁnt A more convenient form of the above relation, for our present pur-
due to change poOSse, i3
in weight of
projectile
Aw
AC, = — X 100 (1004)
w

in which AC, 1s expressed directly as a percentage variation with respect to C.
1018. Having determined the changes in initial velocity and ballistic coeffi-
cient due to a given change in weight of projectile, it is a simple matter to find
the corresponding changes in range from Columns 10 and 12, respectively. (It is
to be noted that Column 12, although designed to be used primarily in connection

* The necessary formulas, and examples of solution, are given in Section V, Chapter
11, Naval Ordnance, 1933,
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with variations in atmospherie density, may be used also in connection with varia-

tions in any other factors contained in €. The sign to be used with values from

this column depends, of course, on whether.the factor to be dealt

with is in the numerator or denominator of the formula for €' (406)).

The following example illustrates the determination of values for

Column 11 according to the principles that have been outlined above.

(fiven: In the computation of range-table values for the 16”2600 f.s. gun, for
¢=25%, the values for Columns 10 and 12 have been found to be, respec-
tively, 180 yards and 1292 yards. The standard weight of projectile is 2100

. 1bs.,, and the value of the coefficient m is .36.
find: The change in range due a variation of + 10 Ibs. in weight of projectile.

From (1003) we have

Computation
of Column 11

; (4) 10 =
AV, = (=) .86 X —o= X 2600 = (F) 4.46 f.s,

i

whenece from Column 10 we have

. (m)ydde -
AX; = TS 180 = () 80 yards.

From (1004) we have

Al (£) 10 % 100 (+) 0.48Y
Y2100 et e

whenee from Column 12 we have

. (1) .48
R T

AX, X 1292 = (+) 62 yards.

Combining the two changes, A X; and A X, we have, finally,

AXy = (F) 80 () 62 = (F) 18 vards.

The result we have found is that an increase of 10 1bs. in w decreases the
range 18 yards, and a decrease of 10 lbs. in w increases the range 18 yvards.®
1019. As a further example, let us take the following.

(Given: For the 5"3150 f.s. gun, the following wvalues have been found (all in

yvards),
Range Col. 10 Col. 12
1000 5 §
8000 31 352
12000 39 643

The standard weight of projectile is 50 Ibs., and the value of the cocffi-
cient m is .36.
Find: The change in range due to a variation of 41 1b. in weight of projectile
(Col. 11) at each of the given ranges.
Proceeding just as in the first example, we have
()1

AVe. = (=) .86 X T X 3150 = (F) 22.68 f.s.
5

* Bee note on page 127.
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()1

o)

AC, = X 100 = (1) 2%

and these values apply at all ranges. For each of the given ranges the solution is
then completed as follows:

For range 1000 yards

(F)22.68 o
AX| = 0 X b= (F) 14 yards

(+)2
AX, = = X6=(x)1 yard

AXy = (F) 14 (L)1 = (F) 13 yards

For range 8000 yards

AX, = ——— %X 31 = (F) 70 yards

w= (F)T70(£)70 =0

For range 12,000 yards

(F) 22.68 ix
ANy = T X 39 = (F) 88 yards

(£)2
AXs = —lﬁ-—- X 643 = (£) 129 yards

AX, = (F) 88 (+£) 129 = (+) 41 yards

‘T'his example shows that, for the 5”3150 f.s. gun, a decrease in weight of
projectile resulfs in an increase of range at ranges less than 8000 yards, and a de-
crease of range at ranges greater than 8000 yards. This aceounts for the change
of sign that oceurs in Column 11 of this range table at 8000 yards. Tt is of interest
to note that at 8000 yards a change in weight of projectile has practically no effect
on the range. In the case of the 16”2600 f.s. gun, for similar reasons, the value in
Column 11 reaches a maximum at the range of about 15,000 yards, and beyond

that it decreases, although it does not reach the zero value within the limits of
the table.

EXERCISES

1. Given: The initial velocily, diameter, weight, and coefficient of form of the pro-
jectile, and the angle of departure.
Find: The change in range due to a variation of (=) 10 f.s. in initial velocity,
(Use A.L.V.F. Tables, and use V to nearest one-tenth of a m.s. ).
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Given Answers
14 d i : AXTE
(f.5.) (in.) (Ibs.) ¢ ¢ (yvards)
A 2600 16 2100 61230 15° (—=)138
B 2600 16 2100 61200 30 (—)205
o 2600 16 2100 61140 40 (=—)241

* See nole on page 127.

2. Given: The initial veloeity, diameter, weight, and coefficient of form of the pro-
jectile, and the angle of departure.
Find: The change in range due to a variation of (4) 109 in atmospheric
density. (Use A.L.V.F. Tables.)

Giiven Answers
¥V d w : AX*
(f.5.) (in.) (1bs.) v b (yards)
A 2600 16 2100 61230 15° (F) 778
B 2600 16 2100 61200 30 (F )1498
i 2600 16 2100 61140 40 (F )1752

* See note on page 127.

3. Given: The range, initial velocity, weight of projectile, coefficient m, and the
values from Columns 10 and 12 of the range table (16”2600 f.s. gun).

F'ind: The change in range due fo the stated variation in weight of projectile,
for the given range.

Given Answers

X V w Aw Col. 10 Col. 12 AX .t
(yards) (f.s.) (1bs.) (Ibs.) n (vards) (vards) (vards)

A 3000 2600 2100 (+)10 36 22 16 () 9
B S000 2600 2100 (£ ;1(} .30 55 107 (F )20
C 20000 2600 2100 (+£)10 .36 115 H94 (F )22

* See note on page 127,



CHAPTER 11

THE DETERMINATION OF THE EFFECTS OF WIND AND MOTION OF
GUN ON THE TRAJECTORY, AND OF MOTION OF TARGET ON
THE POINT OF FALL WITH RESPECT TO THE TARGET
(RANGE-TABLE COLUMNS 13-18).

New Symbols Introduced

W xy Gy s vt i Components of wind, gun motion, and target motion,
respectively, in the line of fire,

W sl i o imion v Components of wind, gun motion, and target motion,
respectively, perpendicular to the line of fire.

Aty Adig o in. snbns Apparent changes in ¢ due to wind and gun motion,
respectively, in the line of fire,

AV AV e on s Apparent changes in V due to wind and gun motion,
respectively, in the line of fire,

e e A e The change in range corresponding to a change in ¢
(as for example Agw or Agg).

AXw, AXg AXyp. ... Changes in range due to components of wind, gun mo-
tion, and target motion, respectively, in the line of fire.

L B R T S Lateral deviations due to components of wind, gun mo-

tion, and target motion, respectively, perpendicular to
the line of fire.

1101, Columns 13-18 of the range table deal with the effects of wind, motion
of gun, and motion of target, all of which are assumed to ocecur in a horizontal
plane through the origin or in a plane parallel thereto. Columns 13, 14, and 15,
deal, respectively, with the effects of components of wind, motion of gun, and
motion of target oceurring wholly in the line of fire, and Columns 16, 17, and 18,
respectively, with the effects of such components occurring wholly perpendicular
to the line of fire (all in the horizontal plane). :

It was formerly the practice to base Columns 13-18 on 12-knot compon¢nts,
and a few range tables based on this practice are still in use. The present praetice
S is to base these columns on 10-knot ED[TL]’J(}]'lf:Il‘f;E. The size of t]zu‘:
of components component on which these columns are based is always stated in
%ﬁ:}ﬁﬂ i?ir—lﬁ the headings of the columns. No signs appear in these columns,

but the proper sign can always be inferred from the sign of the
component itself; this matter will be dealt with further in Chapter 12, All of the
examples and exercises given in this text will be based on 10-knot components,
and on the relation 1 sea mile = 6080 feet, whence 1 knot =1.689 foot-seconds.

It will be convenient to take up first the effects of target motion, Columns
15 and 18, since the values for these columns ean be used to advantage in the
computation of the other columns,

CHANGE IN RANGE DUE TO A GIVEN COMPONENT OF TARGET
MOTION IN THE LINE OF FIRE (COLUMN 15).

1102. Motion of the target in no way affects the trajectory itself, but never-
theless it affects the position of the point of fall with respect to the target, and

137
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hence its result is the equivalent of a disturbance of the trajectory itself. We evi-
dently must lay the gun in elevation, not for the range to the target at the instant
of firing, but for this range plus or minus the change in range that ensues from
the target’s motion during the time of flight.

We shall denote by Ty the component of target motion in the line of fire,
and by A X the change in range resulting therefrom. The latter amounts to the
produet of the target motion and the time of flight, or

ﬂXT = T;lr A T. “][}1)

Strictly speaking, the value of 7' used in (1101) should be the time of flight corre-
sponding to the corrected range, X + A Xy, rather than the time of flight for the
assumed range X (i.e., the range to the target at the instant of firing). If this
distinetion is to be made in the value of T, then (1101) must be solved by sueces-
sive approximations, the first approximation being based on the value of T which
corresponds to the assumed range X; further approximations can then be based
on values of T corresponding to the corrected ranges X + A Xoq, The values given
in Column 15 are the first approximations of A X7, and hence are slightly too
great for target motion toward the gun and slightly too small for target motion
away from the gun. If necessary, closer approximations can be derived from the
tabular values, without resorting to additional computations, as will be illustrated
presently.

1103. The computation of values for Column 15 is illustrated in the following
example. '

Given: The 16” 2600 f.s. gun, range 31,200 yards, for which the
Computation time of flight equals 57.79 seconds.
of Column 15 fynd: The change in range due to a 10-knot component of target
motion in the line of fire (Column 15).

Applying formula (1101), we have

D o LAt i a3 e i e AT S ) v Vs log 1.00000

LAR0IGREG: BIDY) s s e e e s log 0.22763

M B T OBBCAIIE L aios ineia e b s s Rk e es log 1.76185

N E T i SR SUREN CER s PSR SR S log 2.98948
=325 yards

The result thus obtained means that if the sight-bar range of 31,200 yards

will eause a hit on a motionless target, it will cause a miss 325 yards short of a
target moving at ten knots directly away from the gun, and a miss 325 yards be-
yond a target moving at ten knots directly toward the gun. How-

‘:fmf:uﬂﬁﬁn s ever, if we change the sight-bar range to 31,200-4-325=31,525
yards for the target moving away, the point of fall will still occur

slightly short of the target, due to the increase in time of flight for the inereased
sight-bar range. From Column 15 we find that during the time of flight corre-
sponding to the range 31,525 yards, the motion of the target is 330 yards, and hence
a more accurate determination of the sight-bar range required to intercept the
target is 31,200+330 = 31,530 yards. Further approximations will not change the
latter result. Proceeding similarly with the case of a target moving at 10 knots
directly toward the gun, we find as a first approximation of the corrected sight-
bar range 31,200 —325 = 30,875 yards, and as a second (and final) approximation
31,200 —320 = 30,880 yards. In either of the above cases the difference between
A X as found directly from the range table and as found by sucecessive approxi-
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mations, is of no practical consequence, especially in comparison with the errors
that are likely to result from inaccurate knowledge of the target speed itself.
This remains true even for the greatest target speeds that are likely to be en-
countered in surface fire. It is the usual practice, therefore, to use the values from
Column 15 as they are given in the range table (i.e., without resorting to the fur-
ther approximations outlined above).

LATERAL DEVIATION DUE TO A GIVEN COMPONENT OF TARGET MO-
TION PERPENDICULAR TO THE LINE OF FIRE (COLUMN 18).

1104. The computation of values for Column 18 is identical with that for
Column 15. We shall denote by 7'z the component of target motion perpendicular
to the line of fire, and by Dy the lateral deviation resulting therefrom. Then we
have

Dp =Tz XT (1102)

in which 7' is the time of flight corresponding to the given range. Since the range
is not appreciably affected by Dy, the time of flight also is not appreciably af-
fected, and a direct solution of (1102) gives as great a degree of acecuracy as is
required for any purpose. The computation for Column 18 is illustrated in the
following example.

(fiven: The 16" 2600 f.s. gun, range 31,200 yards, for which the
Computation time of flight equals 57.79 seconds.
of Column 18  1ryyq. The lateral deviation due to a 10-knot component of target
motion perpendicular to the line of fire (Column 18).

Applying formula (1102), we have

g LU B e N sl S e log 1.00000

Ll e O s e e b e s log 0.22763
4o 0 D e e s i Db s R e T e e log 1.76185
0 B 1 e M e [ o T

=325 yards

‘The result thus obtained means that, in this case, the gun must be directed
325 yards to the right if the target motion is to the right, and 325 yards to the left
if the target motion is to the left, in order that the point of fall may oceur on the
moving target. The method by which the gun is offset to counteract lateral devia-
tions will be explained in Chapter 12.

CHANGE IN RANGE DUE TO A GIVEN WIND COMPONENT
IN THE LINE OF FIRE (COLUMN 13).*

1105. Although it is well known that the wind may at times have vertical
components of appreciable magnitude, practical methods of measuring the wind
are limited to the determination of its horizontal ecomponents, and provisions for
the practical determination of the effects of wind on the trajectory are accord-
ingly limited to horizontal winds. Lack of knowledge of vertical wind eomponents
is, however, not the only limitation involved in our determination of the effects

* See also Appendix D,
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005 of the wind, for even in the measurement of the horizontal wind we
pimitations .o imited to a relatively low order of approximation, because of the
in correcting practical difficulties involved in obtaining aloft observations that
for effects : . ; ; 3
ot wiad are immediately applicable to the time of firing. Moreover, actual

aloft observations may often be lacking altogether, in which case the
determination of aloft winds resis entirely on estimate. It is to be appreeiated,
therefore, that the practical determination of the effects of wind on the trajectory
may often be largely a matter of speculation.

The range-table columns which deal with the effects of wind on the trajec-

tory are based on a horizontal wind which is considered to be of uni-
E:&‘ﬁﬂ‘;’;ﬂd form magnitude and direction throughout the trajectory. Column 13
wind is based on a component of such wind meagured in the line of fire,

and Column 16 on‘a component measured perpendicularly to the line
of fire. We shall refer to these components, respectively, as range wind and eross
wind,

1106. In analyzing the effect of wind on the flight of the projectile, it is con-
venient to consider separately the motion of the projectile with respeet to the
moving air, and the motion of the air itself. If the air is in motion away from the
gun, we may consider, then, that the initial velocity of the projectile with respect

to this moving air is less than it would be with respect to still air,

E‘I’?Il::i;}ﬂllﬂﬁ and that the projectile consequently travels a shorter distance
governing through the moving air itself than it would travel through the

Sf';ﬂﬁr:g:‘;”i““ still air itself. However, while the projectile in this case travels a
of wind shorter distance with respeet to the air, the latter itself moves

bodily forward, and the travel of the projectile with respect to the
ground is the resultant of its travel through the air and of the latter’'s motion
over the ground. Similar reasoning applies to the case of air moving toward the
gun; in this case the projectile travels a greater distance with respeet to the air,
but the latter itself moves backward. The loss or gain of distance with respeet to
the moving air is always less than the accompanying gain or loss of distance due
to the motion of the air over the ground, whence it follows, as is to be expected,
that a wind blowing away from the gun increases the range and a wind blowing
toward the gun decreases the range.

Let us denote by Wx the range wind (positive for wind blowing away from
the gun, and negative for wind blowing toward the gun), and by A X y the change
in range resulting therefrom. Then if X, represents the range with respect to the
moving air, as compared to the range X in still air, we may write

AXw = X, £ WxT — X. (1103)

In the above formula, the range over the ground, under the condition of a wind
Wx, is represented by X;+WxT;for X, represents the range with respect to the
moving air, and WxT the distance through which the air itself moves. Strietly
speaking, T should be the time of flight for the range X, but no material error
is oceasioned by taking it as the time of flight corresponding to the range X.
(The situation here is ecomparable to that already discussed in article 1102.)
1107. The above analysis of the effect of a range wind is illustrated graphi-
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cally in Figure 22, which represents the case of a wind blowing away from the gun.
In the upper diagram, OS H represents the trajectory that results from given
values of ¢ and V' when no wind is blowing, the range in this case being X =0 H;
OS’ H' represents the trajectory that results from the same ¢ and V when a wind

) S’
1l.|"
0 q’; H o
ll.; X :a-;-f.{ AX w —t
S L |
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Ho g H'
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.}{| .
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Freurg 22

Wy is blowing away from the gun, the range now being increased

Graphical
rﬁpﬂl'%sg;taﬁun by A Xw= H H’, In the lower diagram, the effect of the wind in

of effects of

. increasing the range is analyzed into the two effects already dis-
range wind

cussed; OS H, is the trajectory with respect to the moving air, and
0'S"H' is the same trajectory translated forward through the distance WxT. It
is to be understood that the same actual ¢ and V are considered to apply in the
lower diagram as in the upper diagram, although the trajectory OSH,; of the lower
diagram, and its eorresponding range X,=0 H,, are assumed to result from an
apparent angle of depature ¢; and initial velocity V,. The values ¢, V3, and X,
of the lower diagram are all to be understood as being measured in relation to the
moving air. I'igure 22 shows that A Xw= H H' is the resultant of a decrease H H,
in range which the projectile suffers with respect to the moving air, and an in-
erease WxT' = I, H' in range which it gains due to the bodily movement of the
air itself.

1108, In order to solve formula (1103), we must determine the value of X},
i.e., the range of the trajectory with respect to the moving air. This can be done
by finding the values of the angle of departure and initial velocity with respect
to the moving air; we shall denote these by ¢, and V. In Figure 23 (a) the actual
initial veloecity is represented by the vector V=04, making with the horizontal
the angle AO H which is equal to the actual angle of departure ¢; in other words,
() A represents veetorially the initial motion imparted to the projectile with re-
speet to the ground. In the same figure, A B represents vectorially a horizontal
wind ecomponent Wx blowing away from the gun. OB then represents vectorially
the initial motion of the projectile with respeet to the moving air, and V,=0B
and ¢, = BOH are the initial velocity and angle of departure with respect to the
moving air. Figure 23 (b) similarly represents the case of a wind blowing toward



142 EXTERIOR BALLISTICS 1935

Wind (—)

<«

(a) (b)
Ficurze 23

the gun. (The direction of the vector A B is correctly drawn in each case to show
that OB is the resultant of OA and AB.)

It is seen that with a positive wind (Figure 23 (a)) there is an apparent in-
crease in angle of departure and an apparent decrease in initial velocity, with re-
spect to the moving air, while with a negative wind (Figure 23 (b)) there is an
apparent decrease in angle of departure and an apparent increase in initial veloe-
ity, with respect Lo the moving air. We shall denote these apparent changes in
angle of departure and initial velocity by A¢w and A V. If we drop a perpendicu-
lar from B to C in either of the above figures we have, in each case, OC practically
equal to OF (since the angle AOB between the vectors 04 and OB is always very
small). Then AC, in each case, is practically equal to the difference in length be-
tween the two veetors 04 and OB, and hence is practically equal to A Vyy, which
represents the difference between V and V,. From the construction of the figure
we have, in either case, AVy =Wy cos ¢ (approximately). Also, in either case,

BC ; Wx sin ¢
sin ﬂ(ﬁw=5§‘ But BC=Wgx sin ¢, and OB =1V, whence sin Agy = Tf-
1

In any practical case, however, the difference between V; and V, although suffi-
ciently great to affect the range appreciably, is not great enough to affect the
value of A¢w appreciably. Therefore no material error is occasioned by using V
in place of V, to find A¢w for both positive and negative winds.

1109. The apparent changes in V and ¢ with respect to the moving air ean
therefore be found with sufficient approximation from the expressions

AVw = Wx cos ¢ - (1104)
Wx si
S At = ‘Vm 9 (1105)

and the apparent initial veloecity and angle of departure resulting from these
changes can then be found from the expregsions

Vi=V £ AVw (1106)
¢1 = ¢ + A¢dw. (1107)
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With regard to signs, it is to be noted that the sign of A¢gw must always be con-
trary to that of AVw. In the case of a positive wind, A¢w is positive and AV
negative; in the case of a negative wind, A¢w is negative and A Vi positive. Refer-
ence to Figures 23 (a) and (b) will make this elear.
The range corresponding to ¢, and V', is the range with respect to the moving
air, or the value X, appearing in formula (1103). Since A¢w and A Vy are always
small, we can determine their effects on the range readily from data already com-
~ puted for the range table, as follows. Let us denote by A X, the change in range
corresponding to the change A¢w in angle of departure, and by A Xy the change in
range corresponding to the change A Vy in initial velocity. The value of A X, can
then be found from Column 2 (b) of the range table,* which gives the value of A¢
corresponding to A X = 100 yards. The value of A Xy can, of course, be found from
Column 10. In accordance with the rule for signs given in the preceding para-
graph, we can then write,

(a) for a positive wind (+ Wyx)
..:Yl = X'F'E&X.p g ﬂxi’

whenee from (1103)
AXw

Il

X 4+ AXy — AXy + WxT — X
+ (WxT 4+ AX, — AXy
(b) fora negative wind (— Wx)

Xl :K 75 ﬁXﬁ‘f‘.ﬂX}:

I

whence from (1103)
AXw = X — ﬂX¢ + AXy — WxT — X

s T L AR = AT

It follows from the above that the change in range due to a wind component

Wx in the line fire, can be found from the formula
Formula for

2?:&2;?1;““ AXw = WxT + AXy — AXy (1108)
range wind

in which A Xy takes the same sign as the wind component itself,
and in which 7T is the time of flight eorresponding to the given range X, A X, is
ihe change in range due to a change A¢w in angle of departure as found from
(1105), and AXy is the change in range due to a change AV w in initial velocity
as found from (1104). A further simplification of the above results from the fact
that the term WxT is identical in form with the formula 7% T (1101) from which
Column 15 of the range table has already been computed. For a 10-knot com-
ponent of wind (W x =10 knots), the value of WxT can therefore be taken direetly
from Column 15, whieh is also based on a 10-knot component. Formula (1108)
can then be written finally

AXw = (Col. 15) + AX, — AXy. | - (1109) -
1110. The solution of (1109) is illustrated in the following example.

(Given: The 1672600 f.s. gun, ¢ =25° and the following range-
Computation table values corresponding fo this angle of departure: Col.
of Column 13 2 (b) =8'.7, Col. 10=180 yards, Col. 15 =325 yards.
Find: The change in range due to a wind component of 10 knots
in the line of fire (Column 13).

* Column 2 (b) does not appear in the earlier range tables, but the required data ean
always be found readily from Column 2,
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Solving (1104) and (1105), we have

Wx =10 Enot8. oo vivwinivdnis lop L. 00000 2.0, s log 1.00000
[T P D ) SRR 8 R S e e log .22763
et e lecos 9.95728—10........ lIsin 9.62595—10
AVw=15.3 et s log 1.18491
Vs B L s s s e s e e S e et colog 6.58503 — 10
e R R e T e e lsin 7.43861 — 10

From Column 2 (b) we have

9.5
AX, = o 100 = 109 yards

and from Column 10
15.3

Il

AXy X 180 = 275 yards

whence from formula (1109)

Il

AXw = 325 4+ 109 — 275 = 159 yards.*

LATERAL DEVIATION DUE TO A GIVEN WIND COMPONENT
PERPENDICULAR TO THE LINE OF FIRE (COLUMN 16).}

1111. In analyzing the effect of a cross wind on the flight of the projectile,
we shall again consider separately the motion of the projectile with respect to the
moving air, and the motion of the air itself. If the air is in motion from the left,
we may consider, then, that the projectile has an apparent motion to the left with
respect to the air.i However, while the projectile is apparently moving to the left
with respect to the air, the latter is itself moving bodily to the right. Similar rea-
soning applies to the case of air moving from the right. The projectile’s lateral
displacement to the left or right with respect to the moving air, is always less
than the accompanying lateral displacement to the right or left of the air itself,

* By a similar treatment, the effect of a vertical wind component Wy is found to be the
resultant ol a bodily raising or lowering of the entire trajectory by the amount Wy T, and of
an apparent change in the trajectory with respeet to the moving air. The change in range
corresponding to the change in height Wy T ean be found from Column 19; it is positive lor
a wind blowing upward, and negative for a wind blowing downward, From a vector analysis
similar to that given in Figures 23 (a) and (b), it can be shown that for a vertical wind the ap-
parent changes in ¢ and V with respect to the moving air, are sin -_*q.;;,"-zwr ;rnﬁ i and
AVw = Wy sin ¢, and that they are of like sign, both negative for a wind blowing upward, and
hoth positive for a wind blowing downward. For a 10-knot vertical wind, in the ease of the
above example, the resultant change in range due to the operation of the three effects is
443 —232 —128 =83 yards. An examination of the effect of vertical wind at other angles of
departure (16”2600 f.s. gun) shows that the effcet has its greatest value, about 120 yards
for a 10-knot component, at about ¢ =15° For greater or lesser values of ¢ it decreases, be-
coming about 100 yards at ¢ =5°, and about 40 yards at ¢ =40°, Although these values un-
doubtedly are only rough approximations, they serve to indicate that the degree of error
occasioned by ignorance of vertical wind components is of less consequence than might be
supposed, in long-range fire. On the other hand, it is worthy of note that at short ranges the
effect of a vertical wind far exceeds that of a horizontal wind of equal magnitude.

T See also Appendix D.

§ Raght and left are to be considered as signifying directions referred to the direction of

fire,
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whenee it follows, as is to be expected, that a wind blowing from the left causes
a lateral deviation of the projectile lo the right, and a wind blowing from the right
a lateral deviation of the projectile fo the left.

Let us denote by Wz the eross wind (positive for wind blowing from the left,
and negative for wind blowing from the right), and by Dy the lateral deviation
resulting therefrom. Then if D, represents the lateral deviation with.respeet to
the moving air, we may write

Dy = W;T — D, (1110)

which states simply that the lateral deviation with respeet to the ground is the
resultant of the lateral deviation with respect to the moving air and of the lateral
displacement of the air itsell during the time of flight.
1112. The above analysis of the effeet of a cross wind is illustrated graphi-
cally in Figure 24 (a), which represents the case of a wind blowing from the left
: (i.e., a positive cross wind). Figure 24 (a) is a plan view in which
(zraphical s
representation OIf, O, and O’ represent the traces, on the horizontal plane,
giﬂif:e;i;f of the trajectories to which we shall refer in the following discus-
sion. OH represents the trajectory unaffected by wind, OH, the
trajectory affected by the wind Wz and as deseribed with respeet to the moving
air, and OH' the trajectory affected by the same wind Wz but as described with

HL—

Ficure 24
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respect to the ground. The range is represented by X =0H. No distinction as to
range need be made among OH, O, and OH’; the differences among them, al-
though exaggerated in the figure, are actually insignificant in any practical ease.
The lateral deviation with respect to the moving air is represented by D, = HH,,
or Dy= X tan v in which v is the angle DOE. The lateral displacement of the air
during the time of flight is represented by H,H'=W ;7. The resultant lateral
deviation with respect to the ground is then HH'= Dy, and we have

Dy = WzT — X tan ~. (1111)

The angle v which is required for the solution of (1111) ean be found from
the vector analysis illustrated in Figure 24 (b), which is an elevation view, in
perspective, corresponding to the plan view of Figure 24 (a). In Figure 24 (b) the
actual initial velocity is represented by the vector V=04, making with the hori-
zontal the angle AOD =¢, and the cross-wind is represented by the vector W
= 0C. The resultant of these two vectors is the vector OB, which represents the
initial motion of the projectile with respect to the moving air. The vector OB
represents a slight inerease in initial velocity and decrease in angle of depar-
ture, as compared to OA, but these differences are too small to affect the range
appreciably. The essential difference between the two vectors is the lateral angu-
lar displacement of OB with respect to O A, which is measured in the horizontal
plane, as illustrated, by the angle DOFE =~, OD and OF being the traces, on the
horizontal plane, of the veetors OA and OB, respectively. From the construction
it is evident that

Wz
CRIL Y = e,
V cos ¢
Substituting this value in (1111), we have
XWg
Dy = WaT — (1112)
Formula for V cos ¢
determination
of effect of or
cross wind Y
Dy = Wy ( P iw ) (1113)
V ecos ¢

1113. The solution of (1113) is illustrated in the following example.
: (fiven: The 16”2600 f.s. gun, ¢ =25° range 31,200 yards, time of
b Lot flight 57.79 seconds.
Find: The lateral deviation due to a 10-knot component of wind
perpendicular to the line of fire (Column 16).

B Ghents 5 1L B T R e N PO SR TR o e o log 4.97128
P =1 o i e O Y e R ey colog 6.58503 —10
el st e AN e R e el s S Isee 0.04272
=) B TR e s e LR log 1.59903
1'=57.79
12D Rt S S SO S e B e e S s et S b log 1.25696
L i o o R N A log 1.00000
T ol BN A, e e log 0.22763
Dip=0Un R IRRE .. il fhe di e e s log 2.48459

=102 yards
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THE DETERMINATION OF THE EFFECTS OF WINDS WHICH
ARE NOT UNIFORM THROUGHOUT THE TRA]JECTORY.

1114. Except in the case of small angles of departure, it is to be expected
that both the veloeity and the direction of the wind will vary materially within
the limits of the trajectory, for the veloeity and direction of the wind ordinarily
vary materially with the altitude. The problem of predicting the effects of such
varying winds is quite similar to that of predicting the effeets of the different
density variations that occur within the limits of a trajectory, and it is handled in

quite the same manner as the latter The prineiples which govern the
E?ﬁating establishment of air-density weighting factors, as outlined in articles
factors 1010-1011, are applied also in the establishment of wind weighting fac-
tors; the latter express the ratios of the effects of winds which are con-
fined within given zones of altitude, to the effects of equal winds which operate
uniformly throughout the entire trajectory. By applying the wind weighting fac-
tors for the several zones of a trajectory to the winds measured in these zones, a
. weighted mean wind, or ballistic wind is found. The ballistic wind is then
Ballistic o vidently a fictitious uniform wind which is the equivalent of the sev-
eral winds that actually exist within the limits of the trajectory. Wind
weighting factors are not the same for range wind as for eross wind, and henee it
follows that a theoretically correct determination of the range-wind component
depends upon a ballistie wind based on range-wind weighting factors, and of the
crogs-wind component upon a ballistic wind based on cross-wind weighting fac-
tors; in other words, it may be said that two different ballistic winds exist for the
same trajectory, one of which may be used only for finding the range wind and the
other only for the cross wind.

However, the measurement of aloft winds is subject to practical limitations
of about the same order as apply in the measurement of aloft air densities. 1t is
logical practice, therefore, to avoid great elaboration in the establishment of wind

: weighting factors, as has already been done in the case of air-density
Practical : i : : ; . ;
use of wind weighting factors (art. 1011). A comprehensive analysis of wind weight-
Eﬂi‘-‘:?“ﬂ ing factors, made at the Aberdeen Proving Ground, has resulted in the

establishment of a single formula, applicable either to range wind or to
cross wind, from which sufficiently approximate weighting factors for any surface
trajectory may be found.* The following table is based on this formula, and gives
the wind weighting factors for the same zones that have already been used in con-
neetion with air-density weighting factors. In arrangement and use, this table is
quite similar to the table of air-density weighting factors that has already been
given in article 1012,

* The formula is

1l =p =074 (1 = kB 4026 (1 — k)

in which p denotes the weighting factor, and & denotes the ratio y/y. to which the weighting
factor pertains (gee also note adjacent to article 1012). Details entering into the derivation of
wind weighting factors are given in Chapter XV, A Course in Exlertor Ballistics (War De-
partment Document No. 1051, December, 1920) by R. S. Hoar, and in Computation of Firing
Tables for the U, 8. Army (Aberdeen Proving Ground) by H. P. Hitchecock.

The U. 8. Army now uses two sets of wind weighting factors, one for ordinary ter-
restrial fire (this being the same as the one given here) and one for antiaireraft and other high-
angle fire, These weighting factors are given in Tables I and III, Technical Regulations No
1236-1 (U. 8. War Department, June, 1934). :
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Wind Weighting Factors

Maxi- Zones (feet)
mium
ordinate 0-600 600-{1,500- {3,000~ (4,500~ |6,000- |9,000- |12,000-15,000-|18,000-(24,000-
(feet) | Y"OUY 1 500] 3,000 4,500| 6,000] 9,000{12,000 [15,000 18,000 |24.000 (30,000
i 513 3 1 555 {1l RS
15000 &zl erl
3,000 AT .24 4 " M R
T TN (O s N B o ) [
60000 op| 12| lemil 2ol aellll
9.0001 08| o8| x| A8 Az | A8l ...
12,000 04 A7 10 .10 10 .20 o I R
19000 F  0f o5 |- oS |hian) o8| SitAl el sl
18,000 03 04 07 07 07 .13 .13 14 sl [
24,000 .02 04 .0h 115 05 10 .10 A0 10 2.1 I I
a0, 000 02 03 .04 04 .04 08 08 08 08 16 .05
; 1115. The following example illustrates a convenient method
Determination

of determining the ballistic wind from aloft wind observations,
by means of the above table.

of ballistic wind

(fiven: Aloft winds have been measured as follows (directions are the true compass
directions from which the wind is blowing).

Zone (feet) Velocity (knots) Direetion
0-600 15 270°
600-1,500 12 250°
1,500-3,000 15 260°
3 ,000-4 ,500 77 270°
4, 500-6 ,000 22 290°
6 ,000-9 000 26 320°

Fand: (a) The ballistic wind for a trajectory whose maximum ordinate is 9,000
feet. (b) The range wind and cross wind corresponding to this ballistic
wind and to a line of fire whose true compass direction is 100°,

We shall first weight the winds for the several zones as follows:

Observed Weighting Weighted

Zone veloeity factor veloeity
0-600 15 06 0.9
600-1,500 12 .08 1.0
1,500-3,000 15 14 2.1
3,000—4,500 17 .13 2.2
4 ,500-6,000 22 dig 2.9
6,000-9,000 26 46 12.0

The weighted velocities for the several zones may now be plotted as vectors, using
the observed directions of the winds for their respective zones. A mooring-board
diagram, or any other form of polar plotting sheet, is convenient for this purpose.
Figure 25 illugtrates the method of plotting the veetors. The closing vector, OW,
of the polygon represents the ballistie wind both as to velocity and as to direction.
(Since it is customary in stating wind directions to give the direction from which
the wind is blowing, care must be taken to plot the wind vectors correctly, i.e.,
with their arrow-heads pointing in the direction foward which the wind is blowing.)

The ballistic wind, as found above, is practically 19 knots from 300° true.
The direction of the line of fire being 100° true, we find that the wind vector
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makes an angle of 20° with the line of fire. The component in the line of fire (range
wind) is therefore 19 cos 20°=17.9 knots, and the component perpendicular to
the line of fire (eross wind) ig 19 sin 20° =6.5 knots; both of the components are
positive. The same result ean be obtained graphically, by dropping a perpendicu-
lar from the extremity of the ballistic-wind vector OW to the line of fire, as shown
in the figure; OF is the range wind, and FW the eross wind.
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Figure 25

1116. It is evidently also possible to resolve the wind for each zone into its
range component and eross component, and to weight these components and thus
obtain a ballistic range component and ballistiec eross component. This method,
however, has the disadvantage of delaying the solution for the ballistie wind until
the direction of the line of fire is known, and in naval gunnery this is an important
disadvantage.* By means of the method illustrated above, the ballistic wind ean
be determined immediately after aloft soundings have been taken, and all that
remaing to be done when the direction of fire becomes known is to resolve this
single wind into its two eomponents. Special facilities for accomplishing this

* 1t is doubtful whether any real advantage is to be gained, in any case, by the elabora-
tion of using different weighting factors for the determination of ballistie range wind and
ballistic eross wind.
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rapidly are provided in plotting rooms or control stations; in the latest equipment,
the wind can be applied direetly to the range keeper, which automatically re-
solves it into the required components and generates the corresponding corree-
tions according to Columns 13 and 16 of the range table.

The prineipal point to be grasped at this time is that the ballistic wind is
used with Columns 13 and 16 just as any other wind would be used, and that it
ordinarily gives a much more nearly correet result than ean be obtained with the
surface wind alone. For example, let us suppose that a battery of 16" 2600 f.s.
gunsg is to be fired under the conditions assumed for the problem solved in the
foregoing article; the maximum ordinate of 9,000 feet corresponds to a horizontal
range of 27,200 yards for this battery. At this range the wind component in the

line of fire (17.9 knots) increases the range by 213 yards (Col. 13),
F;;Sfﬁng and the component perpendicular to the line of fire (6.5 knots) causes
from use a lateral deviation of 50 yards to the right (Col. 16). Had we used
?,,ﬂj}i“j?;:e simply the surface wind (15 knots from 270°), we would have found

a component of 14.8 knots in the line of fire and a corresponding in-
crease in range of 176 yards, and a component of 2.6 knots (minus) perpendicular
to the line of fire and a corresponding lateral deviation of 20 yards to the left.
Thus the use of the surface wind in this case would have made matters worse, in
deflection, than if the wind had been ignored altogether, The example cited here
by no means represents an exaggerated situation. Tt is not uncommon for the sur-
face wind to differ materially from aloft winds, and for corrections based only on
the surface wind to be opposite in sign to those based on the ballistie wind.

CHANGE IN RANGE DUE TO A GIVEN COMPONENT OF GUN
MOTION IN THE LINE OF FIRE (COLUMN 14).

1117, Let us denote by Gx the component of gun motion in the line of fire
(positive when in the direction of fire and negative when contrary thereto), and
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by A Xg the change in range resulting from such motion. A vector analysis of the
effect of gun motion on the initial motion imparted to the projectile shows that a
positive component of gun motion eauses an increase in initial velocity but also
an apparent deerease in angle of departure, while o negative component causes a
decrease in initial veloeity which is accompanied by an apparent increase in angle
of departure. The situation for a positive component of gun motion is illustrated
in Figure 26, The construection of this figure is similar to that of 23 (b), and by
the same process of reasoning that has already been applied in connection with
the latter (arts, 1108-1109), we find that the changes in initial veloecity and angle
of departure in the present case are, approximately,

AVg = Gy cos ¢ : (1114)
(7% sin ¢
Gin Ay = —— - (1115)

and that in the case of posiftive gun motion AV is positive and A¢g negative,
while in the ease of negative gun motion AV is negative and A¢g positive.

If we let A Xy denote the change in range due to AVg, and A X, the change
due to Apg, we may write

ﬂX{.‘: = il,x-y —— .ﬂ.X.qs. (lllﬁ}

in which A X takes the same sign as the component of gun motion
Formula for  itself. Comparing (1109) and (1116), we ean establish a relation be-

determination fween A Xy and A Xy as follows. Substituting (1116) in (1109) we
of effect of have

gun motion

on range AXw = (Col. 15) — AX g

whenee
ﬂjfg = {:GDL 15) - ﬂ.Xﬁ'.

Since all of the range-table columns concerned are based on components of equal
magnitude (10 knots), and since A Xy for a 10-knot component is given by Col-

umn 13, we may write finally _|

AXg (or Col. 14) = (Col. 15) — (Col. 13) (1117)

1118. Mathematical analysis therefore leads to the conclusion, which fol-
lows from a literal interpretation of formula (1117), that the effect of a given com-
_ ponent of gun motion is the equivalent of the effect of an equal
Analysis of : : _
telation amon component of target motion less the effeet of an equal com-
effects of gun ponent of wind. This conelusion is further substantiated by
:E;T;;g‘::lﬁaﬁnn reasoning, as follows. The projectile, entirely apart from the
velocity imparted to it by the charge in the gun, acquires from
the moving gun a horizontal motion Gy which, if unopposed, would result in a
change of range equal to (Gx X T in a time of flight 7'; and for equal components,
GxXT=TxXT=Col. 15, But the motion thus acquired by the projectile is, in
fact, opposed by air resistance, and the resultant change in range is accordingly
less than Gx X T (or Col. 15). The effect of the air resistance upon the motion Gy
initially acquired by the projectile may be regarded as the equivalent of the effect
of an apparent wind, Wy, equal in magnitude but opposite in direction to Gy—
that is, the equivalent of the value given in Column 13 of the range table.
The coneeption that the motion of projectile acquired from the moving gun
1§ opposed by un apparent wind is more readily grasped in the case of gun motion
across the line of fire, since in this case the projectile’s motion as acquired from

#
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the motion of the gun can more readily be separated from its motion as acquired
from the charge in the gun. Let us suppose, for example, that a gun is fired abeam
to starboard from a ship steaming at 10 knots, and that there is no actual wind.
Now although it has been specified that there is no actual wind, the projectile
nevertheless will encounter an apparent wind of 10 knots from its left, just as a
person standing on the ship and facing to starboard will feel an apparent wind of
10 knots from his left. Since the projectile, upon leaving the gun, has acquired
a sidewise motion due to the motion of the gun aeross the line of fire, it will eon-
tinue to experience an apparent wind equal in magnitude to and opposing this
sidewise motion.

The relation among the echanges in range due to gun motion (Col, 14), target
motion (Col. 15), and wind (Col. 13), as expressed by formula (1117), should be
borne in mind, for it has an important bearing on the practical use of these col-
umns of the range table, as will be brought out in Chapter 12, The same applies
to a similar relation among the lateral deviations due to gun motion (Col. 17),
target motion (Col. 18), and wind (Col. 16), which will be dealt with shortly:

1119. The computation of values for Column 14 is illustrated in the following
example.

(fiven: In the computation of range-table values for the 16" 2600
_ f.8. gun, for ¢ =25° the values for Columns 13 and 15 have
Efnglﬂﬁiﬁﬂﬂﬂ been found to be, respectively, 157 yards and 325 yards.
Find: The change in range due to a 10-knot eomponent of gun mo-
tion in the line of fire (Col. 14).
Applying formula (1117), we have

AXg=325—157=168 yards.*

LATERAL DEVIATION DUE TO A GIVEN COMPONENT OF GUN MO-
TION PERPENDICULAR TO THE LINE OF FIRE (COLUMN 17).

1120. We shall denote by Gz the component of gun motion perpendicular to
the line of fire (positive when to the right and negative when to the left with re-
spect to the direction of fire), and by Dy the lateral deviation resulting from such
motion. Figure 24 (b) can be used to represent the vector analysis for the case of
gun motion, by substituting Gz for. Wz. The resultant of the vectors OA and G5
18 then OB, as before, and the essential difference between OA and OB is the
lateral angular displacement of OB with respect to O A4, which is measured in the
horizontal plane by the angle DOE =+~. From the construction we have

(7
tan y = —
Formula for V cos ¢
determination
of lateral and in a range X, this angular displacement will result in the lateral

deviation due e
to gun motion deviation

* The fact that Column 14, in the range tables, is not always exactly equal to the differ-
ence between Columns 15 and 13, is due to the fact that it has been customary to eompute
Column 14 from formulas (1114), (1115), and (1116). This should not of itself change the rela-
tion among the three columns, as stated above and as used here for computing Column 14;
it does, however, occasion slight computational differences, and differences which arise from
the smoothing operations which are applied separately to the three columns. On the whole,
nothing at all is to be gained by the greater labor of computing Column 14 from the formulas.
The same applies to the slight diserepancies that are found between Column 17 and the differ-
ence between Columns 18 and 16.
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XGz

Ds = .
@ P (1118)

Comparing (1118) with (1112), and following through the steps already indi-
cated in article 1117, we find

Dy = (Col. 18) — Dg
whence

Dg = (Col. 18) — Dy
and finally

| Dg (or Col. 17) = (Col. 18) — (Col. 16). (1119)

Mathematical analysis therefore leads to the same conclusion in the case of gun
motion across the line of fire as in the case of gun motion in the line of fire; logical
support for this conclusion as applied to the present ease has alr eady been given
in article 1118.
1121. The computation of values for Column 17 is illustrated in the following
example,
Gfiven: In the computation of range-table values for the 16”2600
LT f.s. gun, for ¢ =25° the values for Columns 16 and 18 have
of Column 17 been found to be, respectively, 101 yards and 325 yards.
Ifand: The lateral deviation due to a 10-knot component of gun
motion perpendicular to the line of fire (Col. 17).

Applying formula (1119), we have
Dg = 325 — 101 = 224 yards.*

EXERCISES

1. Given: The range, and the angle of departure and values from Columns 2 (b),
10, and 15 of the range table corresponding thereto.
Find: The change in range due to a 10-knot component of wind in the line of
fire (Col. 13).

Given Answers

5.4 & Col. 2 (h) Col. 10 Col. 15 “-‘f;ixii'q}

(vds.) (yds.) (yds.) (;ul’.[iﬁj
o A 24000 167077 6! 4 140 223 03
= B 30000 23 19D 8.2 173 307 146
e C 32000 26 11 9.1 185 338 166
& D 38000 38 04 17 .4 230 463 2306
?E E 29000 41 20 25.9 240 493 245

2. Given: The range, and the angle of departure and time of flight corresponding
thereto,
Irind: The lateral deviation due to a 10-knot component of wind perpendicular
to the line of fire (Col. 16).

* See note adjacent to art, 1119,

ﬂ |
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Giiven Answers
X T .D;[.r (UUL lﬁ‘)
(vards) @ (see.) (yards)
A 4000 2° 0009 6.23 !
B b''31560 S000 4 14.0 12.02 25
i C f.s. 10000 6 26.2 17.01 42
. D 2000 1 17.9 3.01 1
| - B s 5000 2 13.9 6.19 2
BERE 16772600 8000 3 47.9 10.31 6
AR f.8. 12000 6 11.2 16.42 14
' H 20000 2 14.8 30 .96 41
3. Given: The range, and the time of flight corresponding thereto.
I'tnd: The change in range and lateral deviation due, respectively, to 10-knot
components of target motion in the line of fire (Col, 15), and perpendic-
ular to the line of fire (Col. 18).
Given Answers - |
X P AX7 (Col. 15) | Dr (Col. 18) |
(vards) (sec.) (yards) (yards)
A 5000 6.23 a0 35
B 5''3150 8000 12.02 68 b5
o f.s. 10000 17.01 06 96
1D 3000 3.61 20 gg
E _ 5000 6.19 35 :
F 1672600 000 10.31 58 58
G L.s. 12000 16 .42 02 02
H 20000 a0 . 06 174 174






